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INTEODUCTION 


I TRUST that the student of Optics who casually scans the pages ot 
this woik for the first tune, will not be alaimed by the complicated 
appearance of some ot the foimulae employed in the couise of woiking 
out the conclusions, and theiefoie infei that it is uecessaiy to be highly 
tiained in mathematics in oidei to follow the lines of reasoning 
employed Foi such is not the ease , all that is leally necessaiy in the 
mathematical equipment of the student being an easy acquaintance 
with the oidinaiy manipulations of Algebia, togethei with a cleai giasp 
of the Binomial Tlieoiem, the chief propositions of Euclid, and the 
ludiments of the Eifferential Calculus That gianted, and given some 
instinct foi the piactical application of what he knows, then he will 
have no insuperable difliculty in following this work from cover to cover 
The greater part is easy compared to the numerous problems and 
theoiems which the average university student is called upon to solve, 
and which in so many cases are treated as of purely theoretical 
interest After all, is not that the truest and most fruitful teaching 
of mathematics which fully recognises the mutual support between 
theory and practice? Otherwise it is but natural if the student 
cleaves to the one and despises the other 

I do not wish to imply that theio is no scope for the employment 
of the highest mathematical skill in optical science, for, on the contrary, 
there aio numerous problems in connection with the coriections of the 
thud order of approximation, merely glanced at in Section XI of this 
work, which pre-eminently call for the elucidatuig and marshalling 
influence of some clear-headed mathematician who shall be thoroughly 
familiar with the properties of lenses fiom practical acquaintance, and 
not only fiom the theoretical point of view The closer approach to 
perfection in the optical combmations of the future wiU lie in the 
more thorough elimination of the corrections of the thud order, and 
in some cases of the fouith order, and the most highly trained 
mathematical skill, if it should ever deign to busy itself m this 

B 
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<301111 tiy with the higher practical lequiieinents of optical science, 
would doubtless be able to evolve coiollaiies of the greatest impoitance 
bearing upon this q[uestion 

My chief object in woiking out the scheme of Aiiplied Optics 
herein explained, has been to arrive at a complete system of algebraic 
formulae of the second oidei which can be apphed to any optical system 
likely to occur in piaictice with results which in geneial very closely 
approach to accuracy I have therefoie confined myself for the most 
part to the attamment of those practical conditions which have to be 
fulfilled by the best optical constructions — conditions which include, 
and run closely parallel to, Yon SeidePs filve well-recognised conditions 
As far as I know, there is only one work in the English language 
professing to give a sketch of Von SeideFs methods, and that is 
Professor Silvanus Thompson’s Coni'} ibuhons to PhotogTdphic Optics} 
after Otto Lummer, while there are numerous accounts of his 
methods published in German works, and several treatises built 
upon them, such as Steinheil and Voit’s Handhuch der Angewandten 
Optik} 1891, and Von Eohr’s Theorie und Geschichte des photo- 
graphisohm Oljechvs} the latter a most instructive and valuable woik , 
and last, but not least. Dr Siegfiied Czapski’s new edition of Dei 
Theooic des optischen Instrumenten}' 1904 This last work is a philo- 
sophical, broad, and geneial survey of the various pioblems which 
have to be faced, and if possible solved, by the optical designer who 
would rise superioi to mere rule of thumb But its perusal requires 
in many respects a higher level of mathematical tiaimiig than ls 
necessary for the undei standing of this treatise 

In the German language there exists quite a mine of optical 
literature written by men who are practical opticians as well as 
mathematical experts, while we have scarcely anything of a coiio- 
sponding nature in the English tongue 

The fact that such works as I have just mentioned have been 
published in Germany (as first editions, at any rate) for so many 
years, and yet no demand has ever arisen for English tianslations, 
IS only too painful evidence of the apathy with which the Science of 
Optics has been regarded in this country 

There are, of course, various works on geometrical optics winch 
have more or less recently emanated from our universities, such as 
Heath’s Geometneal Parkinson’s Optics} Pendlebury’s Lenses and 

^ Macraillan and Co , 1900 ^ Teubnci, Leipzig 

Julius Spnogor, Beilm, 1899 ^ Baith, Leipzig, 

® Cambiidge University IPiess, 1895 ^ Macmillan and Co , 1900 
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f>ystems of lenses,'- reieeval’s Optics, etc , which aie excellent as 
luinisluiig mateiidl foi puiely mathematical students working up tor 
examinations , but the mannei in which the various problems aie 
dealt with is in many cases ill adapted for application in practice, 
while certain matters of the highest importance aie ignored altogether 
As a matter of fact there is not an Enghsh woik on geometrical 
optics extant by whose guidance an ordinary photographic lens could be 
worked out in all particulars Professoi Silvanus Thompson’s account 
of Von Seidel s system does not, however, give the impression that 
the latter’s methods and notation are at aU easy to comprehend, but 
certain it is that his system has been successfully employed for very 
many years by numerous mathematicians and opticians of the highest 
rank on the Continent, while the foundation-stone of English optical 
.science has Leen left unbuilt upon 

I here allude to the cill-impoitant woik which was done about 
thiity years before that of Von Seidel by Sir G-eorge Any, and still 
moie by Henry Coddmgtoii Sir G Airy published some highly 
impioitaiit papers in 1827 in the Gamhndgre Philosophical Ti ansactwiis 
on “ Tho Spheiioal Aberration of Eye-pieees of Telescopes,” and another 
p<iper on the Achromatism of tho same 

Then Henry Coddingtoii took up the work, and by the aid of 
some veiy ingenious devices of liis own contrivance greatly added to 
the simplicity and universality oi the formula} <irrived at by Any 
III 1829 he published Ins labours under the title, A Treatise on the 
Meflection and JRefi action of Light, which, although still the best work 
on geometrical optics from the practical optician’s point of view, 
neveitheless contains many shortcommgs, which I attiibute chiefly to 
the fact that he had not had very much practical acquaintance with 
lenses and then proper tics It is theieloie with much diJhdence 
that I vontuio to ciiticisc and to supplement many of his methods 
and forinulcu, ospecially when I feel sure that had it not been for Ins 
labours this treatise would nevei have been undertaken 

Anothei veiy impoitnnt work on geometrical optics, now very 
little known, was Richard Potter’s Elementury Treatise on Optics, 
Part II of which, published in 1851, contains certain formula} foi 
spherical abeiiation of the thud approximation 

I may lieio state that the invention ol the “ Cooke ” lenses foi 
pliotogiapliy was not of a haphazard nature, but ocemred m this 
way E had beeu studying Coddingtoii’s work veiy carefully and did 
not feel quite satisfied with his method of working out the cuivatuie 
‘ Doightoii, Bell and Co , Cambridge, 1884 
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of the image formed by a lens, m the cases ot both cential <in(l 
eccentiic oblique lefractions He assumed the apeituic ot the pencil 
of rays in question to be infinitely naiiow, and got at his results by 
the employment of the dififeiontial calculus I saw that while this 
would be quite vahd foi such infinitely iianow pencils, still, as con- 
sideiably bioad pencils generally occui in piactice, it stiuek me it 
might be worth while trying to devise a method not dependent upon 
the calculus, whereby the foci of broad oblique and eccentric pencils 
could be elucidated, when possibly some new results of piactio.il 
importance might be forthcoming About the year 1890 I undertook 
that task, and after meeting with many dilhculties which almost com- 
pelled me to give up the investigation as hopeless, I at last succeeded 
in arriving at the results embodied in Sections V , VI, and VI 1 ol 
this volume, and m so doing was fortunate enough to bung to light 
the formula relating to coma, a phenomenon that appears, strange as 
the fact may seem, never to have been noticed by Coddington I then 
saw that the foimulfe I thus aiiived at implied coiollaiies o( the 
greatest practical importance, and I was led almost directly to tin* 
conception of the Cooke lens, tliat is, of the older complex Oooko lens 
built up of two achromatic positive lenses and one achioimitic negative 
lens The simple Cooke lens was of later concoptioii Thus the 
theory preceded the practice, although I should say that thci(“ <ii(‘ 
ceitaiii othei features of the Cooke lens, such as distoition and ohlniuc 
achiomatisui more especially, whose theory I did not arrive at until » 
few years later, so that in that respect the practice preceded the theoiy 
Having subsequently worked out a complete system of lonuuhe, 
which I have proved and tested and found reliable in all mamiei of 
ways, and recognising the great importance ol thcoiy and }iractict! 
workmg loyally together for future iiupiovements, I thought that as 
soon as I had time enough <it my disposal I would gathei togctlu'i 
and arrange what has been the interrupted labour of many years, with 
a view to publication, if by so doing I could, even m a huiubht degicc, 
forward the development of oiitioal science m this country, wluucin 
it has lain so long neglected, oi perhaps fuinisli some raw iiiatciial 
on which some far abler heads than mine should at some futmo tiiiu* 
found important corollaries not yet dreamed of, 

Oonsiderations of space have compelled mo to confine myself to 
theorems and formula that I consider to be of tlie gioatest piactical 
value, and to leave out many corollaries of minor importance that 
might ho dealt with m a future edition, were it over called lor 

There are also many problems and theorems untouched upon, 
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which aie only of theoietical importance oi of mteiest fiom a 
mathematiodl point of view, and of little value to the piactical 
optician, such as, for instance, the theoiy of caustics, planes of unit 
magnification, etc, about which the moie mathematical student can 
obtain full information fiom vaiious contemporary works of well- 
known repute, such as those mentioned above, as well as Coddington’s 
woik, which, howevei, is now out of print and often difficult to procuie 
It will be observed that I have not given the fines of reasoning 
by which the foimul® of the first approximation aie aiiived at , foi I 
have assumed that the student will bring with him to the study of 
this woik a knowledge of such elementary optical formula Foi those 
who wish to eutei upon it without that knowledge I do not know a 
bettei book to lecommend as a cleaily written first guide to the 
foimuLe of the first approximation than Todhunter’s Ophcs (m Pait II 
of his Natuud Philosophy foi Bcgmneis, 1877, which I believe is 
also out of print) oi Laidnei’s Optus, and the senes of articles on 
“ Applied Optics” by Dr Diysdale in the Bnhsh Opical Jouinal 
I think it must be conceded that, while the method of in- 
vestigating the foci of oblique and eccentric pencils of finite oi large 
apeitiiie explained in this work leads to novel and highly important 
toimulro of the second approximation, and some others which are novel 
in many lespocts, it also opens out possibihties of working out formulse 
of the third and in some cases the fouith appioximations, which in the 
hands of a skilful mathematician may lead to new and useful results 
of great importance , while the application of the diffeiential method 
of Coddiiigton and other workers to infinitely narrow pencils is exceed- 
ingly limited in its scope and lesults, as I sba ll show 

At first sight it seems a remarkable thing that a system of surfaces 
bound by the simplest of all known curves, namely, the ciicle, with 
their eentios on a common axis, should give rise to problems which, 
if solved to a high degtee of exacMiide, are of such extraordinary 
complexity 

I gladly take the piesent oppoitunity of expressing my thanks to 
Sii W do W Abney and Piofessor Silvanus P Thompson foi much 
kind encouragement and valuable help, and also to Dr Moritz von Eohr 
foi allowing me to reproduce some of his diagrams on Plate XXIY 
In conclusion, I shall be only too glad if any technical errors or 
obscuiities, which must, in spite of all oaie, exist in a woik of this 
kind, are pointed out to me 


H DENNIS TAYLOE 
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SEOTIOlsr I 

A RECAPITULATION 

We Will first of all recapitulate those well-known foimulae of the first 
approximation relating to ultimate axial lays constituting direct oi 
axial pencils, or, in othei words, extremely naiiow pencils whose central 
or principal ray coincides with the axis oi stiaiglit hne joining the 
origin or apex of the pencil to the centre of cuivatuie of the spheiical 
surface Spherical aheiiation is m such cases a vanishing quantity 
and is theiefore not regarded Throughout this woik it is assumed 
that all reflecting and refracting surfaces are either j)lRue oi spherical 

Case of a Plane or Curved Reflector 

Throughout the diagrams in this book light is supposed to be 
travelling horn left to right 

Plane oefieetor — Here it Q (Plate I) bo the oiigin and Q A, the 
prmcipal ray, be perpendicular to the reflecting surface R E, then 
after reflection the rays will proceed backwards as if originating liom a 
virtual point q situated on Q A projected and at a distance A q 
fiom the surface equal to A Q On the contrary, if the incident 
pencil IS of rays converging to the apex q, then they will be lellected 
hack to a real point Q such that A Q = A q and Q normal 

to E R 

If the reflecting surface be curved spherically as ? 7 , Figs 2a, 2h, 

2c, and 2d, c bemg the centre of cuivature and Q the origin or 
apex of the incident pencil, then the foimula 

12 1 11 ^ 

A s~A 0 A Q “F"A Q ^ 

universally applies and inteiprets itself m all cases if the following 
conventions aie strictly adhered to, viz — 

6 
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The ladius of cuivature A 0 is to be considexed as an intrinsically 
positive quantity whether the sin face be convex or concave, and then — 
Foi concave reflectoi — 

If lays of the incident pencil aie divergent, then Q A is positive 
If lays of incident pencil aie convergent, then A Q is negatne 
If rays of leflected pencil aie convergent, then A g' is positive 
If lays of leflected pencil aie divergent, then q A is negative 
And for convex reflectoi — 

II rays of incident pencil aie convergent, then A Q is positive 
If rays of incident pencil aie diveigent, then Q A is negative 
If rays of reflected pencil aie divergent, then q A is positive 
If lays of leflected pencil are convergent, then A g is negative 


Foi iiiKtance, in the case of Fig 2d we have ^ 


? P A Q’ 

1)} con volition A Q is a negative quantity, theiefoie the foininla is 

111 11 ,,.^ 

A~'g“F~"'“A Q theioioie A Q conies out diver- 

gent and positive 


F A Q’ 

Should Q A 01 A Q be infinite or the rays of the incident 


1 1 

pencil be paiallol, then of course - ~ ^ l)ecomes zero, and Le- 

2 1 A Q A g 

comes £ — Q 01 p and the lays converge to or diverge from the prin- 
cipal focus of the niirioi 

The dotted lines in the figuies indicate negative distances, and 
the full lines the positive distances 


Plane Refracting Surfaces 

In the case of normal oi peipeiidiculai incidence of small pencils 
at a plane roliactmg suiface hounding a transparent substance whose 
refi active index =/a, while that of the left-hand medium ==o, the 
simple relationship A g = Q) holds good See Figs 3^ and 36 

Spherical Refracting Surfaces 

In the case of chiect refraction of normal pencils hy spheiical 
surfaces, as in Figs 4a, 6, c, d, e,/, g, and 6, the foimula 

- 1 1 _ 

Ag"A 0 A Q 

01 

^ = iir 1 _ 1 II 

^ 1 % 


Beflector Conven- 
tions as to signs 


Instances of appli- 
cations of signs to 
reflected pencils 


yu^refraotiye index 
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ing focal distances 
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8 


A SYSTEM OE APPLIED OPTICS 


SK(4 


OoxLYention / as to 
signs of focal dis- 
tances 


Bays entenng con- 
yex surface conver- 
gent 


Bays leaving convex 
surface divergent 


holds good if we put u foi A Q, r for the radius A 0, and ft foi 
A q, and this foimula mteiprots itself for all cases, piovided tl )0 
following conventions aie stiictly adheied to, viz — 

The radii of all surfaces, whether convex oi concave, to he con- 
sideied intrinsically positive with respect to the coniugate distanees 
whose signs are to he assessed 
Then for convex surfaces — 

Eays of incident pencil diveiging, then Q A or u is })oaitne 
Tigs 4a and 4e 

Eays of incident pencil conveiging, then A Q oi u is negatut' 
Tigs 4c and Ag 

Eays of lefracted pencil conveiging, then A q or ft is positiV(' 
Tigs 4a, 4c, and Ag 

Eays of refracted pencil diverging, then q A oi ft is nogutivt* 
Tig 4c 

And for concave surfaces — 

Eays of incident pencil converging, then A Q or u is positive 
Tigs 45 and 4/ 

Eays of incident pencil diverging, then Q A oi is lu'gatiie 
Tigs 4£5 and 45 

Eays of refracted pencil diverging, then q A. ox ft is positive 
Tigs 45, 4:(l, and 47t 

Eays of refracted pencil converging, thou A q oi ft is negative 
Tig 4/ 

Thus, in the case of Fig 46, A is convcigont and theiefoie u 
IS negative, and 

jt* _ /4 - 1 ^ 1 

^ r 

becomes 

it, T u 


And, again, in a case where Q A in Fig 4a becomes loss than ' . then 

11 /-t ~ 1 

of. course ^ -- gives a negative result, and the rdiacted iieiieil 

IS shown to be divergent, as in Fig 4c 

If the rays of the incident pencil aie pai.dlel and thoiefoio 


Q A “ 


therefore 
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and 




li = 7 


M'- 1 


Focal distance when 
entenng rays are 
parallel 


If, OE the othei hand, QA = ^ „then t = 0, and the lays of the 

lefi acted pencil are paiallel 

We aie now in a position to consider the cases of two splieiical 
suifaces in succession enclosing glass between them and foiniing a lens 
We will assume the axial thicknesses of such lenses to bo negligible, 
the two spheiical suifaces being bi ought to a sharp edge in the case 
of collective lenses and the diameter or aperture lieiiig veiy small 
compared to the principal focal length, while in the case ol dispoisivc 
lenses the two spheiical suifaces m<iy he supposed to touch one aiiotliei 
on the lens axis, the axial thickness being zero Let us take a case 
like Fig 4a, wherein the lays altei leliaction at the hist suilace arc 
con vei gent and u is positive Let these conveigcnt rays piocced 
thiough a second convex suilace, as shown in Fig 5c( 

We saw that in the case of Fig 4a the distance A 2 or 'it was 

gi^en by the equation irom which we got 

We can apply this equation to tlie refiaction, taken in the leveisc 
(hiection, at the second suiface, as shown xn Fig 5a, Plate II, wlieroin 
A^ corresponds to w, and Ag 2 = -zt , only in this Ceiso A^ may 
be better expressed as == v, and the ladiiis of cm vature as s, so that we get 


Refracted rays 
parallel 


Two closely follow 
lag surfaces consti 
tute a lens 


So far, lenses 
assumed to have 
no central thickness 


and 


^ _ /A - 1 1 

h 6 /; 

1 1 

V h i(, 


Course of rays at 
second surface con 
sidered reversed 


But as the lajs of the pencil me couveigmg (lef't to iiglit) into the 
second siiifaue, and the distance 'if becomes, lelativcly to the second 
surface, negative, theietoie the ahovo equation ])econies 


1 - 1 

® s k 

But C by the rofi.ietion at the hist siudaco was shown to he 

'U 

Substituting tins value in the above equation we get 


l_/A~l_^//.-l 1 

$ r 


7 
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Formula connect- 
ing conjugate 
focal distances in 
the case of a lens 


Conventions as to 
signs of radii 


Conventions as to 
signs of conjugate 
focal distances 


Conventions as to 
signs of radu 


Conventions as to 
signs of conjugate 
focal distances 


Illustrations Mean- 
ing of full and 
dotted lines 





III 


which weU -known foimula applies to all thin lenses whatsoevei 
undei the following conventions 


Collective Lenses 

The focal length of a collective lens must be consideied a positive 
quantity with lespect to the conjugate focal distances The ladii ot 
dll convex surfaces are consideied intiinsically positive, while tlie 
radii of all concave surfaces aie considered intiinsically negative, then 
radii, of course, being always numeiically gieatei than the ladii of the 
convex surfaces in the same lenses, so that the deepei cuived suifaee 
determines the charactei of the lens 

If lays of incident pencil are diveiging, u is leal and + Figs Ga 
and Ge 

If rays of incident pencil are conveigmg, u is viitual and — 
Fig 6 c 

If lays of emergent pencil are conveigmg, v is leal and -f Figs 
6a and 6c 

If rays of emergent pencil aie diverging, v is virtual and ~ 
Fig 6e 

Dispersive Lenses 

The focal length of a dispeisive lens is also to be considered a posi- 
tive quantity with lespect to the conjugate focal distances The ladn 
of all concave surfaces aie considered intiinsically positive, while the 
radii of all convex surfaces are consideied intiinsically negative, then 
radii, of course, being always numeiically greater than the ladii of 
the concave surfaces in the same lenses, the deeper curved surface 
again determining the character of the lens 

If rays of incident pencil aie converging, u is virtual and -1- 
Figs 66 and 6/ 

If rays of incident pencil are diverging, u is real and — Fig 6d 

If lays of emergent pencil are diveigmg, v is virtual and + 
Figs 66 and 6d 

If lays of emergent pencil are convergmg, v is leal and — 
I’lg 6/ 

Figs 6a, 6, c, d, e, and f aie illustrations of these conventions 
As in Fig 4, and generally thioughout this book, all intrinsically 
positive distances aie drawn in full lines, drawn thinner where 
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viitual, and all intrinsically negative distances are drawn in dotted 
lines, with their virtual extensions diawn lighter 

Theorem of Central Projection 

Having now the foimulse relating to axial pencils of lays, we may 
next consider the case like that shown in Figs 7^ and I 

Besides the conjugate axial pencils let another point of origin 

Q^, in the case of the collective lens, oi another apex of convergence Q^, 
in the case of the dispersive lens, be taken at some small but appreci- 
able distance away from the axis, such that and are on a plane 
perpendicular to the axis It is evident that a lay drawn from 
through the centie of the lens will pass straight on, as it is cio&smg 
two elements of surfaces which aie parallel and piactically touching 
If a straight line horn is therefore diawn through the centie of 
the lens and produced until it cuts the other so-caUed conjugate focal 
plane q^ q^ (which is perpendicular to the axis and passes through q^, 
the conjugate focus to Q^), then the point of inteisection q^ is where 
the conjugate image of the point is formed That is, the centie 
of the lens is always in a straight hne between any point Qg oi Qg ol 
a plane object and its conjugate image q^ or q^ This theorem is 
capable of a further extension, as shown in Figs 8a and 6, Plate III 

Heie aie two cases in which the pencil of rays fiom (here 
drawn m solid Imes) is eccentric , that is, none of the rays of the 
eccentric pencil actually pass through the centre of the lens owing to 
the stop s being interposed But it is assumed that the rays constitut- 
ing such an eccentric pencil are but a part of a larger pencil of rays 
filling the whole lens , and since the lens is assumed so small that all 
the rays refracted through it from any one point are caused to converge 
to or diverge from one and the same image point, therefore these 
eccentric rays may be regarded as coming under the same law, and the 
conjugate points Q 2 and q^ may be considered to be strictly on a 
straight line of projection drawn through the centre of the lens Thus 
the pencils of rays are assumed to be homocentric — that is, all the 
rays constituting each pencil are assumed to diverge from 01 con- 
verge to one point From this it follows that the distance q^ q^ 

= (Q Q and the scale of any conjugate image formed of the 

plane Qg is - times the scale of the original The scales of image 

and object are in direct ratio to then axial distances from the lens 
centie 


The optic axis de 
parted from 


Oblique conjugate 
focal distances 


When obhque pencils 
are also eccentric 


Definition of homo- 
centric pencils 


Kelative scales of 
object audits image 
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Limitations 


Correoted lens 
system Theorem 
untrue for the parts, 
but true for the 
vhole 


Gauss and Listing 


Prmcipal pomts or 
nodal points 


Although this theoiem, which is a pait of the largei Gauss theoiy, 
IS in its natuie only tiue for minute angles of obliquity and foi 
exceedingly narrow pencils, which never have moie than a veiy small 
degiee of eccentiicity, yet it is of the highest impoitance when we 
proceed to ascertain that very important function of a nioie oi less 
complex combination of lenses, known as the equivalent focal length 
While the theorem is of httle piactical woith when applied to 
simple uncoirected lenses of substantial apeiture, yet, foi a combination 
of lenses yielding a flat and rectilmear image, it becomes absolutely 
tiue in the sum for the senes, since the depaituies fiom its truth m 
any one lens aie m that case neutralised by contrary departuies fiom 
its truth in the other lenses 


Thick Lenses 

We may now proceed to deal with the case of lenses of consider- 
able thickness as measured along the axis This subject was long ago 
worked out by Gauss (about 1838) and Listing (about 1868), and it 
will suftice to recapitulate here the most important results, although 
perhaps anivmg at them by methods differing from theirs, but more 
convenient for our purpose Let Figs 9(^, &, c, c?, e,/, and g represent 
various forms of lenses, of central thicknesses A^ A^, and radius 
for first spherical surface, and for second suiface It is obvious 
that if any two radii Cj and drawn parallel to one another 

and joined by the straight line then the latter will cut the axis 

at the point 0, so that we have two similar triangles and 
and two similar mixtilmear triangles CAp^ and CAg^g, and the 
distance C A^ C A^ ? 2 , and moreover the straight line 

^2 surface oi its tangent at at exactly the same 

angle as it cuts the second surface oi its tangent at If, therefore, 
^1 ^2 represents a lay of light, it will obviously, if refracted out of the 

surface at 7 be deviated fiom the direction ^ i l^y exactly the same 
angle as it would be deviated from the direction refracted out- 

wards at the point 9^, only the deviation will be in opposite directions 
Hence the ray after refraction at o ^ will pursue a couise and after 

refraction at will pursue a course t^, and these refracted rays are 
parallel to one another If, then, and are produced back- 
wards (if necessary) to cut the axis at two points and we then 
get again t^o similar mixtilineai triangles ^^A^^ and ^ and 

again have ^2 -P 2 ^1 ^ S h These two points and ^ 
are the two principal points of the lens 01 nodal points (sometimes 




PLATE III 





I 


A EECAPITULATION 


13 


also called Gauss points), and, as we have seen, have this important 
propel ty, that any lay which, while outside the lens, passes through the 
fiist piincipal or nodal point, will, aftei passage through the lens, 
emeige on the other side in a direction parallel to its fiist duection, 
and ladiating fiom the second piincipal point , moieovei, the sa -me layi 
while tiaveising the inteiioi substance ot the lens, passes ea hypotliesi 
through the geometric centie of the lens oi the point 0 

As a coiollary from the above pnnciple, it follows that if we wish to Conjugate focal 
know the relative sizes oi scales of conjugate images formed by thick to be 

lenses, we must then measure the focal distances ot such images fiom the pmSpmuS 
principal pomts of the lens The focal distance of the fiist image oi 
object, vutual oi otherwise, foimed by the enteiing lays must be moasuied 
fiom the first piincipal point and the distance of the second image 
foimed by the emeigent lays must be measuiod fiom the second piin- 
cipal pomt Pj, when the sizes of the images will be in diiect latio to 
those focal distances Oui theoiem ol cential piojoctiou still holds good, A thick lens ousts 
with this modification, viz that the contie of the lens piesents two ^oSis “ 
aspects, 01 two diffeient positions, aceoiding to whether the Ions is 
viewed fiom one side oi the othei Eegaided fiom the loft hand the 
oentie of the lens is practically the first principal point but legarded 
from the right hand the centie of the lens is practically the second 
piincipal point and these two points aie but the lefiacted images of 
the geometiic centre 0 of the lens That is, is the conjugate image 
of C by refiaction at the first suiface, and is the conjugate image of C 
by refraction at the second surface Therefoie the distances A.p. and Method of locatmg 
derived from the Formula II , principal points 

^ _ /A - 1 1 

it,'' r 


111 Its moie special apphcation to Figs 4/ and 4g! At the first suiface 
wo have u = A^ (Fig 9a), which liy convention is a minus quantity, 
while Aj 0 = ii, and is a plus quantity, and = ? Let ? and 

6 = first and second ladii of cuivatuio lespectively, and let the thick- 
ness bo denoted by t, theicforo 


and 

l)Ut 


^ 4 . f 

Ai C 1 Aj jV 

~ /X - 1 

Aiii;~AiC~ j 
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theiefore 


Distance of first 
principal point 
from first vertex 


and 


1 _ + s) /A - 1 __ /x(y 1) 

Aj !Pi i'i 't ’ 

A - 


Similailj, at the second lefiaction we have 


JV 


in which 


therefoie 


Distance of second and 
pnncipal point 
from second ver- 
tex 


1 _ /* I 

Ag ~ -^2 ^ s’ 

A, c = <- , 

r-h s 

— - + fj.-l +s)-f(p.-l ) 

Ag ^2 t$ s ts ‘ 


^2 P2 = 


ts 

M’ + s) - Kh- - i) 


V 


formulae thus give the distances fiom the veitices A, aiitl 
andthatS'a^per piincipal points of a lens They obviously give a 

sive lens negative positive result lu the case of any double convex lens, which is <i8 it 
should be, since these distances are leally additions to the conjugate 
focal distances when both, as in Fig 5a, are positive But in ordei to 
make the foimulse apply to the case of the double concave lens whoso 
normal object and image distances are virtual, but positive, we must 
consider t, the thickness, to be mtnnsicaUy a negative quantity, thus 
making A^ and negative quantities For they aie obviously 

deductions horn the conjugate focal distances when both aie positive, 
as m Fig 66 That having been settled, then the formulae will mterpret 

C-rig 9«) s must be entered as a negative quantity in the Formula IV , 
and bemg necessaiily greater than r, then r + s comes out negative, 
and we get a negative denominator in the formula Obviously in this 
case \ IS measured outside the lens and is a deduction from the 
SKT Jf “ ooneajOEding caw of a diq,e.»ye 

Q-Pig y/j A^ comes out positive, both numerator and denomnmtoi 
“®sative. At the second surface in Fig 9a the Foimula V gives 
both numerator and denominator negative and the result is positive. 
Case of dispersive "^2 .^2 addition to the back focal distance v, if plus In 

meniscus, secondp p the corresponding case of the dispersive meniscus (Fig 9/) FoiinuU V 
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yields a product of two negatives foi numeratoi and a negative 
denominator, and A^ comes out negative, being a deduction from 
a positive focal distance v Eig 9y repiesents a special case woitliy 
of note, a case in which the two radii of cuivatuie aie equal, but 
of opposite signs Heie the distance of c, the centre of the lens, 

from eithei A^ oi A^ comes out infinity (oi iS; ^ ^ The stiaight 

line joining the two pomts and where the two parallel ladii cut 
the surfaces, is parallel to the axis, and obviously aftei lefiaction by 
eithei suiface will intersect the axis at a distance fioni the veitex of 

either surface equal to and or A^ and A , jq, ni the fn st 

ease negative and in the second positive We shall also see latei on 
that such a lens, of watch-glass foim, leally possesses collective powei 
and can foim a leal image But it is easy to see that if a leal object 
IS placed at the fiist piincipal point 2\, then, altei passage thiough tlie 
lens, a virtual image will be founed at of the same size as the 
oiiginal In such case both u and v = o 

We have, then, heie an actual and lealisablo ex.imple of th(‘ 
theoiem dwelt upon by vaiious wnteis on optics, I)i Diysdulo foi 
instance, in the Biihsh Optical Jomnal, to tlie effect tliat the two 
planes passing thiough the two piincipal points aie jilanes of unit 
magmfication, oi, in othei words, if an oiiginul object oi an image 
lies in the fiist principal plane, then an equal-sized image of it, real 
or virtual, will be formed m the second principal plane We shall 
have occasion to refer again to this theorem in the next section 

Eigs 10 and 11 are peculiarly interesting cvises, since wo have the 
ladii and thickness so related that the lay within the glass is 

after lefiaction outwards, either way paiallel to the axis This con- 
dition IS seen to be fulfilled when i = >* m Fig 10 being 

a negative quantity and in Fig 11a positive quantity Such thick 
lenses as these may be said to have no piincipal points at all, and 
therefore no focal length, and then analogy to the Galilean and 
astronomical telescope respectively will be moie fully realised later on 
In Fig 12 we have the simplest case of all, that is, the sphere, 
wherein the two piincipal points nioigo in the geometric centio 

In Fig 13 the case is extended to one ui which the two radii of 
curvature are different, yet struck from a common centie Here again 
the two piincipal points merge in the geometric centie 

Figs 14a and 145 show, for a collective lens and for a dispersive 


Two radix equal, but 
of opposite signs 


Theorem as to prin- 
oipal planes 


Lenses without any 
principal points and 
Without focal length 


A sphere has only 
one pnncipal point 

Other lenses with 
only one principal 
point 
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bLOT 


Course of oblique 
pencils with respect 
to the principal 
planes 


Influence of thick 
ness upon the pnn 
apal focal length of 
a lens 


Back focal length to 
be ascertained 


lens lespectively, the couise of a complete oblique pencil of lays 
through the lens with respect to the principal points and jp, and 
the principal planes passing thiongh the latter 

Having now settled the positions of the two principal points of 
any lens, we may proceed to asoeitain what influence the axial thick- 
ness t of a lens exercises upon its equivalent piincipal focal length 
Fig 14a repiesents a double convex lens forming a leal image/, in its 
principal focal plane F, of an object situated at an infinite distance 
away on the left, Fig 14& the coriesponcling case of a dispersive lens 
Here the principal focal length required is the distance F measuied 
fiom the second pimcipal point to the principal focal" plane F It 
consists of two paits fiist, the hack focal distance A^F measuied fiom 
the vertex of the second surface , and second, the distance A^ lioin 
the same vertex to the second pimcipal point The lattei we^ have 
already got an expression for , the former, or the back focal length, we 
must now proceed to formulate After the first refraction, in the 
case of a collective lens, the axial pencil of parallel rays is converged to 
/j , let Aj /j = I't Then 

/X - 1 1 

h ^ n" 

of which 


theietoie 


Next 


- = 0 
u ’ 

i- > ’ = “=/--! 

/X — 1 /X - 1 


At the second refiaction we have 


/X _ - 1 1 

a;/,” t 

therefore 

_ i ^ 

Aj F s A.^ f 

but m this case A^ / is by convention mtrinsicaUy a negative 
quantity with respect to the second surface, which we have seen to he 
equal to 
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so that 


theiefoie 


11,1 -{jX- l)t 
fi-l ’ 

_ /i— = _ ^ ) _ 


1 _/^i _(/i- “( m- 1)^] + /*(/t,r 

Ag F S IJ.1 - {[J. - l)t S [[!,)- (iJ, - l)t\ ’ 

therefoie 

1 ^ Kt^ - 1)(^ + s)-(i J.- l)-t 

Aj F s{ij,i - (ij, - l)t\ 
and 


* Tii_ s {ni -{jj.- 1)/! 


Va 


Add Aj 2h *0 ftoin V , and we get 




F + A v= .«{/*’ . !l 

^ (/X- 1)W» + .)-(/. -lyj ^(,+s) _<(/._ !)• 


^ s\fll - (fJh - 1)^J + (jU, ~ l)if6 
{fl - + 5) - (//. ~ 1)^J 

= . _ ^ yj 

(iM - l){ix{7 + 5) - (/A - 1)/} 

This, then, is the formula for the equivalent principal focal length 
E of a thick positive lens If a small infinitely thin positive lens of 
principal focal length F were placed at would form an 

image at F of distant objects of the same dimensions as that loimed 
by the thick lens, of which lattei it is the equivalent 

In the case of the double concave lens, Fig 107;, we have 
F + A^ 

s\fii - l)i] 

{fi - l){/x(v + s) - (/i - l)j{l fL{7 +s)- 7(/x - ly 


in which case, of couise, the lattei expiession foi A, 2\ comes out 
minus and as a deduction Ironi the back focal length A,F, since t in 
tins case must be eiiteicd as a negative quantity , so that, just as in 
the case of the collective lens, we get the same expiession for the 
equivalent principal focal length, viz — 

-p yTT 

0 


Formula for the 
back focal length 


Formula for the 
equivalent focal 
length of a thick 
positive lens 


Formula for the 
equivalent focal 
length of thick 
dispersive lens 
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Formula giving 
modification due 
to thickness, as a 
percentage 


Effect of thickness 
upon power in 
various cases 


iTow if the lens weie infinitely thin, the recipiocal of its piincipal 
focal length would be simply + Calling this i and siib- 

tiacting it from g we get 


u?s ?s E 


tlierefoie 


1 1 

E F /x?s ’ 

so that 


S/ /X>S 

therefore 




F ii}s ^ 


I 

E 



jtl»S J 


theiefoie 


If., ^ 

Fl (/4-l)0+s) I’ 


l-L/i 

E“Fr /i(»+s)J 


1 A 1 

or p + Ap 


VIII 


This IS perhaps the most convenient and significant mode ot ox- 
piessing the modification of the powei of any lens whatsoevoi winch 
IS due to thickness , it expiesses it in the foim of a peiceiitago of 
gam or loss as compared with the powei which the lens would li<i\o 
if it were infinitely thin. It shows a loss of powei m the case of 
double convex lenses, a gain in powei in the case of doulde concave 
lenses, no alteiation in power in the case of plaiio-convox, plano- 
concave, convexo-plane, concavo- plane lenses, lor in all foui cases 
» -f- s becomes infinity , while in the case of a collective meniscus, when 
>‘-fs becomes negative, a greater and greater ^elahve gam iii i)Owei, 
consequent m thickness, is attained as the ladius of the concavo 
surface approaches to equality with the ladius of cuivatuie ot tlio 
convex surface , while, lastly, in the case of the dispersive meiuscus .i 
loss of powei ensues on an increase of thickness, since both numerator 
and denominator of the function of t become negative 

We have now arrived at the formula foi the equivalent pimcipal 
focal length E of any lens whatsoever, and also have located the 
geometric centre C and the two pimcipal points and fioin the 
latter of which the equivalent principal focal length is measured 
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We have next to inquue whether, in cases wheiem the enteimg 
rays aie moie oi less divergent oi eonveigeiit — that is, when the 
entering lays aie eithei diveiging fiona a near object on the left of 
the lens oi conveigmg towaids a leal image to the light of the lens — 
the thick lens still maintains the same piincipal focal length, oi departs 
from it Pig lia or 14& illiistiates such a case It is of the highest 
practical impoitance to kiiow whether the law ot conjugate foci foi 

a thin lens - = ^--01 - = - + - still holds good In shoit, does 

V T U F U V ® ’ 

— •> IS, IS ^ a constant We shall 

^2 P E Q ^ Q i’l 

be in a better position to answei this question when we have dealt with 

the problem by means of a device 01 theorem which is nioie geneial 

in its applications than any method which has been hitherto devised 

This we will deal with in the next section 


Inquiry Is the 
power of thick lenses 
a constant quantity 



PcwBr of a Bmgle 
surface is a highly 
incanstaiit entity 


The power of a thm 
lens is a constajih 
quantity 


Thick lenses com- 
pounded of mfiiutely 
thin elments and a 
parallel plane plate 
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SECTIOir II 

THl THEOREM OF ELEMENTS 

We have seen in the last section that the Formula II i elating to 
refraction of an axial pencil of rays at a single siuface is by no means 
such a simple formula as the Formula III, wliieh applies to the 
corresponding ease of refiactioii ol an axial pencil of rays by a lens 
hounded by two suifaces In the case of the single surface. Fig 4a, 
for mstance, il the rays are stiongly diveigent, then a laige amount 
of positive lefraction takes place, but supposing the enteimg lays 
are co%' 06 'i giTig to the oentie of cuiyatuie C, then no refraction takes 
place j while if the rays are conveiging still more to any point 
between 0 and A, then theie ensues refraction of a negative chaiacter 
Thus, from the practical point of view of lefi active effect, we may 
disregard the so-called “ optical invariant ” of the late Tiofessor Ahbe 
as applied to a single refracting sinface Oleaily a single suiface is a 
somewhat puzzhng and inconstant entity, which varies in its effects 
enormously according to circumstances But not so the lens bounded 
by two refracting surfaces, foi whatevei conditions of divergence or 
convergence may characteiise the entering pencil of rays, the lens 
always adds oi subtracts a constant lefi active effect of its own which 

IS expressed by Qjb — l)(y + j) ^ 

Let us see, then, whethei we cannot express any thick lens in 
teims of two complete lenses Let Figs 16«, 6, o, and d be foui 
various thick lenses Each one of these may be consideied to be 
built up of plano-convex, plano-concave, convexo-iolane, oi concavo- 
plane lenses of infinite thinness, each lens consisting of any two of 
the above and containing between Uiem a piece ol plane paiallel glass 
of ^ thickness equal to the axial thickness of the whole lens Foi 
instance, the collective meniscus, Fig 15 co, may be consideied to be 
built up of a convexo-plane infinitely thin lens at the left-hand 
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veitex of the whole lens, and a plano-concave lens of infinite thin- 
ness at the light -hand veitex, the two enclosing between them a 
plate of parallel plane glass of thickness = ^ These two infinitely 
thin lenses we will call elements They are indicated in black in 
Figs 15 In Fig 15& we have a convexo-plane element at and 
a plano-convex element at In Fig 15c we have a concavo-plane 
element at and a plano-concave element at both dispeisive, 
while m Fig 15^2 we have a concavo-plane lens at and a plano- 
convex lens at the latter being negative with lespect to the 
more poweiful fust element, and the whole lens a dispeisive 
meniscus Now the lecipiocal value of the piincipal focal length 


of any element or the powei is 
always plane, theiefoie eithei ^ 


as one suilace is 
01 i becomes zeio, and the powei 


then resolves itself into eithei 


1 


01 



The pimcipal local 


length ol being called /^, then j = 

/i 


^ if we call all radii 1 ., 


ft — I and foi the second element 


etc 


But befoie proceeding fuither, we must ascertain what is the effect 
of tlie plate of plane paiallel glass upon the pencils of rays traversing 
it in passing fiom one element to the other 

Fig 16a lepiesents a parallel plane plate of glass of thickness 
Aj Ag, and Qi is a point from which a pencil of lays diverges and 
passes perpendicularly through the plate, that is, the cential 01 
principal ray P of the pencil is normal to the plate Let Aj = 
and Aj Ag = After refraction at the fiist surface the lays diveige 
fiom the point g', such that q A.^ = jm (fju being the refi active index) 
Theiefore when stiikmg the second surface they are diveiging from 
a point q at a distance from A^ equal to /juu + t Then after lefraction 
from the second surface they diveige again from a new point Qg, such 

that Qg Ag = ^ emerging at Ag, after passage 

thiough the plate, the lays aie diveiging just as if they had passed 


without any lefraction through an an space equal to - 

Let Fig 16& repiesent a corresponding pencil of rays converging into 
the paiallel plate In both cases any small oblique pencil may be regarded 
as part of a larger pencil whose cential ray P is perpendicular to 
the plane surfaces, so that any displacements are along this perpendicular 
central ray as before The entering lays are converging to Let 


Elements defined 
and explained 


Power of an element 
defined 


Effect of the plane 
paxaUel plate 


Transference of 
radiant point forma 
lated 


Case of slightly oh 
liqne pencils 



Displacement of Q 
a constant function 
of the thickness of 
parallel plate 
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A Q be w These lays, aftei letiaction, conveige m lessex degree to 
2 ,\uch\hat A, 2 = KA 1 Qi) 01 Then when sinking ihe second 

surface they axe obviously convex gxng to a point at a distance to the 
right of Ag equal to /i(A, Q,) -toi. and aftei lefiaotion con- 

verge more strongly to a point at a distance to the light of A^ equal to 

= = Qa Here again the lays on emeigmg at A, aie 

convex ging^just as if they had passed without any lefraction thiough 
an air-simce equal to ^ 

In Fig 16a the distance 

+ A,) = « + <-(« + ^)=«-^ = «(i-^)=KV) 

In Fig 166 the distance 
Q, Q, = A2 €k + t-{k^ = 


Hence by passage thiough the plate the origin oi apex oi the 
pencil IS simply displaced a distance equal to ) along a pcr- 

pendiculai iiom to the plate, and in the same diiection as the 
light IS travelling 

If the point is anywhere in the interioi of the plate, we still 
aiiive at the same lesult Therefoie, so fai as oui present puiposcs 
are concerned, we may coiisidei the elements and in Figs 15 to 


be separated by an air-space equal to^ instead ot glass of thickneSvS t 

Hence if Fig 17 lepiesents any lens whatsoever (except convexo- 
plane and the reverse), then we may considei it, foi our present purposes, 
to consist of two small infinitely thin convexo-plane and plano-convex 

elements and separated by an air-space equal to ~ , that is, Fig 1 8 


IS the equivalent of Fig 17 Thus we considei the two elements to 
1)6 brought neaiei together by an amount equal to 


while all conjugate distances, such as that fiom to an object Q on the 
left, 01 that from to its image q on the light, remain exactly as beloie 
Also the distances from to the first pimcipal point and to the 
second principal point p^j remain undisturbed, as we will see latei Theie- 
fore the total distance Q q between conjugate focal planes is alteied by 




according to ciicumstances, as shown on coinp<iimg 



uo» 


PLATE IV 









tlO* 



0O» 
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Fig 18 with Fig 17 But so long as all the distances, whether of 
conjugate local planes oi of principal points, measured fioin and 
lespectively, remain exactly as when treating the lens as a solid entity, 
we need then have nothing to do with the fact that the distance fiom 
the fiist principal point to the second element and the distance 
liom the second principal point p^ to the first element are alteied by 



, wo can ignoie it altogethei, foi those distances nevei come 


into account in any foimula whatever that aie of piactical impoitance 
The cases of convexo-plane, plano-convex, concavo-plane, and plano- 
concave lenses, as in Figs 18a, h, c, and d, call loi special leniaik 
We must beai in mind that, in all such cases, the geometiic ccntie 
of the lens is at the veitex oi point wheie the curved suiface cuts the 
axis, and thciefoie that point in 18a, in 18/), in 18c, and 
c, in 18rf) IS an element as well as the fiist piinci])al point m 18a, 
the second piincipal point and element m 18&, the fiist pimcipal point 
and element in 18c, and the second pimcipal point and element in 
18^/, while the othei pimcipal point, whether it be the fust oi the 
second, is always at an apparent distance from the other one (at the 


veitex of cuivaLuie) equal to t 



and from the piano suiface 


Foi Cj in 18a, p^ c.^ in 18/), p^ m 186, and ni- 18^, each 

= t;heu distances fiom the plane surfaces being j- And we 

have already seen that the principal equivalent focal length of all 
lenses having one suiface plane is m no way altered by thickness, 
howevoi great 

Theiefore m treating such lenses we may take any focal distances u 
or V that may lie measured from the central or axial point ol the plum 


suiface, add + - in the case of collective lenses, and add — - m the 

/X 

case of dispoisive lenses Then ii oi v, as the case may be, will be 
leleiied to the principal point 


Of couise the addition of ~ is algebraical, for if the lays of a 
pencil emeignig from the plane surface of Fig 18a are converging. 


then V IS positive, and is an extension of that distance, but if the 
rays of the pencil after emerging from the plane surface aie diverging, 


then 'V IS negative, and - becomes a deduction from its numerical 
value ^ 


Conjugate focal dis 
tances and positions 
of principal points 
undisturbed by 
theorem of elements 


Cases of thick lenses 
having one surface 
plane 


Focal distances 
measured from ver- 
tex of plane surface 
to be corrected 



Case where collec 
tive and dispersive 
lenses are ranged 
on a common axis 


An I apparent [incon- 
sistenoy explained 


Conventions to be 
observed in case of 
mixed lenses having 
plane surfaces 
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Bat the same rule of adding db^ will not quite apply to the 

measurements of axial distances between neighhouiing lenses of collec- 
tive and dispersive types mixed Eor instance, the distance between 
the two lenses 18a and 18&, which have then plane sides towards one 
another, is indicated by the line that is, to the oiigmal an -space 

« e, the distances - and - have to be added at each end 

2 ^ fJ* P* 

The distance between 18& and 18c is simply as the two lenses 
are presenting their curved sides and two elements to one anotliei, 

while the distance between 18c and 18d is with - and - added 
on at each end It might here he uiged that these lattei are two 
dispersive lenses, and theiefoie and aie negative quantities, so that 

they become deductions fiom the numeiical value of the distance 
if the lattei is positive Heie is a seeming inconsistency But we 
must lemembei that if we are dealing with the two dispeisive lenses 
18c and 18i? alone, then we treat them as positive entities, in which 
case both then thicknesses and any sepai.ition between them would 
be treated as negative quantities, so that s’^ would ho the sum of 

-(P, -(«i -(^1 -Pi) ^ C 11 . 

But if we aie tracing j)encila thiougn a seiiCB ol collective and 

dispeisive lenses langed on a common axis, we can then ticat all axial 
distances between such lenses as positive, piovidod the ]>iiucipal local 
lengths of all dispeisive lenses aie cousideied negative i datively to the 
said distances and to the principal focal lengths ol the collective lenses 
Therefoie in Figs 1 8«, h, c, and d, if, as iisiud, wc coiisidci the distances 
° ft 

and Sj positive, then would also bo positive besides ^ and while the 

powers of 18c and 18d would be negative, and the powers of 18a and 
18& positive And this is the most leasouable couvontion to follow 
in the case of a senes of mixed lenses Such niatteis constantly 
demand the exercise of careful discrimination 



SECTION III 


THEOK\ OF EQUIVALENT FOCAL LENGTHS AND PRINCIPAL POINTS 
OF LENS COMBINATIONS 


In Section I we have already woikecl out foimulce foi the equnalent 
pinicipal focal lengths of thick lenses and for the distances of the 
two piincipal points tioni the tvo vertices We will now prove the 
identity ot the foimulce obtained fiom the theory of elements with 
the above foimuhe already worked out foi single thick lenses, and 
then piove that the sum of the lecipiocals of the conjugate foci, as 
measuied fiom the piincipal points, is invariably constant and equal 
to the equivalent piincipal focal length 

Eig 19 lepresents two elements, exaggerated in diameter foi 

clearness, separated by an axial air-space oi distance Let j be 

1 

the leciprocal of the principal focal length of e., and , that of e,, oi 

the respective powers of the two elements Let C be the geometiic 
centre, such that 

«1 0 C 4 /s 


It Ls then plain that any slightly oblique ray passing tluough C will 
impinge upon and c, undei exactly similai conditions, and will meet 
with exactly ecj[ual deviations when refiacted through the elements, 
and therefoie the rays aftei lefiaction both ways, and 

will be paiallel to one anothei, and if pioduced backwards will cut 
the axis at and which two points are the piincipal pombs of the 
combination 

Let the distance to be and to jpg 

We then have 


G 



and if we aie to make P^ positive we have 
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Previous formulae to 
be confirmed by tbe 
theorem of elements 


Constancy of equiva 
lent focal len^h to 
be proved 



2 b 


A SYSTEM OF APPLIED OPTICS 


SEOl 


Distance of first 
principal point from 
first element 


and 


Also we have 


1 ^ _ L _ Ajl __ L = *^1 \ 

fi fi ‘'h 

P = 


IXa 


and if we aie to make P^ positive we have 

c A ‘•/a 1% ''ti 

and 

Distance of second p V2 __ IXb 

principal pomt from 2 _ s 

second element 

Now it ) be the ladius ot the cnived surface of e^, and s that of c,, 
then 1 = ^" ^ and j Also, if and e„ weie the elements of 

a solid tlnlk lens of thickness t, we have by oiii tlieoieui s = - and 

t = /JLS 

Substituting these values in rormiila IXa we get 


Identity of Formnlse 
IV and IXA 


f ^ t ? 

_ M - 1 

^1 ■” ; 6 t ja(/ + s) - if(/x - ^ + h) - /(/A - 1 ) 

^ /x(/^ “ 1 ) 


which IS identical with Foimula IV arrived at 111 Section I 

Next we will work out the back focal length q, supposing the 
rays enteiing to be parallel, in winch case q is on the principal 
focal plane The image formed by m this case is at a distance 
from gj and a negative distance ecLiial to/j — s behind e^, theiefoie we 


have 


1 =!./_ J__^ 

'2 7 fi ifi ~ 



A-^ 


Calling 6 , 2 = B, we have 

B 'AiA-s) 

Formula for hack and 

focal length for -Q^MfiZ-l) 

two separated f + f 

elements ’ 


IXc 



in 
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Then to I'ot the etiuiv.ileiit pimcipal focal Icugth, oi E, we have 


ind 


K=i5 f r,= , . ‘‘U.. 

“ /i I /a - fi' 


Uti 

A +A 2 ■“ -s 


X 


PuUiii<^ 


hiivt‘ 


1 ^ V 

1 J V 1 befoie, wi3 then 


Formula for the 
equivalent focal 
length of two 
separated ele- 
ments 


K 


/ S 7S 

J: _ J (/^ “ ^ )*‘^ __ 

/A - L // - I /A //(/A - 1) 


wliich IS kIimiIkmI with llio FoiiuuLi VI loi the equivalent local length 
1)1 a solid l(‘iiH ol thu kness /i,s oi i which we obtained ni Section I 
It will b(» found that Foiinula X is uiiivoisally tiue loi couples of 
(‘haneuts, jiroMded oiu ionuer conventions as to lenses aie adhered to 
If on(» of tlu‘ elements is collective and the otliei dispersive, the 
Htrongin* element should give the chai<ictcr to the lens, while the / loi 
llu* \ve*dvei element should be euteied m the fonnula as a negative 
quuntit) Koi instance, il e, is the stiongei, having / 2=9 Jmd 
disi)cusiv(‘, whil<‘ y, IS 10 and collective, then, as in the case of the 
Imis, \vt‘ should coiisidiu’ the cdiaracter ot the comhination, hr/ font 
inh'Htion, <is it wens to he dispevsivo, and the separation s, winch say 
— 2, to b(' ndatividy a minus (quantity, just as i was iii the case ol a 
dispmsive lens, so that K becomes, since is negative, 


OoEcrete example of 
the use of signs and 
of the highly im- 
portant influenoe of 
separation on the 
character of a pair 
of elements or lenses 


( I 0 )(i 9 ) 

-10 f 9 h 2 


-90 


Now im wo uHHtuiic tlio Ions, by ( 11 st luicution, to be a dispersivo lous, 
but with a positive sign, it is clear that E, being niimis relatively, 
iiidicateH that a leiil image* is fonriod, and the combination, owing to 
the seimration, aots as a eolh'ctivi* lous, although by fust intention it 
was diHiK'isive TIiuh the sepaiatioii has levorsed the chaiactei of the 
cimiph* 

11, on tho other hand, wo nisert /j aa a positive quantity in the 
Formula X , and as a negative quantity, and therefore s as a positive 
(luantity, we ahall then lu tho same case got E= +90, which comes 
to tho same tiling, K hoing + or of the same sign as /j, which is 
eolleetive, ami so indicating a collective lesultaiit lens 01 combination 
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Inquiry Is 
equivalent focal 
length, a constant? 


28 - . 

m mmd eomvalent pimoipal focal lens* ^ of the 

Having now got <1 enteiing pencils consist of 

combination on the ^ to our inquiiy. wliethei, 

parallel »,B, ne cay ■“>” ..tta toigen. or con- 

snpponng the fti,, „cipiocalB ot the conjugate focal tetunoOB 

vergeut t^a, the ‘™ J „ 1 1 „ the rectprocal of the eqmva- 

importance to know this formula foi the back focal length 

«, 4. suppoMug tie y reflection tlirongh e, he anil 

and the conjugate focal distai element c.^ 

r ^"^-ToeS aree^r ;:h *.0041. ho .. 

SiS’^, IS the back focal distance leqmrcd. and we have 


and 


Back conjugate focal 

distance for first 
element 

Front conjugate 
local distance for 
eeoond element 


Tlieii 


. ^ 1 _ 

/i »1 A’h 
« - 

fi>h . 

^2 = ''’i-^ = 5q-/i""" «r /i 


Then, since the rays aio conveigmg into hecomes a mums 

quantity, theiefore 


1 1 1 


»i-/i 


Back conjugate focal 

distance for second 
element 


and 


r“'ft~ ft* 

/al/i’h - ''("1-/1)' 

” ^ /i’*i " 


Add .. . 01 V, to thiB in Older t., ohtou. tho d..ta«cc of the tou 4 

from 4e E^nd pnocijial point p,, end we liiive 

/ / \ i 
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JL = ih+U - s)i A«i -/i)} 

P2 + '»l V2{/iMi - (s -/2)(»1 - A)} + (/l + ^2 - s)/2rA% - -/l)l 


Aftei multiplying out denominatoi and cancelling we get 

1 ^ (/a - a + a r_^) 

1*2 + h fiMfih + «A + A'“i - s"i) 

Then the othei conjugate focal distance = Q 01 + Pj 


Reciprocal of back 
conjugate focal 
length measured 
from second pnnci 
pal point 


Theiefoie 


therefore 

1 1 _ 

Ml + Pi Dg + P 2 


, , ifi _ ^i(A+A-«) + V] 

^ A+A"* A+A“ 


1 ^ A+A-g 

Mj + Pj Mj A + A “ “1® + ®A ’ 


A A + ^ 1 A ~ L® ~ A A)(A A ~ '*'AA(A '''A ' 

AAKA + ^hA-«i® ^/i®) 


®) 


Reciprocal of front 
conjugate focal 
length measured 
from first principal 
point 


which 

= (%A + «iA - ^1® + A®)(A + A - ®) + ( AA -AA)( A + A - ®) 

AA(“iA + WiA-“i® + A) 

='AjAA_^ 01 i = constant 
/ 1/2 


Sum of above two 
reciprocals = ^ 


Thus the mutually dependent vaiiables and the fiont and 
back focal distances lespectively, have eliminated themselves, and we 
find that the sum of the recipiocals of the conjugate focal distances as 
measured from their respective piincipal pomts and is constantly 


equal to 


E 


If the readei will apply the same processes to a com- 


bination of three sepaiated elements, he will arrive at just the same 
result, although the piocess is much more lengthy Theiefore the 
combination of two thin lenses oi elements, howevei widely separated 
they may be, behaves like a simple thin lens of principal focal length 

E, such that|: = ^ — we put U foi Mj + Pj and V foi + % 

V E U 

It only differs from a simple thm lens in that the two pimcipal 
points aie widely separated instead of both merging in the lens centre 
Fig 19a presents the case of two dispersive elements 

It IS commonly remarked that a thing cannot be in two places at 
once, but here we have an optical combination of equivalent focal 
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A compound lens 
exists practically m 
two positions at 
once 


AlDove curious fea 
ture illustrated 


A real pupil at the 
geometric centre 
implies two eq.ual 
virtual, pupils at the 
two principal planes 


The principal planes 
are planes of unit 
maguidcation 
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Tiioppd at « It thus presents a dual aspect 

^ fI 19& lUustratL this curious teatuie It lepiesents he 
19 ^ and p being the first and second pnncipal 
essentials ot Fi 19 ^ focal planes in which ho 

points, and Q Q^ana s thiough the two 

property that if any diiect or ohhque pencils of lays, such . 

^ n n stiike centially upon tlie iiist piuicipal pltiiic i ^ < 

;12‘at"c'er — op.o ax«, a.e., ...P - 

Lt from the second ptmerpel jlene at ““I;;; “J" , 

distances from the axis {and on the same Mde ) 

the Uimoinal lay Q Pi, together with two outei laysf i ( i aw t i> 
constitute the Lial pencil striking the fust puncipal p aiio .it 
and li Also let the piuicipal lay Qj jq. together wit i ^ 

( ) ft constitute <in oblique pencil also sinking the fust iiiiiic ip.i P a* t 

. ;; and ft, Draw straight hues iioni those points pmal bl t< u 
ontic axis to intersect the second puncipal plane at c,, y>,, and ft.., th 
£ hTcol the starting-points for the rays of t - ^ 
coniugale pencils p, q and p, q, m such maniiei that tin pini q 
emi<^eut rw p, i is parallel to the principal eiiteiing lay (J, /q 
The proof of this theorem is leally a simple one, for we 
seen that if we take two infinitely thin lenses L, and L., ol locil hu ths 
f and f separated by a distance &, then the fiist prnicipa,! point is 
Uie image of the geometric centre 0 as foimed by L,, and the Hec,oii(l 
principal point is the image of the goometiic 

But the geometric centre is syinmetiically tlisposct . ' i ' 

^ if /I 3/ , then the geometiic centre is three tiiiios as fai hon L, 
aftomL^ \ierefoie the image of 0 formed by L is magnifmd or 
diminished in exactly the same degree as tlie imago ol 0 loiuicd \jj. 
Consequently, if we imagine a circular aperture or pupil to In phuu! 
Si O.fheu the image of it foimed m the first principal 

will he exactly equal to the other image i this wiy 

principal plane by L, The two puncipal planes a c in this way 
fhown^to be planes of unit magnification relatively to one awothci 
Therefore if the bonndmg rays of any pencil whatever stiike tlie first 
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pimcipal plane at distances cl and df horn the axis, they will stait 
trom the second pimcipal plane also at points distant by d and fioiii 
the axis, although when actually passing tliioiigh the plane ot the 
geometiic centre the distances d and d' may he more oi less reduced oi 
incieased Moieovei, these distances d and mvaiiably keep to the 
same side of tlie axis, foi since the images of the iniagmaiy apcitme 
placed at the geometiic centre are foiined by Lj^ and L^ in the two 
pimcipal planes undei smiilai conditions, therefoie if the image of our 
pupil at C formed by Lj^ at is the same way up as the oiigmal, then 
the othei image of C fuinied by L^ at ^^so the same way ui), or 
if one image at is reversed, then so is the othoi imago at 

It IS mteiesting to note how the pencils ot lays are set back in 
then course, as it were, by the disLiuco —p, between the focal 
centres, which theiefoie constitutes m this case an oveilappmg of the 
conjugate focal distances, and conesponding shoitening of the distance 
Q q This theoiem, that any two separated lenses on a common axis 
act as a simple thin lens of equivalent principal focal length E, is 
highly significant, and the impoitant coiollaiy follows lioiu it, that all 
optical systems, however complex, exhibit two final principal points, 
and that the sum of the reciprocals of the conjugate focal distances 
measured from those points is constant 

Foi, sujiposing we have thiee thin lenses of pimcipal focal 

lengths aiianged on a common axis, as m Fig 20, Plate V 

Then the couple and have their geometiic centre at and tlicir 

two principal points at and p^, and have an equivalent principal 
focal length = E Then, from the" point of view of the comhmatioii 
+ ^2 IS tantamount to a simple lens of pimcipal focal length = E 
placed at p,^ It theiefore follows that w^e have a new geometric centre 
0 such that {p^ 0) (C E /g Then the point C refiacted by the 

equivalent lens atjpg will be apparently transferred to Pj being 

in this case conjugate to p^ 0, and 0 is also transferred to Pg by the 
refraction of and we have two new pimcipal points P^ and Pg for 
the whole combination of tbiee lenses, which lattei possesses a now 
equivalent principal focal length which we may call E^, which w also a 
constant with respect to the three lenses (so long as the separations are 
constant) It will he seen that 

1 1 1 

Pi Ih C E 
and 

1 1 1 

Pg ^3 C ^3 /3 


The two principal 
pupils the same way 
up 


All lens systems 
have two final prin- 
cipal points 


Proof of above 
theorem 
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^4°“ tomto ^omt of ™w o£ »p le.™g the combi, 1>, .» 

the second piincipal point „ p -ind P c 

, , 'VVe now leqvuie forniulai giving the distances 1,^ , r 

Prmcipal points of a j. 

three lens comhma qi Pg ^4 lespcotiveiy 

tion investigated T Pt /» e = S , and “ ^2 

Jirst^of all, fiom Formula IXa we have by ana ogy 


SE 

J’l ^i-E+Zi-S’ 

5 i/o 

S = s,+0h "2) = '2 + 7^+7 /-s, 

■LI A/ 2 

A 

Therefore after substituting these values we get 


m which 

and 


/ SiA ^ ^lA 

_ \ ^ /i "I A “ ''r A * A ~ b 

AA lz-Ah "'A 

-h '’ A'A-'. 


i'x 1*1 = 

/. 

A Aj" b) ■' '’I A\ A1/2 

i_ /.lAi.s_ 'A;/.-b 
■ /,/a^ A(/i+ A- 7 -'2(A-* A- 
A I A-h 

MA ^ s Al/i A 

(Ah A-''i){/iA*-' A(/i ^A-'.) A b) -b/- 


therefoie 

Pi 1*1 = 

But we must add the distiinco Ci />, h’ in oidtu to obUm the 
requiied distance F| , f*'*’*^ 

•bA 


Pi = 


/) I A h 


(see Foimula IXa), and on adding this to the above lovinul.i loi yi, l\ 
wo get 
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UA-h) + {fz-h){h+U-h) 


= ^ Pl = P8 


XiA 


Next we require a formula for the distance e^, measured fiom 
the second prmcipal point of the triple combination to the element e 
From Formula IXb we have by analogy ’ 


Formula locating 
first prmcipal pomt 
for three elements 


^0 = 


% 


and 


E+/3-S 


^■5,, in which S, as above, = s, + — 

^ /1+/2 


fih 


fi+fi, 




which 1 educes down to 


■■ / i(f A +fA + /i‘’2 ~ _p , _p 
/sC/l “ ®l) + (/s -S2)(/l +/2 - ®l) ^ ^ 


Xln 


It IS plainly evident that the Foimula XIb is the syinmetiical com- 
plement of Formula XIa For, if we trace the light backwards thiough 
the combination, theii/^ becomes becomes s^, while /„ remains 
and thus the one formula may be tuined into the other Next, we 
reqmre a formula for the equivalent principal focal length E of such 
a combination of thiee lenses or elements 
By analogy from Formula X we derive 


K = 

in which, as in last two cases. 


3A 


'S-E+Zg-S’ 


S = fig +JP2 01 ig + — 


and 


therefore 


/i + /2 “ 


E,= 

A/ 


E= — 

_/iAA 
A +A - h 


*iA ^ 


Formula locatmg 
second principal 
pomt for three ele 
ments 
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Formula' for 
equivalent focal 
length for three 
elements 


■whicli reduces down to 


fifafs 


-Si) ' 


XII 


we »ey no. p.» on « 

«i> *® 2 > y 4’ P consider this as a combination ot two couples, 

1-e of tL two "nfcipal points at and , and and 

■nz «! and e^, having the P P distance 

'“'™S J*”" ^ J gep„S,on between these two conples, 

j., p. ot S IS obv'”^? ™ togthe we wiU denote by 

whose iMpeoUve ean sepsiLon between them ,s obvionsly equal to 
E,andE, ™ f geneiaUy the equivalent principal 


focauigth of the whole combination 


which 


_EiE 2_ 

= E, + B'-S’ 

A/2 bk 






rormnla for 
equivalent focal 
length for four 
elements 


“A/»T/.+/4 
and finally 
E.= 


hfM . ...xm 

(A+fPhW^b -M + i(/i - -i) - + 7a - i)} 


It IS obvious that the two couples have between them a new 
<■ a nf flvmmetrv 0 or the optical centie of the whole coiulmiation, 
rnl toat 1 . toikes the distunce , ft l«twemi the .«oi„ and 

‘r k::— ^ toi. suchLt 

EsrA-" 

want (omulm tor the ilistonooe ot the two i.imoii«il pomle 1 , mid 1 , 

*Zt.t "ri:i w^ JJS 

principal point fell to the left of r, then the <lisUnce j > , r.. u us positi , 
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mind, It will be seen that lu this case the requued distance e P 
tbat^ Fj) the latter being negative in Fig 21 , and also 

Tji _ ni ,4 "h (P4 Pg), the latter also being negative in 

Rg21 So we ha™,, = + P.) (dgebrai Jly) 


= 


SEi 


fi+fi-Si Ei + E^-S’ 

m which S or ^ = ^) + ^, + (e, P3), which 


= — 




j. u a • j i 

On substituting this value of S m the above, we get 


?i 4 . 


.f ii — — + s,+ /1/2 

^ P,0.p,.^;. + V, ■ A+A-‘,//.+/7-T; 

h'^h-h flU - ~ 1 


-77- i 

+ -^ 3/4 / 5/ >1 

iAT 4 -T 7^2 7 ;^}, 


/ 

which leduees down to 

«i Pj or Pj 

- / +/i^i - _ Four elements For- 

(/x +/2 - *l)(/s/4 -/s^s) + (/, +A - g{/,(/x - 5 ,) 

The distance Of the second pimcipal point P^ hom is obviously 
4 Pi +Pi Pgj analogously to the last case, and is expressed by 


hfi 


SE, 


/s ” ^3 Ej + E2 — S ^ 

in which S', as before, is the distance p^, and E^ is 


Tlierefoie 


Pa or p, = -7/4 ^ — l 4 ±> 2 j:ii_ 1 ^ 7 i y'h- +/: - s. 

A+A-^i UU__^ Jd, — ur~^ 

A + /2-% /,+/ 4 -S, 

wxiicli Induces down to 


f^h 
/) +A - 

/- 'iA. 


lA _l AA 


'4 P2 01 P3 


1 a - ~ a 

= — f\h^ A +/2(/{5t + „ Foip elements For- 

(/i "^72 " hXJifi + (fi + f -s)^f}f u XIVb position of 

^2 iA^3/4 /i^3>'*^U3+/4 W2(/i - ^l) - 52 (/^ +/2 - %)} Second principal 

point 
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Symmetry of For- 
mtilse XIVA and 
XIVB 


Formulse relating to 
more than four ele- 
ments imdesirahly 
complex 


Case of five elements 


Equivalent focal 
length, for five 
elements 
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Ou comparing Formula; XIVa and XIVb it will again be noticed 
that they are symmetiical to one another m the fiist coiresponds to 
f m the second, corresponds to /j, to /^, and to /^, whi e 
coriesponds to S3 and s^ to s. Hence one formula may be converted 
into the other by supposing the light to traverse the system in the 

reverse direction , 

We have now got general formuLe for the equivalent focal len^^ths, 

and the positions of the two principal points for any combmations of 
two to four separated elements oi tlim lenses, stated m terms of the 
principal focal lengths oi the several elements or lenses concerned and 
the separations between them , and we have found these formula? lolat- 
ing to a four-lens system to be sufficiently complex to deter us fiorii 
proceeding any further on the same lines , that is, weie we to work 
out formulae for a five-lens, six-lens, and eight-lens systems, all likewise 
expressed in terms of the principal focal lengths of the seveia elements 
01 lenses involved and their respective sepaiations, we should aiiive at 
undesnably bulky formulae In such cases the results are perhaps 
best arrived at by the building up or cumulative process, yielding 
foimulde in which eqmvalent principal focal lengths of two or four lenses 
together constitute the terms In this way we may deal with the case 

of five lenses as follows — n j i * ri' 

Let c,, e,, c,, and e,. Fig 22 , bo the five elements involved Let L, 

be the equivalent piincipal focal length of the first four eleuients, 1\ be 
the distance from first element e, to first principal point 1\ of the same, 
and P, be the distance fioin second piincipal point to the fourth 
element e Then we may treat the whole as a combination of a smiple 
lens of EFL =Ej placed at P^ with another simple lens of Eh L 
= / placed at e,, the distance between them being Pg or P2 + '', 
Themfore the equivalent principal focal length of the whole combina- 
tion will be (see Formula X ) 

_ E,/, _ XV 

The distance of the new first prrncipal point P/ of the five-lens combina- 
tion from fi| will then be (Pj P/) + (P, ) -b 1 1 — saj P^ , 

foi which the formula will be (see IX \ ) 


p / _ (‘’t + Ts)?! + p XVa 

and the formula for the distance of the second new principal point P^ 
from will be (see IXu ) 


Five elements Posi 
tion of first principal 
point 



PLATE V 



PLATE V 
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P ' = 

*2 




®4 + /s ” (^4 ^2) 


XVb 


Formulse for Six Thin Lenses or Elements 


We may treat this as a combination of four lenses of E F L = 
with another combination of two lenses of EFL (See Fig 2 J ) 

Then if = first principal point of the four-lens combination, and 
its distance Pj from 

' and Pg = the second principal point of the four-lens combination, 
1 and P^ = distance P^ from 

Pg = the first principal point of the two-lens combination, 

^ and Pg = distance Pg then we have 

I P^ = the second principal point of the two-lens combination, 
and P, its distance from e, 

t ^ 


E„ = . 


E 4 E 2 


E4 + E2 


S^ + Pj + Pj) 


XVI 


Then if P^' is the new first principal point and the second one for 
^e whole combination, then putting Pj' for the ^stance . Pj', and 
P/ for Pj' e^, we have 


and 


p ' - ^-^4 ± J ^2 + ^3)^4 _ ^ p 

^ E,HhE2-(., + P, + Pg) ^ 

p ' =z (^4 Eg + PjEg ^ = 

^ E, + E2-(., + P, + P3) ' 


XVlA 

XVlB 


Another way is to treat a six-lens combination as a combination of 
three couples of EFLs respectively = E^, Eg, and E, then apply 
Formulae XIa , XIb , and XII 


Formulae for Eight Thin Lenses or Elements 

This consists of two four-lens combinations, whose respective E E L s 
we may call E/ and E/ (See Fig 24 ) 

Let P^ be the first principal point of first four-lens combination, and 
Pj its distance from 

Let Pg be the second principal point of first four-lens combination, and 
Pg its distance from 


Five elements Posi- 
tion of second prin- 
cipal point 


Equivalent focal 
length for six 
elements 


Six elements Posi- 
tion of first principal 
point 

Six elements Posi- 
tion of second priu 
oipal point 



luvalent focal 
for eight 
ments 

i^ht elements 
ution of first pnn- 
al pomt 

;lit elements 
sition of second 
ncipal pomt 

nous methods of 
latment 


mented lenses, 
5 
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Let Pg be tbe first principal pomt oi second four-lens combination, and 
Pg its distance fiom 

Let P^ be the second principal point of the second four-lens combma- 
tion, and P^ its distance from 

let P/ = the first principal point of the eight-lens combination, and 
Pj' = the distance P/ 

Let Pg' = the second principal pomt of the eight-lens combination, and 
Pg' = the distance Pg' 1 


Then 


and 


IL W - 

^ E/ + E/-(a, + P2-P3)’ 

XVII 

p / (^4 ^2 Ps)®4 1 p 

XVIIa 

' E; + E/-(s* + Pg + P3) 


p, (s* + P; + Pa)E"4 ,P 

E; + E/-(s,^-Pg-^P3) 

XVIlB 


While combinations of eight separate lenses may seldom occui, yet 
combinations of four thick lenses are frequently employed, and we have 
seen that such oases may be treated as cases of eight elements, the 
elements appertammg to each solid lens being considered to be 

separated by a distance s equal to “ , while if any lenses are cemented 

together or m contact, then, m the above formulae, the separation ig, 
s^, or Sg (or whichever it may be, m its natural order) should be entered 
as equal to O, while the prmcipal focal lengths of the elements m 
contact may he entered as usual, even when of equal refractive 
indices, m which case they exactly neutralise one another and may bo 
treated as non-existent Or if of different refractive mdices and m 
contact or cemented, then, as one is necessarily a collective element and 
the other a dispersive element, the difference of their powers may be 
taken as the power of one resultant element, and thus the calculations, 
which are inevitably tedious m complicated cases, be considerably 
simphfied Or the EFL and pnncipal points of each thick lens 
may he worked out separately, resulting in a combination of four 
equivalent lenses, whose effective separations of course depend upon 
the relative positions of their principal points , then any of the above 
formulae suitable to the case may he employed 

Having once obtained the principal equivalent focal length of any 
one more or less comphoated combination of lenses, and the position of 
the two prmcipal points (sometimes called nodal points) with reference 
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to the first element oi first vertex of the combination, and the last 
element or last veitex of the combination respectively, then, as all 
conjugate focal lengths are to be measuied fiom those piincipal points, 
the positions of all images or original plane objects and their images 
can always be correctly assigned with reference to the first and last 
vertices of the combination, if so desired, 'provided that the optical 
collections of the system are at least appi oxvmately well earned out 

Foi it must be borne in mind that the above lines of leasoniiig and 
the consequent formulae are based upon the theorems of Gauss, which 
aie abstractions in the sense that they would be of no piactical value 
whatever if applied to lens combinations thrown haphazaid togethei m 
such manner that no approach to flat, distinct, and lectilinear images 
were made at all The moie peifect the images foimed by complex lens 
systems, so much the neaier to absolute accuracy become the deduc- 
tions from the Gauss theory as embodied in the formuhe which we 
have ariived at in this section 

A lew illustrative examples of the application ol the foimuhc to 
known combinations may no^ be given 

Let a sphere of glass of lefiactive index = 1 5 and of ladius i be 
treated by the method of elements Then 


Good optical correc 
tions assumed 


The above theorems 
acknowledge no op 
tical aberrations 


Examples 


Case of refracting 
sphere 


and 

and 


1 _ 1 1 

f\ A ^ 

=1- 


and the E F L by Formula X 


3 3 


3 

2^’ 


£FL of sphere 


while eithei the first or second positions of piiiicipal j)oiiits are given 
by Formula IXa or IXb , so that 


Centre and principal 
points coincide* 


Thus if the lens is a solid sphere, then the distances of the two 


Pi = P, = . 


4 

2 ? It 
o 


2? + 2r- - 


3 

= 8*=’ 
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principal points are both + and coincide with the centie of the 
spheie, but if the combination is of two elements sepaiated by an air- 
space equal to then the two principal points would overlap by a dis- 

tance equal to = but the performance of the spherical solid 

^ /A 3 

lens and its equivalent combination of elements aie exactly identical 
from the exterior point of view, so far as the EFL and conjugate 
focal distances and relative scale of images are concerned 


Huygeman Eye-pieces 

The usual and older form of the Huygenian eye-piecc (Fig 25, 
Plate VI ) consisted of two lenses of principal focal lengths 3 and 1 , 
placed at a distance apart equal to half the sum of then focal lengths, 
that being the necessary condition foi the variously coloured images 
T,wo cases of Huy- being of equal Size In many cases, however, the ratio of 2 to 1 foi^ 
geniau eye pieces principal focal lengths is adopted, the same lule foi separation of 

course prevailing Treating the case geneially we have EFL, or 


and 


E = - 




A A _ .AA _ 2 
‘ 2 2 



1 

E 


1/1 1 \ 


so that the powei of the combination is the mean of the powers of the 
two lenses For instance 

if = 3 and /g = 1, we got E F L = 1^, and + 0 == 

and if /i - 2 and /g - 1, we get E F L =1 and ^ = id H 1) = I 


Frmcipal points of 
Huygenian eye- 
pieces 


The position of the hist principal point is given by 


p,= - 


f 

Jl 0 


/, 


A '■/a 


> , /• = + A>''^nclP3= , 


I /a 


Thus Eigs 25 and 20 ropicseut 
combination having s = ^ 


the essential ieatuios ol any such 
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It IS clear that since, as in all previous cases, the distance from the 
first vertex to the principal focal plane and is m this 

case the largei, therefore E — is a minus quantity and indicates that 
the image formed by the eye-piece at / of distant objects on the right 
^ a viitual one On the other hand, E — is a positive quantity, as 
Pg is the lesser, and indicates that a leal image is foimed at F,, of a 
distant object on the left It is well known tJiat a leal image of the 
relatively distant object glass to the left is foimed at F^ Thus eitliei 
of the distances F^ oi F^ lepresents the principal equivalent 
focal length of the combination 

It IS clear also that when used with a telescope whose objective is 
to the left hand, the eye-piece must be so placed that the primary 
image foimed by the objective must bo made to fall upon the fiist 
principal focal plane f, in oidei that the rays emeiging fiom the eye- 
piece may be parallel and fit foi normal vision 

Foi it IS clear that the lays conveigiiig to the image in the lust 
principal focal plane /will, aftei refiaction by the Jirst lens, be con- 
verged to a real image in F^ F^, in which plane also is the second 
piincipal point p^, wheie it is also in the principal focal plane of the 
second lens This coincidence of the position of the real imago 
formed between the lenses with the position of the second principal 

point IS characteristic of combinations wherein s = but it is a 

matter concerning the internal economy of the combination as it 
weie , and we must remember that the foimuloe we have worked 
out for equivalent focal lengths and positions of the principal points, 
in themselves deal with resultants and take no exphcnt notice of 
what goes on between the lenses, but only deal with the positions 
of objects or images from or to which the rays are proceeding 
before they enter the system and after they emeige liom it Thus 
in Fig 20, with regard to the rays enteiing the combination, a simjdc 
thin lens (having a principal focal length equal to the EFL of the 
combination) may be imagined to be placed <it the first piincipal point 
p^, so that the entering rays conveigmg to a leal image at / and 
/ !Pi about equal to the EFL of tlic system, while, aftei 

emergence fiom the eye -piece, the rays of pencils aie eitliev 
paiallcl, as if coming from a distant viitual image on the left hand, 
sliglitly divcigent from a iieaiei viitual image, oi else slightly con- 
veigent to a real image on the light hand, but in all cases the focal 
distance of such imago, which is conjugate to the distance j is 


Image in first pnn 
cipal focal plane is 
a virtual one 


Image formed m 
second prmoipal 
focal plane is a real 
one 


Condition of use with 
a telescope 


Formulae of this 
section deal with re 
sultant effects onl^* 


An elementary lens 
equivalent to the 
eye piece 



SBGl 


Another aspect of 
the question 


Principal rays do 
not pass through 
geometric centre 


The exit pupil of an 
eye piece 

Definition of pupil, 
m the case of an 
image of a real stop 


The entrance pupil 


Case where stop and 
pupil are one 


Pupil not necessarily 
placed at geometric 
centre of a combma 
tion 
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mea&uied from the second pimeipal point Therefore, supposing I 
IS a paiticiilax point in the first image at /, and we join I by a 
straight Ime I p, to the first pimcipal point then if we diaw 
anotLr straight line through parallel to I Pj, it will cut the phine 
of the second conjugate image at the point wlieie the image of the 
point I IS foimed therein (assuming distoition to he eliimnatcd) 

While we are dwelling on the case of the Huygcuian eye-piece. 
Fig 26, we may, with much advantage, discuss an aspect of this 
question of equivalent local lengths ot lens combination which may 
well appear puzzling to those studying the question loi the fiist time 
In our treatment of thick lenses and combiiiatioiis ot two thin 
lenses or elements we have assumed the centie oi piincipal lays of 
obhque pencils ol rays to pass through the geometric centre ol the said 
lens or pair of elements, but in Figs 25 and 26 this does not take place 
at all, and, in fact, the principal rays of oblique pencils aio shown to 
cross the optic axis, not at the geometiio ceutie 0, but at or iieai 
the second principal focal plane How it is the size of the distant 
object glass to the left that defines the sues ot the pencils of hglit 
entermg the eye-piece, and we have seen that an image ot the object 
glass is formed very near to F^, thiough which image pass all the more 
or less oblique pencils of light emeiging fiom the eye-piecc This 
image is the exit pupil of the eye-piece, and its contie oi the point on 
the axis where it occius is the exit pupil point ol the cyo-pioce 

The pupil point oi points of an optical combination may then be 
defined as the point or points where the principal lays tiaveising the 
combination, or their piojections, cross the axis In this case the pupil 
point 18 where an image of the object glass would bo lormed by Li. 
If the object glass on the left is brought ueaioi to tho oyo-piecc, then 
the pupil pomt will, of course, move towards tlie light The apeituic 
of the object glass may then be regarded as the eutiance pupil oi the 
eye-piece, the pupil bemg an image of it loxmed by and the exit 
pupil is an image of that image formed by 

But cases of other optical combinations may ho nnaginod, such as 
photographic lenses, wheiein the stop oi diajihragm may ho somewlioie 
in the middle of the combination, and be an actual stop and not nioiely 
an image of another stop In some cases the diaphragm or stop 
forming the pupil may be placed exactly at the geoiiiotvic centie of 
the combination, as for simplicity has been assumed in woikmg out 
the formulae in this section, but m veiy many cases it is not so placed 
In fact, the position of the pupil point of any combiiiatiou is totally 
independent of the position of the geometric centie, and therefore of 


PLATE VI 
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the two principal points But it might be thought that if the pupil 
point IS widely removed from the geometric centre, as is the case in 
tne Huygenian eye -piece, then the equivalent focal length of the 
combination might be quite different, and that our formula for the 
same would no longer hold good This matter is certainly worth 
inquiring mto In the first place, the theorem of homogeneous pencils 
as explained on page 11, may be apphed here For although we are 
considermg the obhque pencils traversmg the Huygenian eye-piece as 
avoiding the geometric centre (and therefore the prmcipal pomts) of 
the combmation, yet if we imagine such pencils to be homogeneous, but 
very much enlarged in angular aperture, then we aiiive at a state of 
things m which, although the prmcipal or central rays of all such 
pencils still avoid the geometric centie, yet there is sure to be some 
one ray m each pencil which does actually pass through the geometiic 
centre and the two principal points, and since such centie-tiaversmg 
lays are proceeding to or from the same image pomts as the prmcipal 
lays of the same pencils {ex hypothesi), we theiefore clearly see that 
the lektive sizes and positions of the conjugate images should not be 
^stuibed by the fact that the leal pupil point m an optical system 
does not coincide with the geometiic centre, or that the apparent pupil 
points do not coincide with the principal pomts, %f m amme that the 
final vmage appox%‘>mtes to peifectton m all t ejects 

Assummg that the theorem of the homogeneous pencil holds good 
we may prove the case algebraically thus — 

Let and Fig 27, be two thm lenses or elements, and let P 
be the position of the stop where the principal rays of obhque pencils 
arc constrained to cross the optic axis Q g, and let P be placed any- 
wliere not necessarily comcident with the geometric centre, which may be 
at 0 for instance LetQ, P be one of the oblique principal 

lays pioceedmg from an infinitely distant point Q on the left hand to 
the image point of it at in the principal focal plane q q Before 
enteiing e^ this piincipal ray is proceeding to p , the first pupil point 
which IS the apparent position of P as refi acted by e and on 
eiiieigiiig fiom it proceeds appaiently fiom p the second pupil point 
which IS the apparent position of P as refracted by c. Let the separa- 
tion fl, 6jj = S, and let P = I)j, P e^ = S-I) =0, 

and p,, = so that we have 0, and D conjugates as well^s 0^ 

and I), X 2 


The geometric centre 
traversed by one ray 
of each oblique 
pencil 


Proof that the E P L 
IS independent of 
position of the pupU 
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and n = 

^ A-Di’ 

1_ 1 1 /.-(S-D,) 

Da'S-Di'A /2 (S--Di) 
and 

n / 2 (S-D i) 

Let angle Q = angle P tnul 

(?1 J ^2 ^ 

tan ^2 = ’Ai 
and 


Uo 

tan ^3 = tan ~ 


theiefore 


’l /^(S- DJ ’ 
and 

ton V-g ^/i(/2 + Pi - S) 

tan^i /^(/i-Di) 

Now the back focal distance g or B (from Foimula IXc ) 

MA-S) 

"/i+A-s’ 

therefore m order to get the distance 2 wo nuist add I>,aud U 
together, when we have 

„ /2(S-D.) ,/,(/, - S) 

?-/^+Di-s+/,+ 4 -s’ 

which; after multiplying out and cancelling, i educes to 
, , 


Now, It IS evident that if we diaw a straight hue from i/^ jmiiilUd to 
the incident pnncipal ra7 Qj and therefoie making the Hamc angle 
yjr^ with the axis, it will cut the axis at the point K, whore a simjilo 
thin lens of equivalent focal length E of the combination would have 
to be placed in order to project on 2 2j an imago of identical Him*, and 
therefore the distance K j ’''’’ill the equivalent focal length of the 
combination , but obviously 
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E or K S' = (?'2 


2 ): 


tan ^3 
tan 


or (B + Dg) 


tan ^3 
tan 


A(/2 + d,-s) f,u T , 

(/i+/2-S)(/2 + D,-S) A(/i-Di) ~A+A-S” 


Thus the question of the position of the pupil point as measuied by 

has eliminated itself, and the equivalent focal length is shown to 
be a function of the principal focal lengths of the lenses and then 
sepal ations, and quite independent of the position of the pupil point 
within or without the system 

There is still anothei method of woiking out the equivalent focal 
lengths of any combinations, which treats all images by projection 
from the several lens centres oi the points on the axis where the 
elements occur, by which the back focal length is anived at The 


back focal length is then multiplied by wheiem oi is the numljei 

of elements, the angle made with the optic axis by a stiaight line 
joining the last lens centie oi element to the particular image point 
2 ^, and being the angle made with the optic axis l)y a ray from the 
infinitely distant object point stiiking the first clement or lens 
centie It is thus based upon the theoiem of central projection, and 
leads directly to precisely the same foiinuhe for equivalent focal lengths 
and indirectly to the same foimulaB foi principal points 


Another method of 
deriving the E F L 


The Ramsden Eye-piece 

This well-known form of eye-piece is supposed to consist of two 
lenses of equal focal length separated bj the focal length ol erthoi 
Under these condrtrons rt rs clear that the geonretrrc centre is liall' way 
between tliom, and therefore the first principal point coincides with tho 
second lens and first principal focal plane, while the second principal 
point coincides with the hist lens and the second piiucipal focal plane 
In practice, however, the two lenses aie fixed rather closer together 
than this, even at tho saciifice of perfect oblique aoliroinatisiu 

Three-Lens Huygeman Eye-piece 

A few more concrete examples may now lie exaniuicd For 
instance. Fig 28 ropieseiits a form of thiee-lens Huygeuiaii oye-jnoco 
which IS often used by Continental opticians 

/i = 6-2 /2 = 6 7 /i = 2 2 

h = 3 6 52=12 
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From these figures Formula XII gives E, = +2 6 , Formula XIa 
gives Pj^ = + 5 04, and Formula XIb gives P 2 — + 1 92 Thus Pj^, 
the first prmcipal point, is a long ivay hack, even behind the last lens , 
and if pencils of parallel rays enter the lens fioin the left, then 
a real image is foimed in the pnncipal local plane F^-F^, and it 
pencils of parallel rays entei from the right hand, then a virtual image 
is formed in the other piincipal focal plane F^— Fj fioni the point of 
view of an observer to the left hand Theielore, if an object glass 
away to the left forms a real image at Fj F^, in such a manner that 
it would be actually foimed at F^ F^^ weie not theie, then the 
pencils emerging from will consist ot parallel rays 111 pioper con- 
dition to be leceived by a normal eye with its pupil placed in 01 near 
Fj Fg, near which an image of the distant object glass wiU be loimed 
In this case a real image will be formed between Lg and L 3 111 the 
plane/ / 

The Three-Lens Erecting Eye-piece 

This is an old and discarded device which may be compaied to a 
Huygenian eye-piece with a suppleinentaiy collective lens placed a 
long way in front of it, whose office it is to thiow into the Huygenian 
eye-piece an inveited image of the piimaiy telescopic image Although 
this combination can bo made into an achioinatic eye-piece, yet the 
impossibility of obtaining a well-corrected laige field of view has led to 
its disuse Such a threo-leiis eye-piece may also be regarded as piactic- 
ally a four-lens eye-picce 111 which the power of the second lens has 
become zero 


The Four-Lens Erecting Eye-piece 

Let us now turn our attention to the well-known foui-lens or 
erecting eye-piece This is a construction subject to much variety 
consistently with good perfoimance, but Fig 2 9 may be taken as a 
fair sample of the construction Here 

/ = ! /3=1 25 /,= 1 25 /=. 80 

^ 1=13 4 ^ = 4 0 > 1,-12 

Heie from Formula XIII we get E,= — 31, fiom Foiinula XIVa 
wo get F, = — 605, and from Foimula XlVn we get rg= — 6:15 
We thus find that the E F L of such a combination is negative, 
while the negative values foi Pj and Pg imhciito that the two pnneiiial 
points are both outside the system, as shown 
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One of the most stalking points about the four-lens eye-piece is its 
clumsmess In the present case it is seen that the length over aU the 
lenses is about thirteen times the E F L , and it is almost impossible to 
compiess such aii eye-piece into less than seven times the E F L with- 
out saciificmg flatness of field and othei good qualities 

If pencils of parallel lays entei from the left, then a real image 
(upside down) is first formed at F/ F/ at a distance behind L^, and 
then anothei real and upright image is formed at F^' F^', the second 
principal focal plane of the system, and at a distance P = E^ to the 
left of the second principal point P^ It, on the othei hand, we 
suppose pencils oT paiallel rays to enter the system fiom the right, 
then a real image (upside down) is formed at F^ F^ at a distance =/^ 
to left of L^, and another, upright, image is foimed in Fj^ Fj^, the fust 
principal focal plane, situated at a distance = E^ to the light of the 
first principal point Conveisely, if an object glass to the left 
foims an upside-down real image at F^ F^, then aftei passage through 
the fiist thiee lenses an eiect leal image is foimed at F^ F„ in the 
pimcipal focus of L^, and the rays emerge fiom L^ paiallel and in 
condition to be received by a normal eye with its pupil placed some- 
where near F/ F/ (wheie an image of the distant object glass is 
formed) 

To all intents and purposes, and regarded from the left hand, 
the combination is equal to a thin dispersive lens of principal focal 
length = E^ placed at Pj at its principal focal length ^nslde of the 
primary image Fj^ F^, while from the point of view of the right hand 
the combination is equivalent to a thin dispersive lens of pnncipal focal 
length == E^ placed at P^, with the rays emerging from it in parallel 
condition, but with the principal rays of the pencils diverging fiom an 
exit pupil point ill 01 slightly to the right of F^ F^, where an image 
of the object glass is foimed But since such equivalent dispersive lens 
placed at P^ is an abstiactioii, theie is nothing to pi event the pupil 
of the observer’s eye being advanced to the plane F/-F/, where it is 
obviously in a position to take in the whole field of view, instead of 
a small portion of it, which it would be restricted to weie a real 
equivalent dispersive lens placed at 

The Cooke Process Lens 

We will now take, as a further example of the application of 
these foiinulm, a form of photograjihic lens designed for copying 
diagrams, of which Fig SO gives a section 


Positions of the two 
images of distant 
objects on the left 
and with distant ob- 
ject on the right 


Use with a telescope 
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Curves of process 
lens 


Three pairs of ele 
ments 


E F L of each lens 
and position of its 
principal points re 
quired 


Li Equivalent focal 
length 

Li Position of first 
principal point 


Li and are of the same glass having 1 610J3 

L 3 IS made of glass having 1 524 ( = MJ 

The radii counting fiom left to light aie as follows — 

?j=+ 1 264 ^2=~148 ?3=- 2 09 ^4=- + 553 

- 5325 ^3 = + 2 8 

The thicknesses of the lenses Lp Lg, Lg, aie respectively — 


/^=+105 152= 358 153=110 


All -space Ai = 232 Air-space A 2 = 0053 
We will now treat this combination as one of six elements arianged 
in three pairs Fig shows it rendered into six elements sepaiated 
by five air-spaces Sj, S 3 , s^, and s^, of which 



S2 = Ai 




~ “^2 


5« = 




M 3 , 


The first step is to take the elements in thiee consecutive pans 
coiiesponding to the thiee lenses, and find then ecpuvaleut local lengths 
by Formula X, and the positions of then principal points by Foimuhe 
IXa and IXb 

The second step is to obtain the equivalent focal length of the 
combination of thiee lenses (or sets of two elements) and the ])()siti()us 
of then lespective pimcipal points, by Formuhe XII and XlA and 
XlB 

Calling the principal focal lengths of the seveial elements Ji and 
/a, etc, we find 

/,= +2 0711 1/^2= -2 42511/3= - 3 1246 1/^= + 90611 l| 

/,= -1 01622 I /■„= + 5 3436, 

anil 


s ^ = h = 0652|s^ = Ai= 232 |s3=-^= 2223|9i=A2= 0053|s„ = 


/XjD 




'M..' 


0722 


We then get 




(2 0711)(-2 425)_ 
^ 3 0711 - 2 425 - 0652 

(0^2)(2 0711) 

“20711 -2 4'25- 0652 


= + 11 984, 
= - 3222 


(to left of and outside of lens), 
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V ' = (0652)(-2 425 ) 

^ 2 Oril - 2 425 - 0662 


= + 3772 


(to left of and within second vertex) 


Li Position of 
second principal 
point 


E - ( ~ ^ 42 46)(' 9061 !'> 

^ -3 4246 + 90611 - 2223 ^'^^^^^^’ 

( 2223)( - 3 42461 
-3 4246 + 90611 - 2223“ 

(to right of and ivithin liist vertex), 
(222 3)(906in 

- 3 4246 + 90611 - 2223 07349 

(to nght of and outside second vertex) 


Li Equivalent focal 
length 


Lg Position of first 
principal point 


L2 Position of 
second principal 
point 


(tieated as a positive entity) 

_ (+ 1 0 1622)(-5 34351 

+ 1 01622-6 3435+ 0722 " ^ 

_(- 0722)(1 01622) 
i 01622 - 6 3435 +~07J2 ~ 

(to left of and outside first vertex), 


(- 0722)( - 6 3436) 

Jr 2 1 Ai/*rkrt ~ - . -r — sr — . 


1 01622- 5 3136+ 0722 


09064 


(to left of and within second vertex) 

Fig 30a shows on an enlarged scale the positions of the six 
elements with their virtual separations and the principal points for 
Uie thiee combinations of two elements representing the three lenses 
Thus p, and aie the piincipal points foi the first lens, consisting 
i + «i. Pi and Pi aie the piincipal points for the second lens 
coiisistiug of c, + c*, and p/' and p,'" are the principal points lot 
the thud Ions, consisting ofc, + c,, We now want the separations 

between these equivalent lenses Fust we want s/ which obLisly 

I- *2 -I + 3772+ 232+ 2777= 887 
Then we want s/, which obviously 

= '■'1-' P/' + ;~r= + 0063 - 07349 - 01724 = - 08543 
We must beai in mind that we have, according to oui usual 

E 


Lj, Equivalent focal 
length 


L) Position of first 
principal point 


Lj Position of 
second principal 
point 
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E F L of the Process 
lens 


procedure, treated the dispersive lens m itself as a positive entity, but 
that m adding up a senes of collective and dispersive lenses, we must 
then piehx the minus sign before the EI^L of a dispeisive lens or any 
of its functions yet dealt with Hence p"', which is a plus quantity 
relatively to the dispersive lens, becomevS a minus quantity in the above 
expiession for s^. 

Having now got the values of the three E F L ’s and the two separa- 
tions, we may then work out the EFL of the whole combination 
fiom Formula XIT, thus stated 

^ EiE,Eg 

® ^ ^ - E,(E7=li') + (Eg - s;)(E, + Eg - s/y 


( + 11 984)(+ 1 1322)(-1 27617) 

= (1 1322)(11 984- 887) + (- 1 27617 + 08543)(11 984 + 1 1322 - 887) 

_ (11 984)(1 1322)(- 1 27617) 

- 1 9976 


The next important matter is the determination of the two piincipal 
points of the combination By analogy with Formula XIa we have 

_ _ E^(Eg5/ + EgSg^ + Eg^/ - 6/s/ ) 

- Eg(E, - + (Eg - <)(E, + Eg - V) 

(11 984)(1 00426 - 096724- 1 13196 + 075776) 

- 1 9975 


E,(- 14865) 


= + 8918 = Pi 


- 1 9975 

Also by analogy with Formula XIb we have 
p EsV + 

- Eg(Ei - O + (Ej - 0(Ei + Eg - .^lO 

( - 1 27617)( - 09672 + 1 00426 - 1 0238 + 07577) 
_ _ -1 9975 


.(^6 1T)(- 0405 ). _ 

- 1 9975 ^ 


Further factors to It should heie be pointed out that our !Formul<(‘ XIa and XIn gave 
he allowed for distances and of the two principal points fioni the two outer 

lenses or elements, on the supposition that the three meiubois of the 
system were simple oi infinitely thin lenses, in which case their two 
principal points would be meiged togethei m the centie of each sucli 
lens or element But in the case before us each of the thiee lenses is 
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a compounded lens, having its two principal points more or less widely 
separated, and it is obvious that the distance which we have just 

worked out, is measuied, not from but from the first ptiiicipal 
point of the fiist lens L^ Hence has to be algebraically added to 
It in ordei to obtain the corrected distance or 

Likewise the distance P^, which we have woiked out, is measuiod 
from fl", the second principal pmt of the third lens L^, so that ji/" 
must be algebraioaUy added to P^ in oidei to obtain the collected 
distance P^ oi P^, so that 

Pi-Pi+Pi'= + 8918- 3222= h 57 
and 

Pi = P2+K"= - 0259 -( - 0906)= + 0647 

(Here the sign ot loi the dispersive lens has to bo lovcrsed ) This 
paitioiilai combination will be seen to alloid a capital illustiatioii of the 
application of our foiiuuhe, as it embodies ceitain featutos chaiacteustic 
■of meniscus lenses, winch may easily lead astray a student taking up 
investigations ot this soit for the fiist time Theie cannot be too much 
care bestowed upon the mattoi of signs , foi in pioloiigod and intiicato 
optical calculations eriois in signs aie moie likely to occur, and aio 
often moie difficult to detect, than eiiois in nioie aiithmetic 

There is a very common term used m connection with the local 
lengths of lens combinations, and that is the Back Focal Length, or 
the distance from the outer veitex of the last lens to the image 
formed by the lens of infinitely distant oh)ects 

It IS obvious that the back focal length is simply the algebraic 
difference between the equivalent focal leiigtli and tlie distance ol the 
second principal point fiom the outoi apex ol the last lens, oi 

BFL=E-P, 

The principal points of lens combinations are also often teinied 
nodal points and focal centies These teims more fully emjihasise 
the fact that a stiaight line drawn fiom a ceitain point Q, in the first 
conjugate image oi object to the first nodal point is always parallel 
to a straight line drawn from the second nodal point to the point 
in the final conjugate image where the image ot the aforesaid point () 

IS formed ’ 

Certain defects in lens systems winch may more or loss disguise 
this normal law of projection, will be dealt with in subsequent 
.Sections 


Final principal 
points of the process 
lens 


Pitfalls as to signs 


Back fooal length 


Nodal points and 
fooal centres 



Wli&t coiisfeilnitea a 

telescope 
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Judged by tbe formula we have beeu dealing with in tlie piesent 
xnqw the imbination of lenses foiming a telescope is of Pecidxai 
L!r.nterest For the condition ot deal vision thiough a 

theoretical _esight demands that the primary image ot 

SstlnTobjects foimed in the principal focal plane of the object glass 
SS also be in the principal focal plane of the eye-piece J lieiefoio 
the separation s between the object glass and the eye-pieoo - 1 -f / oi 
Z sL of then principal equivalent focal lengths Ihen iii the 
formula for the EFL of the combination 


EFL. of telescope 
= infinity 


E = 


Ff 

F+/-^ 


A telescope has no 
poiGipal points 


we have F+/-s = 0 and E = infinity Also oiii toiinuho toi 

.F 

severally = infinity Thus the image is foinied at the geonietiic 
centre of the combination fornung the telescope, but it has no focal 
power and no principal points, although it may possess imiiionse 
ma<mifymg powei The subject of magmlymg ])owei will be best 
dedt with m a subsequent Section (TX) relating to distoition 



SECTION IV 


SPHERICAL ABERRATION OF SIMPLE AND COMBINED LENSES AND CON- 
DITIONS OF ITS ELIMINATION VON SEIDEL’S FIRST CONDITION 

Spherical Aberration of Direct or Axial Pencils 

So far we have assumed that, in all cases of rehaction of axial pencils 
of rays by a spheiical suitace oi then reflection from any spherical 
surface, the rays so refracted oi reflected will still diverge from or 
converge to definite points situated in the conjugate focal planes 

It requires, however, a very slight practical or theoretical acquaint- 
ance with optics to convince one of the existence of what is known 
as Spherical Aberration, or the aberiation or wandering of the outer 
rays of direct pencil fioni the theoietical conjugate focal point which 
we have hitherto assumed In oui investigation of this phenomenon 
we shall find it most convenient to deal with the case of spheiical 
refracting surfaces and lenses first, and with the case of spherical 
reflecting surfaces afterwards We will first follow the method 
pursued by Henry Coddington in his Tneai'vBe on the lleflcckon and 
Bef motion of Light, Part I, pp 66 ct seg, also ^0 ct seg 

Let Fig 31, Plate YII, be a typical case of a convex rofiacting 
surface EAE' of radius 7, on which is impinging a cone or pencil of 
rays diverging from the point Q^, the axis of the pencil or the principal 
lay passing through the centre of cuivatiiie 0 After refraction the 
rays converge again, the rays ultimately near the axis focusing at Q ^ 
and the marginal lays Q E and Q E' at the point Q/ ^ 

From K drop II P peipendiciilar to It must of course be 

understood that in the diagrams the distance E P or y, which measures 
the semi-aperture of the pencil, is much exaggerated relatively to the 
radius of cuivature, in order to make it easier to follow the diagram 
Let A be the vertex of the surface and let 0 be the centre of its curva- 
ture Then it is evident that ^Qj^EO is the supplement to the angle 

68 


Aberration not 
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Coddington. 

Diagrams explained 

Construction 



The fundamental 
eq.uation 


54 


A SYSTEM OE APPLIED OPTICS 


SECT 

Hence sin 


"I- 


of incidence, while ^Q 2 ^E 0 is the angle of reft action 
Q^EO = p, sin Q/EO, also we have 

Qj 0 _ sin Qil^ _ sin Z Incidence 
Qj E”sinQiOE sin Q^OE 

Q/ 0 _ si n Qii'EO ^ sin Eefraction 
Q/ E ” sin Qg OE sin QjOE 

in which p = the refiactive index , therelore 

Os' o_Qi_o 
'‘0/ E Qi E 

Let Qj A = tt, 0 E = 1 , A 

E P = y, Q^' 0=i{2-». and Qi 0=?i + i Then we have 

a' E = Qj' A -vers (A P) + vers(a P) 


( 1 ) 


“2 ~ o, o», **2 y (21 2'!i>) ’ 


therefore 

Qs 

We have also 


r _ 

2i ^ 2 m2 


1 + 

1 E 11, 2«A? V Mol M„\? M 2 / 2 J 


E = Qi A + vers (A P) + vers(P &) 


V“ 9l 

= M+ ^4 ^ = M+r' 
2? 2m 


therefore 


il ^ D' 

1 ^ i _ f f 1 + 1 V 1 ll _ -VI 4- ^Y] 

Qj .E M 2 m‘^\i m/ mI u\i U/2J 
Therefore Equation (1) expands to 

Mj - r/ 1 /I 1 - ’‘Jt ' /i _ Vi 4 ^V- 1 

^ M 2 i M 2 \J Mj/ 2 / M i M \» M/ 2 / 

By dividing both sides by i and reducing we get 

/I 1\ pfl 1 \2i/ _ /I 1\ _ 1/1 ly 1 / 

_ fi = i V - Vi 4 - V ^ f i - - V 

Uo 1 u r mV? m/ 2 m«V? m,/ 2’ 


therefore 


or 


/X /X - 1 1 


U \.u\1 W V J!2 
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We may now insert approximate values of in the above coefficient 
of ?/, ti eating it as equal to so that in the corrections we may 
assume that 

~ \ Formula II , Section I ), 
and 

L - ^ 

^2 fXl jjLU 


and theiefoie 
becomes 

^ . 


(? the above equation 


^tzl 

1 


which finthei leduces to the moie couvonient foiin 






XVIII (E ) 


As before, we will number all impoitant lorinuhie, such as the 
above, with Eoman niimemls, and all of minoi importance, but useful 
as stops in the investigation, with ordinary numerals 

Tlie function of m XVII T is the coriection to be applied to the 


reoipiocal value “ ^q,’ o'^pressmg the lecipiocal of the length 

ot the ultimate ni paraxial lays, in order to conveit it into ^ 

and the distance Q^', or tlie longitudinal abei ration wiilim the 
(jla^h, IS theiefoie 


/i-l/l 




2/1^ \i 


uJ \l U 1 




XVIII (L ) 


It IS desirable to call all coirections to the recipiocal values of 
distances E coriectioiis, and all collections to the linear values of such 
distances L con-eetions 

Formula XVI II will be found to interpret itself iii all cases if due 
regaid is paid to the conventions which we laid down on page 1 0 
If the entering lays are coiivergiiig, and u therefoie luiiius, there is 

obviously no aberration it either ? = — w or ^ 

/i + 1 

Lot It now bo sup])osed that the pencil of light is lefiacted a 
second time by a second spheiical surface closely following the first, as 
shown 111 Fig 82, wheiein Q^' is the point on the axis to which the 


First approximate 
values to be inserted 
m formulsB 


/ 

I * 


First refraction Be 
ciprocal of corrected 
second focal dis 
tance 


Linear value of 
above aberration 


The second refrac* 
tion 



Second refraction 
Beaprocal of last 
focal distance 


Spliencal aberration 
of complete lens 
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ray E Q ' is coavergmg m Fig 31 Supposing the collective lens 
which 18 formed by these two spherical surfaces to be veiy thin, and 
of a shaip edge at E or E', then we have E P in Fig ‘M = E P^ lu 
Fig 32, or 2/1 = 2^2 Supposing in Fig 32 that the lay Qjj E 
IS travelhng right to left, originating from Q 2 > and enteiing the convex 
surface E A^, then putting A^ = v, and A^ = and laihus 
0, E = s, we have by apphcation of Formula XVIIl (E ) 


therefore 


t-lUl 


1 + 

V 2/i^ \s V/ \s 


1\ 2 

—F’ 


V S 2/*^ Vs v/ \s V J' 


(li) 


But Dj m Fig 32 is identical with in Fig 31, if the axiiil 
thickness of the lens is zero, only we must lemembei that the ray 
E IS converging into the second sutface, and while the ihstaneo 
A Qj' or Ag Q/ is positive relatively to the iiist suiface, it is nega- 
tive relatively to the second surface, by convention So tliat in the 
last Formula (2) we have 

- - t 

Mg 

and 

- of Foimula XVIII (E ) 


We may now insert the full expiession foi 
XYIII (E ) in Formula (2), and thus obtain 


iiom 

'^2 


Fonuula 




In the last function of - and ~ we must of com so aHHUinc 'i) to bo 
s V 

its first approximate value as the focal distance conjugate to u On 
adding together we then get 


v 


' \r sJ u 




my-y 

■cyK 


II I 




XIX (U) 
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Thus we ainve at the formula of the second approximation, which 
contains also the old formula of the first approximation, viz — 



1-1 
F u 


which states the lelationship between the conjugate focal distances u 
and v, which we previously obtained as Formula III , but we have gone 
furthei than in that case and anived at a formula for the deviation from 
the strict conjugate relationship, a correction which has to be applied 
to the value of ^ obtained from Formula III This collection is the 
spherical aberration, and is seen to vary as or the square of the 
distance from the axis of the point in the lens where the paiticular lay 
dealt with traverses the lens 

If, m Fig 32, / IS the point wheie rays ultimately close to the 
axis come to focus aftei refi action at both surfaces, such that 

1 ^ 11^1 
A / F % 

then the distance /-Qg will be the longitudinal value of the spherical 
aberration, which will be expressed by the foimula 


A.= - 


XIX (L) 


Linear value of 
above sphencal ab 
erration 


provided that the longitudinal aberiation is small compared with the 
distance % not exceeding 10 per cent or so Should the abeiration 

from Formula XIX (E) exceed 10 pei cent ot i, then its longitudinal 
value IS best obtained by the formula v — — ^ — , wherein is the 

X ^ 

aberiation as given in Foimula XIX (E ) v 

Latei on we will put the Foimula XIX into a much more con- 
venient and general shape It will be seen that owing to the essenti- 
ally appioximate nature of the statement of such quantities as versines 
of the curves, which necessarily form the foundation on which this 
formula is built, no very great accuiacy can be expected from it when 
y becomes large compaied with the ladii of curvature of the lens in 
question, and it is strongly advisable to puisue the investigation 
further and arrive at some idea of the modifications to the formula 
lendered necessary, if we are to appioach still more closely to accuracy 
But as the working out of the formula of the third approximation is 
very long and much more difficult, the reader is quite at liberty to 



Versines according 
to second approxi- 
mation 


Versmes according 
to third approxima- 
tion 
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omit It duimg the fiist perusal of this book, especially as tlie foriiiiila‘ 
of the second approximation will be found to foim a complete sjstoni 
quite independently of the formula of the thud approximation Ho 
may then resume his peiusal at page 64 


The Investigation pursued to the Third Approximation 

The diagram, Fig 33, represents a case in which R R oi y is 
considerably increased relatively to the radius of cuivature 0 L oi 7 
About Q, as a centre and % R as ladiiis, draw the arc R b, b being 
its intersection with the axis, and about as a ceiitio and with 
Q ' K as radius draw the arc E a, a being the inteisectioii with 
the axis Then A a is the dififeience in length between Q/ E and 
Q/ A. and is the diffeieiice between the veisines A P and « P 
For the purpose of a moie accurate thud appioxiiiiatioii it is not 
suffioieutly exact to wiite 

vers A P = g.verB a P = and veis P 


It IS evident that as a second step in accuiacy, though not a final one, 
we may write 


vers A P = , vers a ? - ^ ,^p _ ,>^ 


V- 


> , and 


vers P b = - 


r 


2{(Q, A); (A !>) + (? b)\-{v by 


in which expressions we may entei approximate values ot the teiniK in 
the denominators 

In the statement ot vers a P, the distcince P Q/ 0 (‘(uis, which 
differs from P by the longitudinal aheiiatiou Q/, which ih a 
function of the quantity d which we want to aiiive at- In stating a 
value for the veisine a P we cannot all out to neglect this ah(»rratiou 
Q/ Qg' as a deduction fiom the ladius oi cuivature ol the tiic R ft 
Let A = uandA Qj^' = ?6/(the last appioxuuate value for 
paraxial rays) and A Then let 

1^1 1 
A' q,'-a'“q; 

so that the longitudinal aberration Q' As the basis of 

our inquny we still have the strictly true relationship 
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^ 02^ 0 Qi 0 

E Qi E 

Then 


(Q/ 0) = (Q/ A) -(A 0) = (Q/ A)-(Q,' 0), 


therefore 
also we have 
Then 


Qg' 0 = W/ - xui^ - 7 y 

Qi 0 = u + r 

Q/ E = (A Q20-(A P) + (a P) 


(3) 

(4) 


= (ui - XUi^) H ^ 


2i 


or2(P + P) 


= (uj - - 


?y- 


2 ,-g 2 ((A 


r 


2(A Q/) 




2r-t 


2{ui - 


therefore 



2 8^^/^ 2 Uj) 4 \27® 2wyv 


We now want the leciprocal value of E, and as we wish to pre- 
serve aE functions of y^, the term (a) must he developed to two terms 

xi. 1 \ a 0? 

in the sense that — =~h -9 + -1 
u-a u 

Therefore we get 


The fundamental 
equation. 


Formula for 
Qs' 0 

Formula for 
Qi 0 


1 1 

Q2 E Vij 



4:11/^ \27^ ruj^ 2w/v’ 
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Formula for 
1 

Qs' R 


Formula for 
1 

Q. B 

The insertion of 
Formtaa (3), (4), (6), 
and (6) m the fnn^- 
mental equation 


and 

Qg' R Uj SiA/v uj) I 

3 \ I 

4:W/2 \2? ^ ? ^Uj 'i Uj^ 2ui^) J 

Next we have 


q, R=(Q, P)-{-(P J) = (Q, A) + (A P) + (P b) 


= u-h- 




2i \ 2i 2u/ 2u 




r2 


therefore 


= w + 



Qi 


2^/1 y^(\ i/ y^\ 

ivi w“4^rv ^ 

y^/l l\ y^f I 1 1 \ 

x.—ui’ 2 tJ 4: \2H 2uV 


Here again we want the reciprocal value of R, which, analogously 
to our procedure in arriving at Formulfe (5), may be stated thus — 

1 J [y^ (}iA\.yLflAy\.t .( i 1\ 

Qi R u [211^ \i uJ iu^\7'^u/J 4 :uA27^ 2u^) 




.fL(l 


^ f f 

L 2 

1U_ 

y^ ( 

■ 1 

1 

1 \ 


~ 71 

2m^m 

'^uJ 

4«A( 

ill 

iiVu 

4.7 A 

.2»®~ 

771* 

27^)* 

and 











1 


.t.(. 


y* l 

'i_ 

1 3 

3 ' 

\ 


(6) 

Qj 

R V, 

2m^\) 


4»n 

.2?® i 

hi 


) 


On substituting Foruiulte (3), (4), (5), and (6) in our 

basis equation 



MQi 

{ 0) 

1 

Qa' R 

-(Qi 


R’ 




we then get 









lx{Uj - XUf^ 

Lui 

+ !):-( 

' f/2 
\2ui^ 

8m/V®^2V 

(---) 
\i U// 












’ 1 

1 

3 

3 M 







in, A 

,2j8’^ 

r^Uj 

7U/^ 

■' 2u/)j 



f-fi 

2u^\t 


.y*(±. K. 

iuA27'^ 7^U 

3 

7U,^ 

3 ^ 

>] 




IV SPHEEIOAL ABEEEATIOJSr TO THE THIED OEDEE 61 


In expanding this equation we may legitimately omit functions of 
^ or a:®, as aj IS a relatively small quantity, and also omit functions of 
Then we get, after cancelling out a few terms, 

V ^2%! ^2ui\ 7 Uj) 2u/^) ^Uj 

fl l\ / 1 1 3 3 \ ?/2/i i\ 'k 

^ 2uf ~ '‘'2V Ir ■ V " 4v Vp A/ " ;v ■ ^2 (r “ u)v 

for the first side of the equation, which then becomes 


/I 1 




f (I 1 


t^( }l J 

^4w/ \2?^ r^i 


which 


^ _1 ^ _3_' 

2?^ rhij i%j^ 2ui^. 


\ _ i L A\\ 

7 711/^ 2uivJ^ 




/ ' 




L _3_ 


ihij 7Uf^ 2u^, 


So that the whole equation now takes the form 


y [ 


^ 2 V V “ ^ ^ ^ ^ ^ 


W/ 2w/ 


1 


2Z// \7 Uf. 




2_ J_ 

-I 0 o 


3 3 

“o + ::: — : 


iUfX ^UjJ \ 2 ?® ihbj 7Uj^ 2u^, 


:( + \\'l-^(l _JL - ± _ A^1 

''Lu 2u^\7^u) 4M'^\2r^ lu^ 214*/^ 


By dividing both sides by /i? , and keepmg functions of x on the left- Both divided 
hand side we then get by jur 



= + , _L_A ±\ 

j Ui 2vij\7 Uj) iUj\7 Vjj) \2r^ ^hif 2v,i^) 

+ lllfl _ f.fl + 1) ^ ^ f L - 2. _ 1 3\-l 

jj/r Im 2u^\r u) 4w^\2»^ nt® 2v?) /’ 
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Uj to be expressed 
in terms of u and r 


from which. 


= 1-1 

1 Uf 2%, 


(--- 


Vi-+J - 

A.. J_\ 

\r Uj/ 

' 4ii/\r Uj 


7^^/ 2'it// 


u + r ^l\y^ ^ I 1 3 ^ 

uJ 


fj/iU fjili Ut \\t^ uJ2<u>^ 4wV2r® 2^1 / 


It IS now desirable to express ^Oj or A Q/ in terms of n and r, for 

1 ^ 1 - 1 _ 1\ (/^- 
Ui u,\ 7 uJ IJL7U ’ 


also 


1 _ J. (fM- 1)?^ f 7 __ U + 7 

7 Uj fjjtu fl7U 


After substituting these values in the equation and cancelling we 
then get 



- 2/x) - 2U7{fX- 1) + 7^\\ 



2\ 

)j 



_2/Y( 

(/i- l)u-tYu + ry ^ W(/i-l)M- 

'7 nZ-m + ^N 

/ 1 ^(/^- 1)m-» 

2\ 

/xfti JKfMuJ 4\ fj/iU 

A/^ru/ 

127^ fx7 % 


3/(^-l)w-«y ^ 3/(/t-l)ii- 

■’Y\ +1 

\lJJt7f,/\\7 71/ 2U 


7\ fJiJIU / 2\ fi7U 



4?A2?'^ 7'‘^u 7a^ 2?4^ 


from which 

7ffu\l ~ 2fx) - 2U7{fJi. - 1) + 


.)}■ 




)} 


_ lyi ly + xVi + i\ 

7 uJ\7 uJ 2aU\7 %/ 


2fjm\7 %/ 






?r' 




Zf iiM - 1) V - 3(11 - l)ht^r -1 3(/^ - 1 )w^ - H 

2 \ 
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from which we deiive 


1 U y 


J T - 2/^) - 2uj(ii. - 1) + /t-1/1 ]' 

)j J/JL^Kt'^U, 

+ llf i + J - 2 %42 + 2/4 W-2 - 1 8/i» 2,(2 + 1 2^14? „•*) ^4•^ 


+ /t^ + 4/42; - 18/4? 44^ ^ 3 44^ - 6/414^ + + 3/i2# 


2p*i*u* 


On multiplying both sides of the equation by 



- 2/4) - 2m) (/4 - 1) + } 2\ -1 
/4V2142 ‘ - JJ 


<the function of being supposed to amount to less than 1 ,th), we 
then get, if we neglect functions of 


1 




+ // 


,4/"' 


4/x 


^(yjiyir 


^(1 - 2/4)- 2i(i(jt- 1) +j2\ 


/4-^2 ,j2 


00 

1\ /■ 3> etc , etc 1 
4/4\? uj\ 2fA^a‘' / 


(S) 

(0 


We may now add together all the functions of 1 /^ contamed m (6) 
and (c), (6) being expressed in the form 


i ^( rS {( r - X ' 




After multiplying out the factors contained 111 the large brackets 
and adding them to the terms in (a), we get, aftei much leducmg and 
•cancelling out, 


i 


- - - I- iyO- + ^ ^\/2 = /abeiiatioii by second cqjpioxiination\ 
2/4 \» u J' \ f^g poj EornmU XVIIl (11) -/t ) 

+ l!('i + lV.i , 1 ® 4 1 

8/4X5 (4/\/4^?^ /4*?4‘ /4V'’a fjihli* 


_4 _ _2 _ 2 6 2 

/4-^l 2(42 ^2, 4 t 

--i_+_l + jL_ 2 _A_i\ 


3 

fil^u /A/W 


XX (R ) 


Ehmmation of fimo 
tion of 7 


Funotionfl of 
sorted out 


First refraction 
Formula for the 
spherical aherratiou 
of the third approxi- 
mation 



Aterrations of as 
cending orders 
theoretically inter 
minable 


Formnlse of the 
fourth approxuna 
tion generally tin- 
desirable 


Distinction between 
air value and glass 
value of the aberra- 
tion 


Lena Formula of the 
second approxima- 
tion again emerges 
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Thus we again amve at Foinitila XVIII (E ) ot the second appioxi- 
mation (but divided by h), while m Eomula XX (E ) we have the con ec- 
tive formula of the thud appioximation This geneially is a collection ol 
very much smaller value than the coirection ot the second appioxmia- 
tion If we were to pursue the investigation still lurthei, that is, 
were we to develop the fundamental equation given on page 59 to 
higher and higher degiees of accuracy, then we should obtain a senes 
of formulffl for the spherical aberiation, first to the second and thud 
approximations, bemg the above functions of if and if, and the 
foUowing appioximations, bemg functions of «/*', y®, etc , oi using even 
powers of y, and also mcieasmg in complexity 

The Formula XX is not too complex, especially aftei it has been 
tiansformed into a more convenient and geneial foim, to be soinotmies 
useful in the higher problems which have tiequently to be dealt with , 
but approximations of still higliei oideis are for practical purposes 
undesirable 

We have now got in Formulae XVIII (11) and XX (II ) taken 
together a fauly exact corrective x to the recipiocal value of the distance 

A Q/ or ui, such that = while It must 

be borne in mind that we are dealing with the distance iq as mmsitied 
mthn the substance of the glass 07 otlm lefiacting 7)mham It is 
easily seen, therefore, that if the pencil of rays we are dealing with m 
refracted mto air again at a second surface closely following the fust, 
t he n , quite apart fiom any fuithor spheiical aboiration imparted 
at the second suiface, the spherical aberration imparted at the liist 
surface may be looked upon as an angular deviation lioiii tlu‘ tine 
direction, which will be multiplied by the lofractive index on being 
refracted through the second surface An aboiiatioii con eel ion ol 
value a inside of the glass becomes /la on bemg leliacted out of tlu« 
olass Therefore oui value of x, the abeiiation corieotion, must be 
multiplied by to bung it outside the lens, when we may add 
forimila to the analogous foimula appoi taming to the reft action at 
the second suiface, just as we did before when wo took Foimula XV III 
of the second appioximation for the first suiface, and then add(al to 
it the corresponding formula foi the second surface, thus ol)taiinng tlu^ 
Formula XIX for the complete lens Adapting that ni(‘tho(l to oiu 
present case, our formula foi the spheiical abei ration to the thiul 
appioximation for the whole lens is expiessecl thus — 
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6 


+ + + ,64 4 2 2 

8l\» uJXfjih^ fj,W 


6 


8 


1 1 

7 + ■ 


fxhu.^ juV liihi fjau^ ij.i^'^7hi tic* u*. 

] 4 6 4 J. 9 


(rOCi 

+ _? ? ® 4 Li.J ‘i 6 3\'| 

/iV /isV [jsv^ fjis* ;<*» s-i)^ srr* '^) j 


^ ^ 6 4 4 

,//■*&* /iVi) /i*s V /iW ~ yiA'* “ /i^s *j) 


XXII (E ) 


6 

fjLhv"^ 


These two coneetions are to be added bo the value of ^ when - = 

11 , 'v' V 

F~u So that if in any given case we woiL oiiL the value 

of ^^+X, then we may take its recipiocal foi the loiigitiulin.il value of 

the coirected conjugate local distance ol the two i.iys wluoh .iio 
lefiacted tluougli the lens at the height y liom the optic axis Oi il 

the aberration is small relatively to then we may take the hiieai 

or longitudinal value of the abeiiatioii as -i^X, so that, siiioo loi a 
collective lens X is nearly always positive, the longitudinal abeiiatioii 
IS a deduction from v when v is positive, and an increase to v when 
V IS negative or the emergent ia> s diverging 

It IS clear that the formulae we liaie now airived at for the 
spherical aberration of a thin lens do not easily lend themselves to 
analytical problems, such as finding the foiin of a lens requisite to give 
or to counteract a ceitain known amount of spherical abeiiatioii, and 
the next desirable step is to put the foimuhe into a shape that w 
bettei adapted to manipulation, as well as more eleg.int and simple 


Introduction of a more Scientific Notation 

Heie we cannot conceivably do bettei tb.in .idojit tlie beautiful 
device appaienily invented by Coddingtou and explained on page 110 
of bis woik befoio lefeiied to He shows liow tlie reciprocal values 
of the radii ? and s, aiul of the conjugate focal distaiiees ii and % may 
be expressed by tlie use of two teiin.s ,i ami a It may shoitly be 

explained thus Since ^ foi the ultimate axial jipik i1h = ^ and 

11^ 1 1_I 

» .s Cpr-\)F-p‘ 

V 


Formula of the third 
approximatiou ’com- 
plete 


Present formula 
clumsy and moon 
vemeut m form 


Coddxngrton's derloe 
explained 
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Let 

11 

(I) 

and let 

1 1 - a 

v" 2F ’ 

(») 

so that 

1+a l-tt^l 
^ 2F F ’ 


let 

1 1 + a: _ 

T"2(/a-1)F ‘■■ip’ 

(9) 

and let 

1 1-1. _ 1 +'' 

2/j ’ 

(10) 

so that 

W, „ l-r !_ ' ,i 

2(/i-1)F^2(^-1)F {p-\W P ^ 



a The charairctens- 
tic of the conditioiLS 
of ver^cy 


r The characteris- 
tic of the shape of a 
lens 


Wfore a becomes the characteiistic ot the state ol ooiivtaj-ciiee or 
^vergence of the lays constituting the axial pencil tiaveis.ng the len 
rXn to the power ol the lens Tor nistauce, il the rays ..1 the 

mtering axial pencil are parallel, or - = f^.tl'‘‘" a = - 1 . wink if the 

«g.^ to = '* U'® 'I™ 

imergent pencU are parallel, aud ^ =- j, aiul ^ = 0. Llieii n - + 1 In 

short, we may style the term a the cliaiaetoi istu- ol the vmjiemiy 

of the pencil traversing the lens , ,, , . c <i, . 

Aicn r hAnntnea the characteristic ol the s/<«pe ol the lens the 


lens rs eqinconvex and ] = then « = 0 , h eonvexo-plano, then 

,, = + 1 if plano-convex, x= -I If meniscus, sueh that , - 1 uml 
s = -3, then jc is -1-2, and it the same meniMus is levorsed, then 
Kis -2 Tig 34, riate VII, gives numoiouH sell-explaiiutoiy ilhis- 
trations of the application of the two tciius x ami a to (hlieront eases 
This device of numerical chaiacteristics ii'iireseiited by a uml x is 


mTaluablc m practical analytical calcxilatioiis ^ ^ ^ 

After substituting the above expressions for ^ ^ 

Foimul® XXI and XXII, and arranging tho teinis in descomling 
powers of x and ascending powers of a, wo get 
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,/,(0' 

' 'V 

' /' 


\ 


IK 

l‘' 

S>p“- 10)«O 


1 ;((/- 
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II iM.rmuLi Will we a;>.ini h,i\<- m a mitu' couvciiicnl, lonn 
< o.l.lui..t..us I-ni.nnla \I\ 1,„ tha s,.lu-i mmI nl..‘na(.i..n (,» t,lia Hofunil 
a.-KU-.. ..1 appioMiMali...,, ^vIul.• XXIV is a lailhor .ar.vdann la il 
uaik.Ml miiautlu* saiaa lines (u ih,. il,u,l .l,..,,,. „r approMinutum , 

1.0tli alDhem hem- eanediaiis fa iha I«t(,,.r liem- aHeevlameil hy ll„. 
simple l.iw (){ eanju-ate lucal leiiKlIis, * 
of Uit« Hueoml iH a fiinefaim af 


I _ 1 
i< E ~ « 

\V<‘ sliall liml.an fujtiiei invcHti- 


Tlie IH a lunetion 


/" . ; / 

};atimi at ciiHes of a\ial pimeils tiaversm<> <*(niihmatiaii.s of leiiHcH, and 
(‘spcnally M']miatea louses, tlial many oilier eoi reetiaiiH arise wliieh aie 
also fuiietiaiis of ami wliidi u, will |,o desiiahle fa walk oiil, whore 
I>oH8ihlo, uml mill la the Hatin' eatenaiy af eaueeiioii.s an XXIV 

It IH easily neeii llial lIieHC fainmke will mieiptel tlieiiiHelves 
eorieeUv m all t aiieeivalile e.iHes 

It will he ns well la eal] fh,. Katmulji, \X1V llie liiinnsir 
\heiialiaii Fiiiiefioii af the aider //' Koi w<' shall liml fhal altliaimh 
eeitam afliei aheiiafiaii limetiaiiH al the same ordei //‘ will have la he 
eoiisiilin'i'd, yet they will timi out la he funetioiis af Kcaimila XXIII. 

that Is they will he piailmts al the lattei laimula iiifa aiiatliei’ 
fiimtiaii al //’, ami aie tlieiefaie fuiieliaiis a| y/' m that, seime only 

It Will lie faiiml that laneeliaim uiMiUm- luf^hei paw era at // than 
// involve de-lees al i nnihiaiisiie .s and iample\il\ uhieh are out of all 
piapaitiaii la iheir imparfaiiee ar uliht,> 

If the leader will apply the reiiHoiiiiij' of thm Seetmn ta the eorro- 
spaiidiii- ea-e al u dispeihive lens, in winch prefeiahly ii, ii , and r, as 
well ah r and n, aie all positive far earivemenee in reaMaiini>^, ho will 


Lens. Codding- 
ton’s formula for 
sphencal abena- 
tion 


Formula for the 
splxorical aberra- 
tion by third 
approximation, in 
terms of n and ^ 


Other comotions of 
the order //* 



Conditions under 
whicli tlie alierration 
may be 0 or nega- 
tive 


Fommla ZXIII 
differentiated 
witli respect to x 


Condition of mmi- 
mnm aberration 
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Z t“ te iUv«ln. Iter fast irfractior, a«d more .livrifirng 

lens, to ^ ” , second surface, which is also concave 

n‘^t"err:u.y.ne U m 0„dd,..gU...'» 

(Which may be conveniently refeiied to as | A'* 

XXIV may be teimed 

IS the second texm, mvolvmg oa, so that the only possible wa> j.f 
approaching to freedom from aberration in a simple lens is to nialu a 
S I of opposite signs, therefoie if lays are stioiig y diveig.ng inU a 
positive leni and /is positive, then it must be negative, ami r,u 
For instance, if /x, = 1 5, then we have 

+40^^+ l)a:t + (3/* + 2 )(m - ly + I = ^ ’ ' *’ 

/X- 1 ^ 

tlis «11 eq,..t, to 0 = l«^t +446, whto. ;• wdl 1... »l™d 

-3 15 implying a strong meniscus loriii with its hollow siiU tmm 

to leceive the divergent lays With a still highm pins value toi «. a 

value foi t may he found to give a ceitaiii animint ot negativi' ubeiia- 

tion This fact is utihsed in many systems ol coiulcnser lenst's wliei eo 

the membei nearest the source ot light is niiuU' ol a iironmmceil 

meniscus type 

On differentiating the Formula XXIII with icsiieit to we have 


/ f r3(/x + 2)r +_4 (/i - !)(/* I 1 )« 1 

Msp^y's/H dii-iy J 


Ai, 


nr 


which Will equate to 0 when 

(12) 

(jj, + 2) 

so that if fi= 1 5, then a, for mminuiin possible spheneal alHUTatiou, 

g 

must be — 

^ %> 

II the entering lays are parallel and a = — 1, then - +^, ho 

that the radn of curvature will be as 2 12 oi 1 (i , wlnlo if /i m about 
1 67, then £t= + 1, or the lens of minimum alienation ih i‘ouvt‘\o-i)lauo 
It will be meniscus if the refiactive indev is still hightu 

If we suppose /x= 1 5, then the FoniniU* XX 11 1 and XXIV woik 
out to 
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+ + lOai. + 3 25a^ + 6 75 ) 

+ -4: 625^* - 33 625ait^- 60 1875 51 55 550 ® 

" -28 19a\-131 06at-5a^-24 7 


Values of the two 
orders of aberration 
when /X = 1 6 


Erom this it appeals that the corrections of the oidei y* must be 
always of a negative chaiacter when a and % are of the same sign, as 
when paiallel rays fall upon a plano-conve't lens, when a= — 1 
anda!= -1, but it will be found that if paiallel lays fall u]ion a 
convexo-plane lens, m which case a= — 1 and 1 = + 1, then the 
functions of oa® come out positive and neaily neutialise 

the negative teims 

For instance, if /= 1, y = 25, and ^=15, a=— ],( = +!, then 

gives 


and ^A" gives 


llry 

96 /H 


-10 + 3 25 + 6 75 j 


7 1 
■" 96 ?’ 


Convezo plane lens 
refracting parallel 
rays 


1 u 

(16)(16)(2‘7)/H 


4 625 + 33 625 - 60 1875 - 51 94 - 55 65 + 28 19 

+ 131 06-5-24 


1 

rj 


(16)(16)(27)/ 




1 1 
768 J'-’ 


01 only T-i^th pait of the correction to the second appioximation 
if i also = — 1, then the first formula gives 

1 1/„A 27 1 

96^27; or +ggp 

and the second foinmla gives 


But 


Plano convex lens 
refracting parallel 
rays 


(16)(16)(27)/'H 


- 395 


1 = - 11 ® 1 

j 256 f 


6J 1 

96 P’ 


01 neaily a quaitoi of the alienation ol the oidei p Rut if f is 
doubled while y keeps constant, tlien the aheiiation J^A' is reduced 
to bth pait, while the aberration J^A" is 1 educed to part 

These conclusions apply with equal tiuth to the corresponding 
concavo-plaue and plano-concave dispersive lenses when refracting 
paiallel lays 



M C I 


A thick lens requires 
special treatment 


Element planes 


Simplicity gamed by 
assuming the /s to 
lie m she element 
planes 
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However, we must not tieat tins foimula as it it leiJie.sented the 
only abeiration coriection of the ordei winch has to he dealt with 
For in the case of thick lenses of large lelative apertiues, oi a syh.teiii 
of separated lenses, the foimulse, before alluded to, which are iunctions 
of into the aberiations of the second approxiiiidtion, may ofttui 
exceed in impoitance the intiinsic foiniuloe of the thud appioMination 
We have hitheito assumed that the thickness of the lens to whicli 
this Foimula XXIII refeis is too small to sensibly affect its <i<*euia(y, 
hut in geneial practice cases veiy often occiu in winch the tlindviiesseH 
of the lenses concerned are so consideiable that no appioach to aceuiMcy 
could be made without making proper allowance foi it Heie shall 
again find that the Theorem of Elements will enable us to t‘li<‘t*timlly 
get over the difficulty 

Application of the Theorem of Elements to Thick Lenses 

Let Figs and 356, Plate VIII, represent two thick lenses, one 
a collective lens and one a dispeisive lens, the conjugate focal (lLStane(»s 
Qj Aj and A, being also positive in each of the two (‘ast^s 
Let tangents to the two veitices A^ and A^ of the lenses be diawn 
These then lepreserit planes perpendiculai to the optic a\is, and as W(^ 
imagine two elements to be located at the two veitices, these jilaues 
may appropiiatel} be called Element Planes 

Moreover, if we aie treating these thick lenses in accoidance with 
the Theoiem of Elements, it is obvious that the two element planes 
are also the bounding planes oi surfaces of the imagiimiy plate of 
paiallel glass which is supposed to lie between the two elements 
Let 6^ and 6^ ^2 = ^1 and lespectively, and let 6,' 
and 6/ and respectively 

Now so far, in workmg out the formula for splieiical aberration for 
a cuived suiface like A^ 6^', we have assumed y (01 c^) to express 

the peipendicular distance of (the point on the cu'ived su'tface wlicie 
the ray in question is refracted) fiom the optic axis 

But we might have assumed y to mean not but A^ 6^, 

that IS the height Y^ of the point where the same lay cuts tlu* 
element plane, instead of the height where the lay cuts the cuived 
surface, and it is obvious that the plan of measuring oui y’s along 
the two element planes of any lens piesents the advantage of gii^at 
simplicity, and renders it peifectly easy to assign the values of tha 
successive Y's for a ray tiaveising a series of thick 01 widely sepaiattsl 
lenses 
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That once gianted, then of what nature will be the corrections to 
the spheiical abenation following upon the nonconformity between the 
Y's measured in the element planes and the y’s measuied up to the 
points where the same rays strike the curved sui faces ^ We shall soon 
see that these collections aie comprised under the ordei of functions 
of Y\ and of highei even powers of Y Of course, if the entering rays 
aie paiallel, there is then no disparity between and and no 

disparity between Y^ and if the emeigent rays are parallel If we 
treat the whole lens as a self-contained entity, then if A^ — % and 

Ag = V, as before, and - = (//,— l)(^i + we find that 
Vi 

so that 




Similaily 



/ Y A 

(13) 

V/ = Y/| 

V, 2W 

(14) 


The above two foimula' seive to indicate the geneial nature of the 
corrections involved, and we will return to a more exact in\estigation 
of this mattei at a later stage 

Aftei this we will assume oui to lie in the element planes 
except wheie otherwise stated , therefore we will retain the symbol z/ 
in place of the symbol Y which we employed in the above inquiiy 
We will first consider the thick lenses in Figs 35a and 356, in 
terms of the abeirations of the two surfaces The rays radiating from 
Qj aie supposed, after lefraction at the fiisi surface, to conveige to a 
point q situated at a distance 'll ( = A^ q) from A^, that distance 
being an intra-glass measurement In the case of Fig 356 they aie 
supposed to be diveigmg from q after first iclraction, a condition 
analogous to that of Fig 35<^t Now, the spheiical abenation of the first 
surface as yielded by Formula XVIII (E ) is a coriection to the first 

approximate value of longitudinal abenation is 

obtained by multiplying XVIII by — as in Formula XVIII (L ) 
We will call the longitudinal abenation so obtained 
Now, we wish to transfei the value of the aberration of the first 
surface to a new reference point A^, so that we can add it to the 
abenation of the second surface Theiefoie we have an abenation 


Thick lens Form 
of the aberrations 
of the two surfaces 


How aberration of 
first surface is trans- 
ferred to second 
vertex 
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Sum of the aberra 
tion of tho two 
surfaces 


fiom the first suiface denoted by y\> implying a liiieai abeuatioii 
equal to - y new pou^it A,, oi the veiicx 

of the second surface, will be equal to _ /)i 

the ease of the collective lens, and '•1'^" 

persive lens, as an E coriection If we now add in the abeuation of 
the second surface we have the joint aberiation, leteiied to the jioint 
Aj, expressed by 

for the collective lens, and 


for the dispersive lens, as E corrections Fuitheiinore, if the y’s <u(* 
so small that the versines of the curves aie small and negligible 
quantities, we then have 



and = 



Eelationship be> 
tween the two y's 


for collective lens, and 




, , ,/'if t fy 

= yi(— j and y, - = »/!-( ) 


Same thick lens 
treated by method 
of elements 


foi dispersive lens, which is a very simple relationslu]) 

Let ns now treat the same lens by the method of elcinonts 
We may then denote the conjugate focal distances foi the lirst 
element by and and those for the second element by a, and r,, ho 


that — + — = and — + — ~ y . 


% 




u 


Then at we mnst imagine a convexo-plane element, and at a 
plano-convex element in the case of the collective lens , and a coiuiavo- 
plane and plano-concave element at A^ and Ag respectively lu the case 
of the dispersive lens The rays which conveige to or diverge* liom q 
after refiactiou by the first surface of the hist element will, after 
refraction at the second oi plane suiface of the element, conveugei to 

or diverge fiom a new point distant from A^ by ~ Then, siiu‘c 

the separation between the two elements is we shall liave a 


spherical aberration for the fiist element, which may he call(*d 
+ being the aberrative function foi the second oi plane 
surface This aberration becomes 
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2/i 




/i /j. 


when lefeired to the second element <it A, for the collective lens, and 


vM +Pi)( ) = hK<^i +Pi)( ^ 1 


4 t 

foi the dispersive lens, while will be 

vA 


+ ~ 


II jx 
111 




-Y 


lor the collective lens, and will be 




2 = „ V 'h + - \ 






for the dispersive lens , but 


u 


IL t 4= - 

-*=»=- ^ /X 

/X fl 


IS obviously equal to which we got before foi the solid lens, 

and the same applies to then reciprocals , only, in the case of the 

imaginary elements sepaiated by ^ we have supposed to exist the innei 

plane surfaces of the said elements, which do not exist in the solid lens 
But it IS clear that we can legitimately imagine the two inner 
plane suifaces of the two elements to exist in the solid lens, piovided 
that we also imagine to exist a solid parallel plate of glass of thickness 
t lying between and touching the said two elements 

Theie would then be four plane surfaces to be imagined, two 
bounding the elements and two bounding the parallel plate At each 
one of such plane suifaces, provided that the rays traversing the 


Interpretation of a 
thick lens hy theorem 
of elements 
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HI 01 


The SIX constituents 
of the whole aberra 
tion 
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mteiior ot the lens are not parallel, a ceitam amount of abenation 
takes place We may call the spheiical abeiiatiou loi the ln.st 
element, as befoie, y^Xa^+p{), being the spheiical abeuatiou ol 
the curved surface and 2\ the abeiration of the second oi piano surlace 
of the element Then the spheiical aberration of the hist suilacc ol 
the paiallel plate may be written y^ip^) , the spheiical nhoiitilion 
of the second surface. of the parallel plate wiitteii j and tin' 

spherical aberration of the second element may ho ni 

which IS the spherical aberiation of the fiist oi plane suilaco ol the 
second element, and that of the curved suiface So that the whole 
senes of aberrations, referred to the point A 2 , may ho expiosscd h\ 

{2/iVi +i’i) + yiVK^J + 

Now it IS plain that if a pencil of rays passes, liowo\ei ()1)1 i({Ih 4\ , 
from one piece of glass bounded by a plane suiface into tinotluu ]H(m t* 
of glass of the same refiactive index and bounded by aiiotluu phinc* 
surface in close contact with the plane suiface of the fiist ol 

glass, then no lefraction and therefoie no aberiation whats()(‘\(u can 
take place In other woids, the lefiaction or abeiiation wliicdi lakt^s 
place when the pencil of rays emeiges fiom the fust pu‘c*(‘ ol ^lass 
into air is exactly neutialised by the opposite lefiactiou oi abonation 
ensuing on the same pencil being refiacted again nninccliatoly into th(‘ 
second piece of glass, so that the two plane siufaces might lx* al)st*nl 
and the glass be solid and homogeneous so fai as any o])tieal (‘libel 
upon the pencil of lays is concerned 

Therefore in our series of aberrations it is cleai that - b 

and + theiefoie the whole senes is equivalent to 

+ 2 / 2 ^ (fot a collective lens), which is what we ai rived at 
when tieating the lens by sui faces 

But we can put anothei interpretation upon the above soih‘h ol 
aberrations "We wish to retain the elements as actual entities, tint! 
they necessarily imply two surfaces The aberration of tlu^ iiisl 
element necessarily includes the abeiiation of its plane second 
likewise the aberiation of the second element necessarily includes tbt* 
abeiration of its plane first surface Hence we may gioup the S(*vi('s 
of aberiations in the following mannei consistently m(h the santr totff/ 
i esidt — 


Another interpreta- 
tion of the sum of 
the SIX aberrations 
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At> we aie makiug a point of retaining the abenations of the two 
plane suifaces of the elements, we must theiefoie retain, in older to 
balance the foimei, the abeirations of the two plane suifaces of the 
paiallel glass plate separating the elements The lattei abenations 
aie gathered together within the centre biackets, and represent the 
abeiration (of the same natiue as spherical aberiation) produced by the 
parallel glass plate of thickness t Also we have seen that the term 




_ AL 

ii f 

IX IX 




used in case of the two elements sepaiated by a distance = - comes to 
exactly the same thing as the m the formuLe strictly applymg 
to the solid lens 

Theiefoie oui general conclusion is (1st) that the spherical aberia- 
tiou of a solid thick lens, when refeiied to its second veitex A„ is 
e(jual to the sum of tbe spherical aberration of its two elements 

f ' 

sepaiated by refeired to the position of the second element, plus 

the aberration of a paiallel glass plate of the same thickness as the 
solid lens, also lefeired to its second surface, and (2nd) that y for the 
second element ^ 


— 4 - 

IX IX 

=yi ,r=yi 


“^1 ii 


it we measuie the two jy’s in the two element planes respectively, while 
- IS obviously equal to foi the first element or the focal distance 

conjugate to u^, such that -= , wherein ^ is the power of the 

^ 

iiist element or and i ^ 

^ 


Aberration of a Parallel Plane Plate 

Oul next step, theiefoie, is to find an expression for the aberration 
of a paiallel glass plate of any thickness 

Let Fig lepiesent a case of a divergent pencil traveising a 


Aberrations of tbe 
two elements added 
to that of the paral” 
lei plane plate 


The ifs to be meas 
ured in the element 
planes 



Befraction of a nor 
inal pencil tliron^h 
paralldl plane plate 


The exact form- 
ula 
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thick parallel plane plate of thickness A, A, and Ihg 3 W a case of 
a convergent pencil of lays traveising a similar plate The pimo pa 

,ay in each case. 7 A, and A, ^ 

both surfaces and therefore suffeis no lehaction Q, is the ongni 01 

^^^^Let ^A °= M,, and be consideied positive m the case of Fig .50 
and negative in the ease of Fig 36 & Let the semi-duniotei K, A o 
the pencil be called a, Let 2 be the coiipigate focus to by I st 

approximation-thatis,let2 A, = /.i., = 11,. and let <4 A,=.i- loi 

the lay Q E after refraction at II proceeds in a direction which (il 
It has to be produced backwards) cuts the principal ray at 7,, Im thm 
from Aj than 2. so that 2 is the longitudinal aboiration to wliuili 

the ray Q, E is subject , . ,/ r,,, 

Let the angle R,Q,\ = <f> and the angle Ihcso arc 

obviously the angles of incidence and refiactiou lespectivc'ly I hen 
we have, as on page 49 of Coddington s woik, 

Ri Qi sinEi(?iQi 

sin sin 

/X 1 


that IS, 
But 

theiefoie 

exactly 


1^1 Qi) 

R, 2 . = -^,andEi Qj--"-',, 

^ ■‘1 cos ^ 1 1 cos (f> 


7, U, , cos </j 

- - . , = u — 1- and ■= a . a. 
cos cos <f> >■ ’ of\ 


COS </> ^ 


This can be reduced into an approviiualoly ucciuatt* algi'bniic 
form, thus — 

cos<^' = ^^aud-i- = Xi 

% CO® 4^ Vi -^1 

therefore above equation becomes 

?i 


E, 


Qi 

Qi 


El 

a;“» 


=/*%■ 


(2, A,)((Q, A,) 


+ . 


l(Qi A,) 


) 




which 
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lu -which we may inseit the approximate values of 
foi Qi Ai write u-y, making 


ll = liUy 




VI 



1 




= f „ V + 

y 2 J -{• 2fjLhi^^ + a^^ 

■ < W + »-V’)(5^, - 5^4/) - ft + MgJ 


Aj, = /Jb 2 ii, and 



d-t'^ — ■ JL %M-y 

= =/x«, + — - 


theiefore we get 


and therefore 

and 




9 1 9 

M -1 «i‘ 


jit 2 Mj 

1_ 1 1_ 
'll /ittj \,l /* ^Uy) lAl-^ 

P. _ I P^-1 

CTy Wy p? 2%^ 


(15) 


It IS clear that this formula applies to both cases, 36a and 36&, 
and that the aberration is of a minus character, niiplymg an extension 
of the first approximate distance g We can also deiive Foimula 
(15) from the Formula XVIII expressing the spherical aberration of a 
single sjpherical surface For the plane surface is but a spheiical suiface 

of infinite radius, so that i in XVIII becomes zero, and the result is 

0 

Formula (15) (with a conventional difference of sign), which confirms 
0111 lesult Further, it will be leadily seen that the case of the con- 
veigent rays entering left to right into the plane surface is but the 
reveisal, as it were, of the case of di\ergent lays passing out of the 
glass from right to left, and the same foimula can be applied Theiefoie 
the same formula which applies to the conveigmg rays entering in Fig 
366 will apply also to the diverging rays leaving the glass in Fig 36a 
Tuining our attention to this case, then let 


First plane surface 
Pormula of second 
approximation 


Course of rays con 
sidered reversed 
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feEOl 


Aj q = «2 <iiid A3 Kg = 


Then we also have the lelations 



<iu(I theiefoie the following identities hold good — 


"1 


a. = (t, 


/^'’2 


= dfto— = a 


M2 = /t»2 = ®l + ^--/*MlH f, 

t J ^ 

96 = -y - - and = 26, + - 


Then we have at the second suiface 


theiefoie 


1 __ /A — 1 222*^ 

V '’2* 


(1C) 


Atieiration of first 
surface transferred 
to second surface 


This expiesses the abeiiatiou of the pencil ol diveigent lays emeig- 
ing troin the second surface, on the condition, of coin so, that the 
rays are diveigiiig horn a fixed point at a distance within the 
bubstaiice of the glass Aftei being xeliactod ontwaids they aio 
snb]ect to the abeiiation given in above Pominla (lb), <nid this 
aberration is of the opposite tendency to that whic-h the laya met with 
on enteiiug the glass, and implies a shoiteiiiiig ol the Hist appioxiumto 

value ^ 


But we have now to add the abeiiatioii piodueed at tlic fust 
surface to that produced at the second 

111 Older to transfer the aheiiatioii produced at tlu* lust Hinl.ico to 

the new leference point A^, we must multiply (15) ^^.thus 

getting ’ 


/* 

Kj + 1 


= ^-^(ofFomiula( 16 )) = ^^-^^^ 


/*»! y 

J/P I t) 


independently of the second refraction On adding the abcriatioii of 
the second surface from (16) to the above, we then get 
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This should, for the scike of piactical convenience, be expressed in 
terms of and a.^, so that 



A'bdrration of a 
parallel plane plate 


It the same line of leasoning is applied to Fig 36& the same 
result will he obtained, piovided that and are considered negative , 
but if they are also considered positive then the spherical aberration 
will work out with a minus sign befoie it In fact, we find that the 
abenation given by a paiallel plate of glass is always of a negative 
character, if we compare its influence with that of a collective lens 
under noimal conditions If a pencil of di\eigent lays tiaveises a 
paiallel plate, then the ontei lays of the pencil on emergence aie 
diveiging fiom a point neaiei to the second suiface than the point 
indicated hy the fiist approximation , while in the case of a convex gent 
pencil of lays the outer lays aftei emeigence aie conveiging to a point 
faitliei fioin the second surface than the point indicated by the fiist 
appioximation In slioit, the abenation is of the chaiacter of that 
yielded l)y a dispeisive lens, and we shall aftei waids find that this 
analogy holds good in othei lespects also 

We also find fiom XXV that the amount of the abenation 
lucieases inversely as the fouith powei ol the distance of that point 
from the second surface fioni which or to which the emergent lays 
are diverging oi converging, and tlierefoie there is iio abeiration in the 
case of or being infinite or the rays par*allel 
We also find from our foimula that 
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SPOI 


Linear value of the 
above aberration 


The notation 




- 1 ^ 

2/^2 / i ’ 


( 17 ) 


and tlieiefoie the lattei teim is the liiieai aberiation, which thus vanes 
inversely as diiectly as and directly as t 

Theiefore it is plain that when the pencils of rays tiaversing the 
intenoi of thick lenses are strongly conveigent oi divergent, and the 
pencils are of wide apeiture, the paiallel plate aberration may be very 
consideiable 


A Detailed Confirmation of the Theorem of Elements 

Having worked out the Formula XXV for the abeiiation pio- 
duced by a parallel plate, we are now in a position to give the 
general confirmation of the theorem of elements as applied to thick 
lenses This pioof can best bo presented in the foim of a balance- 
sheet (see p 81), on one side of which we insert the successive aberia- 
tions of the six suifaces m their order, two belonging to the first 
element, two to the parallel plate, and two to the second element , while 
on the other side we gather togethei the abenations of the fiist pair of 
surfaces and expiess them as the aberiation for the fiist element, the 
abenations of the third and fouith plane surfaces and express them as 
the abei ration of the parallel plate, and the aberrations of the two last 
suifaces and express them as the aberration of the second element 
Then in comparing the one side with the other the identity of the two 
sums IS cleaily established, while at the same time it is also clearly 
seen on looking down the left-hand side that the whole sum for the 
six suifaces is identical with the sum of the aberrations of the first 
and sixth surfaces only, the intervening aberrations neutralising one 
anothei 

The notation is as follows — yi is the height of the ray where it 
cuts the fiist element plane, is the height of the lay where it cuts 
the second element plane, and are the conjugate focal distances 
foi the fiist element, < 1 -^ is the distance from first veitex to the point 
to which the rays are convergmg after refraction by the fiist smface, 
and 7^2 fi^st and second conjugate focal distances foi 

the second element, so that ili and are within glass measurements, 
so that = (t being the thickness), and theiefoie 
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Treatment by ele 
ments 


Powers of the two 
elements 


Eelation between 
the two y’s 


Values of the two 
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On both sides of this balance-sheet all the aberiations aie loleued 
to the second vertex of the lens oi to the second element, and y, in 


/ “'s \ 

expressed in terms of ^1, so that 3/2 = 2/i[ i V also theabeiiations of 


the parallel plate are similarly treated, so that becomes y. 



while »i and are radii of the hist element, and and Sg those ol the 
second element 

In the above formulae it has been the moie convciiicut ioi ()ui 
purpose to consider as a positive quantity, and the sign piofixed to 
the formula for each surface shows whether the al)ei ration is + oi — 
with lespect to the final results But altei gathering togothei the two 
last formulae into one formula for the second element, the con- 
vention of hemg — is resumed 


A Practical Illustration 


As a further confirmation of the above theoiem, and as an 
arithmetical illustration of the practical application of Coddington’s 
Formula XXIII and the above Formula XXV to a thick l(‘ns, 
treated by the method of elements, we will take the case ol a 

lens of pimcipal focal length = 15, such that ~ I 

/!, = 1 50, ^ 1 = 1 , and ? 2 01 5= 3, while the cential thickness /= 75 
We will suppose to be infinite and the eiiteiing lays paialhd 


IL’-l 1 


The power of the first element = == , thoiofoxo “ 2 

jUr - 1 5 

The power of the second element = - 


1 

3 


= , thoiefoio = () 


Let us suppose 2 /^ to be 40 , then smce 112 ~ '^1 ^ 

t 

Uf M 2-50 3 

therefore 


»/2= ^0 

Then we have a^ = —1 and = -1-1, while at the second (dement 
we have 


l+a2_ 1 

3/2 15’ 


12 

l+“2= -15= 
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and 


ttg = - 9, while fljg = - 1 


For the first element Formula XXIII gives for the spheiical 
aberration 


^^[7- 10 + 3 25 + 6 75} = -^(U-lf + 6416 + 1 125} 

= ^{1 1666}= 02333, 
ou 




which quantity we must transfer to the second element by multiplying 
fv / 2 16 

it ^7 \^) = which makes it 04148 

Then the abeiration of the second element 

= + 10(9) + 3 25(9)^ + 6 75} 

= ^{11 + 11(9)+ 5410(81) + 1 125] 

= 2^g(61 16)= 0255 

Add 04148 bi ought forwai d fi oni first element 
Total (2 elements) = -t- 06698 


From this must be 
given by 


deducted the parallel plate abeiration 

2? v/^ 


Here is the same as which in this casc= 30, and is the 
same as which in this case = 1 5, so that we have 


2 2 _^ 1 
2’x 3 375 



6 75 5 0625'^ ^ 9 


So that we have 


_09 
5 0625 


0125 
5 0625 


= 00247 


Aberration of the two elements = -h 06698 
Aberration of the parallel plate =- - ^^247 

Corrected abeiration of lens= + 06451 


Alternative Treatment of the same Case 

We will now treat the aberration ot this lens as simply the sum 
of the spherical aberiations of the two surfaces, for which purpose we 
must employ Formula XVIII (E ), which is 


Aberration of the 
first element 


Above transferred 
to second vertex 


Aberration of the 
second element 


Aberration of the 
paraUel plate 


Total of the three 
aberrations 



SFOl 


Alternative treat 
ment by two snr 
faces 


Value of ascer- 
tained 


Eelation between 
the two 2/’s 


Aberration of the 
first surface 


Above transferred to 
second vertex 


Aberration of the 
second surface 


Total of the two 
aberrations identi 
cal with the last 
result 
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} -I- I'j /I -|. ^ yj for the second smface 

^ l\?9 v^J \?p Vo /J " 


'2 *' 2 ' ^'2 ’■'2 

In this case, aftei the paiallel enteiing lays have been lefiacted 
by the fiist surface, they will conveige to a point (by fust ap])ioxuna- 

tion) behind the first vei tex by a distance = ^ ^ ^ = 3 ^ , and will 

1 1/^ -- f 1 

then be conveiging into the second suilace to a point = ^ — 75 

= 2 25 behind the second veitex (which is a negative distance), and 
then by the formula 

I 1 /A ^5 / 15\1 1_5^1 

v^~ < 3 I 2 25y~6'' 1 r)~G“l 3 

we get ^ 2=12 

2 25 3 

Then we also have y^=iy^—^ = ju&t as wlieii wo tieated the 

lens by the method of elements So we again ha\e // = 40 and 
y,= 30 

Then the abei ration at the fiist suilaoe 

= 2(2^25)^<^ ^ 0)^(1 +0)}( 40)^= 5(1 )( 16)= 01777 

Tins abeiratioii liob now to bo tiaiislonoil to the voilox ol tlio 
second suifaco by multiplying it by 


-I 


just as when we treated the lens by the method ol eleniouta, so that 
1 6 

we have 01777 x g = 0316 to add m to tlie abeiration of the 
second surface, winch is 


■ < ‘’*>(36)(l3) ■ < W- < - O®*® 

Addabeiiation from fiist surface = 0316 


0645 
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Thus the abex ration for the whole lens referred to the second 
veitex, obtained by tieatmg the lens as a solid entity of thickness = t 
bounded by two spheiical surfaces, gives exactly the same result as 
we got by supposing the lens to consist of two infinitely thin elements 
with a parallel plate of glass of thickness t lying between them If 
so, then why should we not always compute the spheiical aberration 
ot such thick lenses by the formulae applying to surfaces, and not 
trouble ourselves with the method of elements ^ To which question 
it may be replied that while the student is perfectly at liberty to 
apply the formulae for surfaces when computing spherical aberrations, 
yet when it comes to working out various othei corrections of great 
importance, to be dealt with in subsequent Sections, it will be found 
that the method of elements simplifies and lenders quite feasible 
problems which mere surface formulae would be quite inadequate to 
deal with, at any rate without risk of hopeless confusion arising 
Moieovei, we have already seen at the beginning of Section II that 
a lefracting suiface is not a constant entity That being so, it may 
be conceded that it is as well, for many obvious reasons, to adopt the 
same general method throughout all optical computations 

Investigation of certain other Aberrations of the Third Order 

We have yet to apply Formula XXIV orJ^A" to this lens, but 

before doing so it will be as well to work out the other aberrations of 
the order to which the lens is subject We will return to Figs 35 a 
and 356 , representing a biconvex and a biconcave lens touched at 
each vertex by the element plane A^ 6^ and A^ 5 ^ respectively 

Let Qj be the oiigm of the pencil, and \ a ray impinging on 
the lens surface at but cutting the first element plane ab6^, while 
6/ 6/ Q2' IS the actual course of the lay dealt with, which finally 

cuts the optic axis at Qg' considerably shoit of Q2, where it would cut 
the axis were there no abeiiation Now we have assumed so far 
that the fiist refraction takes place in the first element plane, so that 
the straight line \ 6^ represents the course of the ray within the 

glass, if it weie refracted by a small portion of glass surface really 
placed at 6^ It is obvious enough that this is practically the case for 
any ray from Qi passing through the lens much nearei the axis Now 
supposing the ray after the first refraction at the curved surface (sup- 
posed to be placed at 61) converges to a point ^ within the glass, then 
it IS obvious that the refracted ray 61 2 second element 

plane at a point 6^ such that A^ 63 01 Yg will be equal to 


The principal ad 
vantages of the 
theorem of elements 
yet to be explained 


First the versme 
corrections 
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SPOT 


(Ax (?)■ 


(A^ .SiOrYj p— 2, that is, Y^ will be 

Aj q Aj 

or, what is the same thing. 


Y. = Y,. 


Lena considered to 
be divided into three 
portions 


But IS the distance horn the first element to the point on the 

axis to which the ray would be lefracted by passage through 

the second or plane surface of the first element in addition to the first 
or curved surface , so that our equation 

^ ^X\ 

Y2 = Yjl — T — j IS the equivalent of Y2 = Yi( jx ] 


That point being settled, we may return to the determination of the 
actual or corrected heights and c^, at which the lay is 

refracted by the two surfaces of the lens Let these two heights be 
called and y^ respectively We have to find a formula expressing 
y^ in terms of Yj, and y^ in teims of Y^, when 

T 


Y, = Y, 


u. T Y 

- , or, what is the same thing, when Y„ = Y, i 

‘»1 ^ ^ fj. Dj 


We may now consider the lens to be composed of three portions — 
a convexo-plaue lens of thickness Aj^ c^, being its plane surface , 
a parallel plate of glass of thickness c^( = t) , and another plano- 
convex lens of thickness A^, of which is the plane surface 

Thus the ray is refracted at the two sharp edges b^' and 6 / of these 
two lenses It may then be assumed that the distance t becomes 

an air-space of thickness — , so far as our present purposes are 
concerned ^ 

It IS clear that the vertical difference between y^ and Y^ is the 
honzontal distance b^ b^ multiplied by or ^ 

But b—b^ IS the versine of the curve of radius for the semi- 
chord b^ It IS sufficiently accurate to suppose that 
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Then we have 


Y 2 Yi Y,^ 

Vi = Y, -f X — ^ = Yi + ^ 


^h'^i 


(18) 


We next proceed to find the value of in terms of It is 
plain that 

tY^ 1, 1 ^ l/rp Y,2 YgSX 

which - = -(T-3i 

fJit V-^ /A /A ' 2 ^ 

so that 

1 / Y 2 Y 2\ Y 

in which we may insert for y^ the value given above in (18), so that 
^ 2i^u-^ fM\ 2^1 2^3/ 


01 


„ =Y + 


lu which, as we have already seen, 


T Y 

Yi ^ = Yo, so that 2/2 

W«'i 


vs V s Y sy 
= Y + - + — S-i' 

® 2/ii2*’i 


As the last three teims are small quantities compared to we 
may say that 


Sj 


therefore 


P-Vi H-hh 
1 ^Yl^LY2 


^ I V? 1*1^1 Yg 2^1 


In this loimula we can express Y^^ m terms of Y^, so that 

remembeimg that if v, is positive (the rays converging) relatively 
^ { T\ 

to the first element, then the reduced distance 

negative relatively to the second element Theiefoie we get 

,, 2 _ Y s/i + Y - 31 — — ^1 

^2 H /^’iV ^‘'2^2 -* 


Expression for yi'*m 
terms of Yi, etc 


Expression for m 
terms of ?/i, etc 


Expression for y^ in 
terms of Y^ and Yq, 
etc 


01 


( 19 ) 


Expression for y^ m 
terms of Ya^ etc 
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SBC! 


Expression for in 
terms of Yj, etc 


Aberration of first 
element corrected 
for versme 


Aberration of second 
element corrected 
for versme 


Formula (20) m self 
mterpretmg form 


If the rays are converging into the second element, as in the 
diagiam, then, as in this case would be negative, all the above terms 
would arithmetically woik out positive We saw fiom I'ormula (18) 
that 


yi = Yi + 


therefoie 


2j 




Y < / 

H =Y2(l + ^) 


So that, having now obtained expiessions foi and y^ in teiiiis 
of Yj® and Y^®, we may state the abeiiatiou of the hrst element to be 

8/i 


Y 2\ 

— )> 
»iV 


( 20 ) 


Y 2 / 

and the aberration of the second element to be 

SAoO 1 1 + Y^^ ( - - "'i' 3 - M I (21) 

These formulae, however, are open to objection in their present 
foim In the application of (20), foi instance, to the hist element 
of a thick positive lens in which the first surface is concave and 
therefore 2 ^ is negative, and still supposing that the entering rays aie 
diveiging into the first element, as in Fig 35nj, it is plain that w, will 

be less than Y^, instead of greater, so that - ^ should tuin out nciiative 

if the formula is quite self-inteipieting But obviously should be 
entered as a negative quantity, moreover, by oui conventions pievi- 
ously laid down, should also be enteied as a negative quantity, and 

therefore ^ would remain positive, which is obviously wrong 

In order to render Formula! (20) and (21) quite self-inteipieting, 
we may leave and mtact, while puttmg 


l}/i ’i’ (/^-Vs » 


1 1 + a, . 1 

foi — , 

2/i U, 


etc 


2 ";^ becomes and theiefoie Formula (20) becomes 

Obviously if and/i become negative, then by convention — becomes 
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negative with lespect to and (1 + a^) is theiefore negative In 
like manner Formula (21) becomes 


1^(1. Y,-(. 


(l+^Xl+a^) 




+ “2) ^ _ 1 + “2 \ 1 

2i4jj.-i )/i 4 V W' ^ 


XXVII Formula (21) m self 
mterpretmg form 


Since /j in the denominatois of the fiist two functions in the inside 
brackets may be expressed as nf^, it is evident that the corrections in the 
inside brackets in both Foimulae XXVI and XXVII aie aberrations 
Y4 

of the order similarly to the intrinsic abeiiation functions of the 

thud approximation It is clear that these loimulee may be applied 
to any pan of elements constituting a thick lens 

Thus the coirections that have to be added to the fiist values of 
the aberration to the order as ascertained lioni and Y, m the 
element planes, aie functions of Y^ and of the aberration of the second 
approximation as evpiessed in Formula XXIII Precisely the same 
formula will be obtained by the same course ot reasoning in the ease 
of the negative lens, Fig 3bh, although m the inteimediate processes 
the signs of T and if are different 

As these corrections are consequent upon the curved surfaces Above versmeeorreo 
retreating from the element planes, we may fitly call them the 
^etsine coi‘)eetions of the ordei ¥*, in distinction fiom the intrinsic rections of the same 
abeirative corrections of the older Y‘ as expiessed in Formula XXIV 


Practical Application of the Intrinsic Aberration of the 
Order to the same Lens as before 

As ail instance of the aiithmetical application of these abeiration 
formulae ot the oidei Y‘ we will take the same lens of ladii 1 and 3, 
thickness 75, Yj= 40, and Y, = 30, with entering lays parallel, foi 
which we worked out an aberiation ot the order Y'^ equal to+ 0645 
Applying the Intiinsic Abeiiatioii Formula XXIV we get for 
the first element, since +1, and a^= — 1, 


(_10)‘r. 

27(2)H 


4 626 + 33 621- 60 1875 


■( 27 )( 32 ) 


9 1251 


- 55 55 + 28 19+ 131 061 
- 5 - 24 7/ 

'= - 00027, 


or about -,’„th of the aberration of the order Y", which was + 02333 


Intrinsic aberration 
of the third order 
for first element 
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RI OT 


Above aberration 
traosferredto second 
vertex 


In order to transfer this to the second element, wo must, as Itoforo, 
multiply by (f/ = thus getting - 00048 

For the second element, with 5^= — 1, and a^ - —9. as l)oloio, 

we get 

/ so")! , - 4 625 - 302 625 - 60 1876 - 4206 9 - 4499 3 - 205 48 71 

.1179 6-32958 7 - 217 1 


7(6)4 


Intrinsic aberration 
of tbe third order 
for second element 


0081 
= (27)(6y 


-{-63785] = - 00246, 


or about of the abeiiation of tbe ordei winch was + 0255 
So that we have 


and 


- 00048 for first element 

- 00246 for second element 


Total of above 


Aberration of the 
third order for par- 
allel plate not un 
poitant 


Total - 00294 

for the intrinsic aheiiation corrections of the oidei 

To work out a formula for the abeiiatioii of the pavdlhd ^lasB 
plate also to the order Y^ would scarcely be ol any iin]>oitancc, loi, as 
a rule, even the parallel plate abeiratioiis of the oidci Y**^ ar(‘ snmll 
compared to the aberiations of the elements 


Application of the Versine Corrections to the same Lens 

We will now turn to the versine coiiectioius of the order Y* tor 
the above lens At the first element we have 


Versme correction 
for first element = 0 




which = 0, since = infinity 

At the second element we have, as applying to tins cas(‘M 


Y 2 




m which, Since = infinity, the first term vaiuslics In tlu‘ nuuain- 

mg two terms u, = 2, /t=15, ? = 1, ?.= n, {ind u = -fr 

/ 75\ “ \ * /// 

= — (^2 — — j = — 1 5, so that tbe formula becoiucH 


Versme corrections 
for second element 


(0255)(-^^ 5)(I)(-3 375)"(1 6)(3X - 1 

" °^®K5W5‘"^)(°®) = (®256)(^1^-)( 09)= 4 0021, 
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an amount which goes a long way towaids neutralising the intrinsic 
aberration of the order which was— 0029 We could here have 
employed Foimula XXVII for the second element with a like lesult 
The possibility of the intrinsic functions being neutrahsed com- 
pletely by the versine corrections in the case of thick lenses at once 
suggests itself, but space does not permit of a full inquiiy into the 
conditions under which this may take place, although it is a question 
of much interest 


Further Aberration Corrections of the Third Order, due to 
Aberrations of preceding Lenses 


Our next task is to consider the nature of fuither abeiiation 
coirections of the ordei which arise in a system of two oi more 
lenses separated by substantial intervals 

Let Fig 36 lepresent two collective lenses or elements and 
separated by an inteival S^, and C be a ray refracted by 
at C Let Qg be the point by fiist approximation to which the ray 
would be refracted by L^ weie there no aberration, but the point 
to which it IS actually refracted Thus is the longitudinal 

aberration It is plain that at L^, Y^, or the height up to the point 
•y — S 

D = Y- ^ simply , but the height up to the point E, where the 

ray actually cuts the plane of is less than Y^ by an amount that is 
a Ifunction of the aberration of L^ Let 


and let 

Then we have 


Li Q2 *“ j * Q2 — 

L2 Q2 ~ ^2 Q2 ~ *^2 


. •i-s.-JaV 


A.. 

111 which Vi — Si obviously = — so that 



92 


A SYSTEM OF APPLIED OPTICS 


SBOT 





Y * 

_ S -iLi' 


_y;v 


V Y 2 

1 + Si-i 7, 



Formula for as 
modified by aberra- 
tion of first lens or 
element 


Above formula m 
self-interpreting 
form 


Whole expression 
for the aberration of 
L2, including that of 
the third order 


Aberration of the 
third order for L3 
isolated 

The T’s modified by 
aberration of pre 
ceding lenses 


and since the correction is generally small compaied to 
may assume that 



+ 2S ^ ^i'a' 


1, then we 


( 22 ) 


This formula is open to the oh]ection that if weie dispersive, then 

“ would be positive instead of negative, and the collection to would 

come out as an increment instead of the decrement, which it so 
obviously IS But we can make the foimula universally self- 
mteipreting by adopting the same device as in the case of the veisme 
corrections, thus arriving at 


y,' - h- (;-7) .} XXVIII 

Now, if IS dispersive, it is negative relatively to so that j is 

negative, while 1 + and 1 — asj are both positive, therefore the 
correction to Y^ comes out negative 

The spheiioal aberration of may now be written m the form 

— ®-(A' )Il + ^^^A' 7 ^ 

or, if we expiess Y 2 in teiins of Yj, in the foim 


so that the aberration of the order Yj*, when separated out 
Y,' 




XXVIllA 
, is 

(23) 


In this case we may say that the modification of Y„ at the second 
lens and the consequent modification of its abeiiatmii is due to 
borrowed aberration Let it now be supposed that another lens is 
added to the light hand of L^ and at a distance = s, from it Then it 
IS evident that the aberration of Lj will not only 'affect Y.„ but will 
generally affect Y^ in still greater degree, since L^ is furthei removed 
from Lj The aberration of Lj will be transferred right through L on 
to L^ Not only so, but L^ will add (if it is a collective lens) its own 
aberration to the abeiiation of L^ passmg through it, and theiefoie Y 
will be affected by the two aberrations borrowed from Lj and L^ * 
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We will here refer loiward to Fig 96, Plate XX, which represents 
a case of foui collective lenses or elements in succession, so ananged 
that all the ^^'s and 'y’s are eq^ual and positive The first lens only is 
supposed to give an aberration whose lineai amount is while 

the other thiee lenses are supposed to be free from aberration and to 
simply copy thioiigh from focus to focus the abeiiation given by , 
yet the cumulative effect upon the successive Y's is most marked, and 
they grow laigei and laigei as we proceed from left to right 

01 course, if Lg, lor instance, is a dispeisive lens, then the effect of 
its aberration on Yg will more or less neutralise the effect of the 
aberiation of 

The forinulse giving the modifications of the aberrations ol the 
third and louith lenses due to abeiiations boiioved tioiii the piecedmg 
lenses aie natuially more complex and unwieldy than XXVIII, and 
it will suSice to give the complete expiessions loi the spheiical 
abei rations of the thud and fouith lenses ot a series of four widely 
sepaiated elements oi thin lenses, without detailing then working 
out The student may easily veiify the formulae foi himself We 
have already obtained the expiession foi the second lens or element 
111 Formula XXVIIIa , and we will adhere fco the highly convenient 
expedient ol expressing all the Y's of the succeeding lenses in teims 
of Yi 

Then the formula for the collected spheiical aberration of the 
third lens is, in self-interpieting foim, 


The cumulative 
effect of aherratiou 
upon the succeedmg 
Y’s 


AU the Y’s to be ex 
pressed m terms of 



and the foimula for the fourth lens is 


.XXVIIlB 


Whole expression for 
the aberration of 
including that of the 
third order 


1 / ^ + “2 A 

8/4 1_ 

ifi AwiV 


> XXVIIIc 




Whole expression for 
the aberration of L4, 
including that of the 
third order 


The formula foi the fifth lens would evidently contain ten teims, 
and that for the sixth lens fifteen terms In the case of large 
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Vergency vaxiation 
for L2 due to aberra- 
tion of Li 


Yergency variation 
for due to aberra- 
tions of Li -t- L2 

Vergency variation 
for L4 due to aberra- 
tions ofLi,L2,aiidL3 


apeitmes and separations, the coriections of the order may form a 
large percentage of the spherical aheriations of the order Y^ 

Vergency Variations consequent upon the Aberrations of 
one or more preceding Lenses 

There is now a furthei modification of the aberration of L in 
Eig 36 to be considered, which, strictly speaking, applies even when 
IS in contact with L^, but apphes with much greatei foice if S is 
large compared with 

Hitherto in assessing the value of the vergency characteiistic a 
foi any lens or element, we have assumed that theie is a fixed 
point Q from which or to which the lays aie diveiging or conveiging 
before entering But in Eig 36 it is clear that in the case of \ the 
entermg rays are converging to a varying point Q/, which lecedes 
farther and farther from in proportion to Y^^ the recession being a 
function of the spherical aberration of Lj 

We may legard as a variation of either 01 and since 

m Fig 36 IS minus, we have 


therefore 



Ai= 

SO that we have 


in which 

1 + 02 + 1 Y,2 


therefoie 

1 + O2 1 

2/2 ~^2 


and 

2/2 


In the same 

way we find that 

( 24 ) 

and 

Ao, - -f ( Xi! A' ( 4. A' /^V2V\ 

( 35 ) 

> 

it 

1 

Au^u^'uJ 4/2^ if/^AvyV^uJ J 

( 26 ) 
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ETow if we diffeientiate the formula for spherical aberration of the 
second lens with lespect to a, we get 

I ^( f ^2 ^)'^2 ~ 1 )“ 2 |^® 2 » 

m which we may substitute Formula (26) lor da^, and foi Y/, 

and then get 

/ 2 \ 2 

In this formula has been expressed as Yi^r-^^j , which has 

q) -2 ' 

cancelled out the of (24), and as fi can be expressed as oif , we see 
^2 Y 

that the correction is of the orclei and is the expression lor the 

'2 

vaiiatioa in the spheiical abei ration of L, consequent upon tlie vaiia- 
tion in ttjj due to the abeiration of In the same way the complete 
expressions for the functions of da.^ and da^ can be worked out 

In these two cases of the effects of the aberration of one lens upon 
anothei we have assumed that the rays entering the first or left-hand 
lens are either diverging from or converging to a definite point on 
the axis 

But if we have to look upon these lays as principal lays, each such 
lay being the central ray of a pencil, then it often happens that such 
principal rays are constrained to pass through a definite point on the 
axis after passage thiough one, two, or peihaps all of the lenses of a 
series, owing to a diaphragm with a circular aperture being placed at 
the desired crossing point 

In such a case, of course, it is the moie simple and convenient to 
regaid the rays as travelling fiom right to left, and the formula ex- 
pressing the coriections to the aberrations consequent on boirowed 
aberrations may then be worked m inverse order 

Howevei, these considerations do not strictly apply m the present 
section, but only when we come to deal with the optical chaiacteiistics 
of lenses other than spherical aberration, and especially distoition 


Differentiation of 
the spherical aber 
ration formula with 
respect to a 


Complete formula 
for variation m 
consequent from 
aberration of Lj 




Summary of the Spherical Aberrations of the Order Y* 

On summing up these spherical aberrations of the order Y^, we 
have foi each element oi thin lens — 

Fust, as applying to all single lenses, and ui the case of all 
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First, the mtnnsic 

aheixtitioiifanctioiis 

Second, the yersine 
(xurections to the 
aberration 


Third, the correc- 
tions to the Y*s due 
to aberrations of 
preceding lenses 


Fourth, the correc- 
tions to the a's due 
to aberrations of 
preceding lenses 


An aberration of the 
seoond order cannot 
be properly neutral- 
ised by a contrary 
aberration of the 
third order 


elements, the intiinsic abeiiation lunction ot the onlei ^ as oxjnossed 
by Foimula XXI Y 

Second, as applying to all single lenses, and in all cases the vet sine 
conections to the aberiatioii of the oiJei m expiosKod in Fouuuh. 
XXVI foi the fust element of a thick lens, and also ol this ordm ^ , 

as in Formula XXVII foi the second lens element Tims in a bein‘H 
of lenses, Foimula XXVI applies to the Inst, thud, filth, se\enth 
elements, etc, and Foimula XXVII to the second, louith, si\tli 
elements, etc 

Third, but only wheie separations evist between lenses oi elements, 
the corrections to the aberration ol a lens oi element due to tlu‘ 

yi 

variation in its Y caused by boiiowed abonation ol tlu* oidei as 
expiessed in Formulae XXVIIIa, b, and c 

Fourth, hut only in the case of one Ions l)emg i)iee(Mlo(l by (>thel'^, 
and especially if widely sepaiated, the coircctions to the alxuintion of 
a lens oi element due to the vaiiation ol its veigency (‘haiaeUnistie, 

\ ‘ 

and caused by hoiiowed abeiration of the uulei ,r, <is (‘\]uessed m 
Foimula XXIX ^ ‘ 


Hybrid Spherical Aberrations 

Let it now be supposed that in <i system of lt‘nHt‘s tli(‘ above 
aberiations of the oidei do not neutralise one auothei, but that Uu*re 
IS a perceptible balance lelt ovei , then the (piestion cum they 

be neutiahsed by a contiaiy overplus of aboiiatiou of Uu‘ oidei V“ j' 
We shall soon see that they cannot 

Let it be supposed that Y leprcsents the e\tieni(‘ Htmn-ai)eituie ol 
a system of lenses in which we aie seeking to eiadnuite all the 
spherical aheriation, and that there is a lesidue of minus alienation of 
the Older Y^ Then, of course, it is quite possiblcj and puu'tieuble to 
counteiaet tins residue by leaving in the system a rcusidiu* of plus 
aberration of the order Y'^, so that we liaNe 

//Y^+///Y^ = 0, (27) 

in which // represents a ceitain coeflicient of and Jn lepu'scnits a 
certain coefficient ol Y^ Then it is obvious that the relataonshi]) of 
these two coefficients is given by 


1 



ly 


HYBRID SPHERICAL ABERRATIONS 


97 


Let us now take another measure of the senn-apeituie, smaller 
than Y, and call it y Then since the coefficients and their relation- 
ship are constant, the only variable being y, then we have fp/ +///■?/ 
to expiess the abeiiation for the smaller semi-aperture y, and if we 
diffeientiate this expression with respect to y we get 


my + ifllf)dy (29) 

Then it is plain that we can equate this diffeiential coefficient to 0, 

thus 2fjy -|- 4/ 1 ^?/® = 0, in which (fiom 2 8) fn = — fj^, so that we then 
have 

2//y-4//^2 = 0 01 l-2^=0, 

and 


?/ 


2 


(30) 


Evidently, then, at a distance fioin the axis such that y = 



theie IS a maximum deviation from a tiue balance of the two orders of 
aberration, and the amount of this maximum deviation may be easily 
detei mined as follows — 

Since 


_Y2 
~ 2 ’ 




I! 

4 ’ 


The point of maxi- 
mum hybnd aberra 
tion 


therefore at the height 


Y 

fxom the axis the state of the aberration is 


given by an expression exactly analogous to (27), viz f(i/+ j-ni/ becomes 
Y2 Y*^ 1 * / // 

//y + /‘//^^ 111 which -//p be substituted for (fioni (28), so 

that we then have 


// 


2 


f^, which = 



(31) 


or exactly one-fouith part of the -|- aberiation of the older Y® to which 
the lay passing thiough at the extieme semi-aperture Y is subject 
This theorem is illustrated in a striking and convincing manner by 
the diagram. Fig 37 

Let L D be the optic axis of a system of lenses of senii-apertuie 
= D P, placed somewhere towards the left hand, and let A^ P 
lepiesent the longitudinal value of a residual amount of negative 
spherical aberration of the order Y^ to which the edge lay is subject 
Then let there be introduced such an amount of positive spherical 


Maximum hybnd 
abenration is one- 
fourth of the aber- 
ration of the second 
order and of the same 
sign 
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aberration of the order Y" as \viU neutialise the negative abeu-atiDU 

of the order Y* ,,., 11 , 

That IS, A P = P and represents the longitudinal value ol 

the positive spheiical aberration ol the ordei Y* Then, as tlu'se two 
aberrations for the edge ray aie equal and opposite, the said lay will, 
of coinse, focus at P m the same plane as I), the focus loi idtmiate 
centre rays as given by formulae of hist appioxiniation 

But if the abscissie of the curve D-A^ aie made to vaiy, as / «)i 
the square of the height from L D of any point in the curve, and the 
abscissse of the curve D A^ are made to vaiy, as y‘ or tlu* luuitli 
powei of the height from L D, then it is easy to see that the 
resultant curve joining loci of actual focal points for i.iys tiaveising 
the system at diffeient heights from the axis will he the cui ve I ) w( P, 

having its maximum abscissa at m, where y“ = ,, , and tlnit in b will 

O J 

be exactly a quarter of P Aj or P 

Zone of aberration Here we have the explanation ot a phenomenon lannliar to many 
explained opticians who have attempted optical systems ol Lugo lolativo a])(‘Ttui(S 

and found it impossible to obtain a well-defined axial nii<ig(‘ ol a ])oint 
owing to the piesence of what we may fitly call “ a zono of iibcnation” 
which exhibits itself in the foim ot a blight diffuse zone or annulus 
within the cone of rays, which is visible tliiough an c*yt‘-])i(‘(*i‘ 
eithei inside of the focus or beyond it 

While the edge lays at the height Y liom the axis and idtinial(‘ 
centre rays may be brought to the same locus, yet th(‘ rays tiaveising 

Y 

the system at a height equal to inteisect the optic axis at peilmiiH 

a considerable distance either short of oi beyond the foeul jioint l‘or axial 
and edge rays The reason why, when the eyt‘-pieee is jilacHsl well 
Phenomena at the Within or beyond the focus, the phonoinenoii gives iisc^ to u hnght 
zone, 13 rendered plain by means ol the duigiani. Fig wliieh 
accurately represents the rays coming to focus in a ease* wli(UX‘ Uk*u‘ 
IS hybiid aberration, brought about as in Fig 37 If tin* ey('-pu^<‘(* m 
made to focus upon a plane somewhere about a a, it ih evident that 
a condensation of rays occurs about half-way b(‘tweeu e<‘nti(‘ anil 
periphery of the ciicular penumbra oi section of the* cone ol rays 
On approachmg the focus, as at position h b, tlu* (‘ondensation of 
rays is still moie maiked, but it occurs now lelatively neann* to tlu^ 
centre, while at 5' 6' the zone of aberiation is at its niimt ilistniet 

phase and has a ladius of about one-fourth of the ladius of the whole 
penumbra The extreme edge ray focuses oi cuts the optic axis at P, 
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which IS supposed to be the focal point also for the lays ultimately close 
to the axis, as given by the foimulcC of first approximation The whole 
distance m P along the axis over which the hybrid aberiation spreads 
itself of course corresponds to the maximum distance m h in Fig 37 
It the eye-piece is made to focus upon planes beyond the focus in 
this case, then a ring of rarefaction or a compaiatively dark ring will 
show itself, corresponding to the bright iing visible inside focus In 
the plane c c the central bright nucleus is very marked 

It IS clear from Fig 37 that the bright zone of aberiation will 
always show itself on the same side of the focus as the aberration of 
the 01 del Y^, while a coriespondmg dark zone will show itself on the 
same side of the focus as the opposing aberiation of the order Y^ 

It IS the existence of outstanding aberiation of the third approxi- 
mation 01 of the order Y^ as represented by P A, in Fig 37, which 
IS supposed to have necessitated oui having iii the system an equal and 
opposite aberration of the second appioxiination oi of the ordei Y^, as 
represented by A^ P , and we have seen that the incongruity between 
the two orders of aberiation gives rise to a maximum amount of hybrid 
abeiiation whose amount m 5 is always one-fourth of the amount 
of the aberration A^ P of the order to which this extreme lay is 
subject 

We have also seen that all the aberrations of the order Y^ which 


arise in a lens or system of lenses aie functions of 


f 


From this it 


follows that if in place of each lens of a combination we substitute 
two lenses, each being of half the power ox double the focal length 

Y4 




we 


of the original, then, instead of an aberiation lepresented by 

/ Y^ \ 1 Y^ 

have an aberration repiesented by oi 

Thus, supposing we aie troubled with a zone of abei ration at the 
focus of any given system, and it cannot be eliminated by opposmg 
plus aberrations of the order Y'^ against minus abenations of the same 
Older, then we can at once reduce the zone to one-sixteenth part (as 
a geneial proposition) by the expedient of splitting up the lenses, or 
at any late the most violently curved one, into two lenses eacli of 
half the power of the oiiginal 

It IS also evident that the linear amount of hybrid abeiration 
an any given case and the consequent intensity of the zone will be 
multiplied 16 times on doubling the aperture 

It IS also worth while to glance at the case of the hybrid 
aberration which arises when we coriect a certain amount of aberration 


Opposite effects at 
the two sides of the 
focus 


Favourable effect of 
dividing up powers 
of lenses upon a zone 
of aberration 


The next higher 
order of a zone of 
aberration 
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of the fourth appioxiiuatioii, oi of the oidei ¥<■ foi the extreme lay by 
an equal aud opposite amount of abeiiation of the second appioxmia- 
tion, 01 of the oidei Fig 39 illustiates this case 
We then have //Y^ +////Y'' = 0, flora which 

1 

flli~ ~fi^~ ~frYi’ 

therefore, substituting, we have to lepresent the hybrid 

aberration foi any otlier height of iay = y 
On differentiating this we have 

i^iiu - ^ffi Y4) = (l “ = 0 , 


and on equating this expression to 0 wo get 

3^,= land/=Y> 2'=^3=7598Y 


Then it is toi this height of lay y that the niaxiniuin amount oi 
hybrid aberiation occuis, and its amount will be given by 



=/iY2(577 - 192) = /,Y^(385) 


1 

i 


Where the hybrid 
aberration is at its 


Aberration of the 
order Y” generally 
smaU compared to 
that of the order Y* 


Hence the maximum, amount of the hybiid abeiiation occius for a 
lay which traverses the system at a distance fiom the axis e(iual to 
about three-fourths of the extieme semi-apeituie, and the amount oi it 
IS about three-eighths of the outstanding abeiiation of the oxdei to 
which the extreme ray is subject 

But of course the amount of aberrations of the order Y® will, 
geneially speaking, be but a small fiaction oi the al)eirations ot the 
order Y^ Hence we may regard the hybiid abei ration cuive as a 
combination ot the curve of Fig 37 with a much flattci cuive ol the 
charactei of Fig 39 The lattei will have the eflect ol laising an 
elevation or wave on the cuive of Fig 37 at about h 


An Important Corollary 

One veiy obvious corollaiy fiom all the preceding investigation is — 
That if foi any optical system the aberrations of the two highei 
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ordeis and aie eliminated or of an imperceptible and negligible 
amount, then our foimuhe of the order Y^, as applied to elements, etc, 
will be stiictly accii^ntte 

The best possible test case foi this proposition is provided by an 
optical system whose ciuves are strictly spherical, which is known not 
to show any peiceptible zone of aberiation at the focus, and whose focal 
distance for the ray traversing the extieme edge of the aperture has 
been proved by the most rigoious possible trigonometrical calculation 
to be exactly equal to the focal distance for lays ultimately close to 
the axis, as cleteimmed by the formulce of the fiist appioximation 


Conditions tinder 
which formulas of 
the second approxi 
mation are accurate 

A suitable test case 


Application of the Method of Elements to a large 
Telescope Object Glass 

The following astionomical objective of 12-mches apeituie and 
focal length of 176 13 inches ineasuied horn the veitex of the fourth 
suiface selves as a capital example of the application of the formula 
foi spheiical aberration of the oidei Y^ which we have worked out 


Radii of Curves, etc 


Collective Leus 

+ 59 8" ?2= +90 15" 

Centre thickness -\" 

Eefractue index of the crown glass 
for 0 ray = 1 5146 

= /A 


Dispersive Lens 

7^= - 84 7" 7^= -410" 

Centre thickness = 1" 

Refractive index of the flint glass for 
the C ray = 1 6121 
= M 


Specification of 12 
inches aperture ob- 
jective 


The focal length for parallel rays nieasuied fiom the veitex of the 
fouith suiface, as trigonometiically calculated for the 0 lays, is — 

for the ultimate centre lays =176 1306" 
and for the lay 6 inches from the axis = 176 1272 

Abenation undercoriected by - 0034" 

We will now apply the algebraic formuhe of the second approxima- 
tion to this objective, by the method of elements We have 


1 

h 


6U6 
59 8 ’ 


/i = 116 2068 =7;^, 

66024 

7^2= - 115 54656^ 


from which subtract -1, which = 66024 
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1 _ 5146 
/,-90 15> 


/2= 175 1846, 


1 1 1 


A “2 175 1846 115 64656’ 


+ 69 6344" 


The axial sepaiation between veitices of second and thud siu faces 


IS 013, and subtracting this fiom v„ we get 


u^= +69 6114", 


1 1 1 


1 ^ 6121 
A~ 847 ’ 


and /j = 138 3761 , 


i’3 M3 138 3761 69 6114’ 


«).= -140 08, 


the rays being conveigent 
Flora subtiact 


:= 6203, 


and we get 


= +139 4597" 
A 4i0’ 74^ 


4= 669 835, 


1 _ 1 1 _ 1 1 1 
®4~/4 W4~ 669 825 "13') 4597“ 176 1306 

Therefore — 176 3 306, as stated above, and the distance is 
minus only with lespect to the dispersive lens, since the lays .lie 
conveigent So we now have 


4= 116 2068 ( + ) M^= + 116 2068 

0*2= -115 54656 4= 175 1846 (0 + 69 6314 

M3 =+ 69 6114 4= 138 3761 (-) -140 08 

M3 =+139 4697 4=669 825 (-) M3 =- 176 1306 

We may now assess the values oi the chaiacteiistics a and > 


Fust element 


^ = 0, cul=-1, 71=+! 


l+Ool 1+0, 1 , ,,, 

“24“ “ O 350 3692 ” ” 115 54656’ "Il'ich 1 + = - 3 03228, 


a3= - 4 03228 , a. 


Secoad element 


SO that 
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1 + Ct^ 1 

~Wi < 

SO that 


~Wi < 
so that 


1 + a- 


276 7522 ” 69 6114’ ’W'hich l + a^ - + 3 97567, 


a3= + 2 97567, ^3= +1 

mVQ50 = 139 ^97 * 1 + a, = + 9 60605, 


Tluxd element 


a4= + 8 606 , ou^= - I 


Fourth element 


We have next to express the y’s or heights of the ray fiom the 
axis where it cuts each element plane in teims of the coriesponding 
at the first element plane 
We have 


II 


The 2/’s expressed in 
terms of y-^ 

U. U-,IU 



II 

II 




Next we must transfer the spherical abeirations of all four 
elements to one common leference point, which is, of course, the 
veitex of the foiuth surface or the locus of the fouith element 
Calling the abeiration function 


1 ) 


/A -I 2 


— ^0/^ + 4(/a + l)ca + (3 /a + 2)(/a — l)a^ H 


by the symbol for the fiist element, -^3 for the second 

element, etc , then the aberiation of the first element transferred to 
the fouith will be expiessed by 



Aberration of first 
element transferred 
to fourth 


The abeiiation of the second element tiansferred to the fouith is 


_1 


A. 




The aberration of the third element transfer! ed to the fouith is 


Abenation of second 
element transferred 
to fourth 




Aberration of third 
element transferred 
to fourth 
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Aberration of fourth 
element 


Aberration of first 
element fully stated 


Aberration of second 
element fally stated 


Aberration of third 
element fully stated 


][Q4; XV. KJ a. 

and the abeiiation of the fourth element is 

1 A',,2-1 A' fW’i V., 2 

It IS inteiestmg to note in the above functions of the h \ and lilu' 
i)’s that, aftei we have collected the abeiiatioiis to one loloicncc iKinit, 
and also e\piessed the y’s in teims of we then always get a luiu limi 
containing a — 1 teims in both nuineiatoi and deiioniinaloi when the 
numbei of elements = ;i, and that as we pass fioni one element to tlie 
next the fiist term in the numeiatoi disappeais, and .ippoais .igaiii as 
the last term in the new denonunatoi , and the hist teini of the 
denominatoi disappears, and appeals again as the last toiiu of the ik'W 
numeiatoi 

The full statement of the abeiiation of the hist element is 


1 
8/i 

which 


^ 4( + 1) a- + (3 ^ 2)(/. - I ) //,’ 


= i(+ 0000057005 - 0000083952 i 000002810l)3N , 

+ 000()()5G‘5r)l l/'i 

= +i(00000575137^i2)altogcthoi 
8 

The full statement of the abeiiation of tho Hecond (‘lonuMii. is 
Wi) ^ ^ ^ ' ' 




'1 » 


which 


= g(+ 00000162637 + 00000965812 + OOOOL'^O'hSl i 00000160782)/// 


or 


+ -( 0000259304?//) altogcthci 

The full statement of the abenation of tlie thud cdoinoiit is 


1 fVoU^u.V 1 rMs2 , ,,,, 

) M(M - 1){m - 1 ^ 


which 


h(3MH 2)(M-t)«,' I /’‘ijv,’. 


= -(+ 00000225053 i 0000118572+ 00000261036 n 00001 f 1306)^/ 


or 


--(0000308487^/1^) altogothei , 
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but as /g IS minus, the element being dispeisive, tlieiefoie gives a 
minus sign to above total 

The full statement of the aberiation of the fourth element is 


which 


+ 4(M + l)a^^4 

+ (3M + 2)(M- l)rX4^-+ 



= g(+ 00000001949 - 00000029702 + 00000102371 f 0000000226)?^i^ 


01 


-g( 00000076881//!^) altogethei 


Aberration of fourtb 
element fuUy stated 


and again, as this is a dispeisive element, and is minus, the above is 
minus abeiration 

Summing up, ve have 


foi + 00000575137^!^ 

foi ^3 + 0 000259304//!^ 

1(+ 00003168177>/j2) 
8 

foi collective lens 


foi ^3 - 0000308487^!-^ 
foi - 0000007688//!-^ 

1(- 0000316175yi2) 
8 

foi dispeisive lens 


Aberrations of col 
lective and disper- 
sive elements respec- 
tively 


So the total aberiation foi the foui elements or two lenses is 


If + 0000316818//!^ 

81 - 0000316175//!^ 

1(+ 0000000643(/i^) 

8 

If now we take // at its full value of 6 inches, then — = 4 5, so the 

1 ° 
full coriection to — for the edge lay is + 0000002804, and this 

X — 01 —(176 13)^= — 00896", which is the longitudinal value 

of the spherical abeiration at the focus But theie aie the parallel 
plate corrections to be added in yet, and although in this particular 
case then amount is small and does not seriously affect the result, 
yet the case serves as an example of their application 

It IS obvious that in applying the Foimula XXV to the case of 
the first paiallel plate of thickness 1^', the toi its second surface is 


the same as 3/^, which = 3/^^, and the of thep/late is the same thing as the 

in the present case ^ 

Therefore, the first parallel plate coriection is, in the first place, 


Sum of the aberra- 
tions of coUective 
and dispersive 
lenses 


2/i* Uj* ^ ^ \®i/ 1 %* 


Aberration of first 
paraUel plate 



Value of above 


Aberration of second 
parallel plate 


Valne of above 


Total for two paral 
lei plates 


Final total aberra' 
tions of objective 


Aberration of the 
third order quite 
imperceptible 
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But this has to be referied to the fomth element It is no-w a 
collection to so that we must multiply by (—)(-) , and then oui 
foimula becomes 

_M_Y= - ( 00000000415)y,^, 


winch IS a collection to 


1 

or — 

V 


1 

VIZ- 


^4 1 

The second parallel plate coriectioii is aheady a collection to — oi 


oTvrr in which ) 

2M^ \v.v,v. I 


so that we have 

which works out to 

-(00000000049)//i2, 


which added to the previous amount gives 


-( 00000000464)//j^ 

and since 

^1 = 6, this = - 000000167, 


which must be deducted from the total we found for the H])lu‘rK‘al 
abei ration 

- + 000000289 
- 000000167 

+ 000000122 

which is the final coriection fo so that the final longitudinal erroi <it 

the focus IS obtained hy multiplying the above final result by — or 
“(176 13)^ giving a final spheiical abeinition at the focus of 
“ 0038 inches, which scarcely perceptibly dilleis fioiu th(‘ — 0034 
which was airived at by a rigorous tiigonometncdl calculation ol the 
course of the same edge lay through the objective 

It IS theoietically tine that for this objective tlieie exists an 
aberiation of the ordei but it is an iinpeicoptibly small amount of 
about + 0004 longitudinally, lesulting in a zone of rays focusing 
- 0001 shoit of the focus for edge and ceiitie rays Tlio apeituie 
of such an objective would have to be at least 24 nudies, giving a 
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zone of aberration of — 0001 x(2)^= — 0016 in, before it would 
become perceptible at the focus by the most refined optical tests 

The chief value of the above example is illustrative, and theie is 
no necessity in piactiee foi being accurate to so many decimal places 
01 for adopting the device of elements in a case of an ordinaiy double 
o])jective whose apertuie is only -jt^-th of its focal length, for were it 
the case that there existed at the focus a longitudinal aberiation of 
+ or — - 3 ^th of an inch, it would be possible to coriect it by 
depaiting from true spherical curves, eithei by parabohsing the 
figiues of the suifaces oi the reverse, thus bunging about a slight 
deviation for the rays which increases as approximately Theie- 
foie it by no means follows that, because a given optical combina- 
tion yields an axial image of a point of light which shows no trace of 
outstanding spherical abeiration, theiefoie a calculation of the couise 
of an edge lay, either algebiaic oi trigononietiic, will also show no 
abeiiation Hence the desn ability of comparing the results of an 
algebiaic calculation with the results of a rigid trigonometric calculation 
if we wnsh to thoroughly test the accuracy of the former 

Many optical designeis would prefer to employ tiigonometiic 
calculations of spheiical abenatipn rathei than any othei, even in the 
case we have just dealt with Indeed, it is doubtful whether in the 
case of some of the highly complex constructions of five or more thick 
lenses forming modern micioscope objectives, any method can be as 
easily applied as the trigonometrical one, provided that not only the 
focus for the extreme edge lays lelatively to the ultimate centie rays 
IS calculated, but also the focus foi the lays passing the apeituie at a 
height y equal to about l-ths of the full semi-apeituie Thus any 
discrepancy between the focus foi the mteimediate zone of rays and 
the joint focus foi the cential and edge lays would at once indicate the 
piesence of an abeiiation of the oidei and peihaps Oi, suppos- 
ing the focus foi the edge lays not to coincide with the focus foi 
ultimate centie lays as calculated by the foimulcB of the first approxi- 
mation, then the calculated lelative position of the focus for the zone 
of radius ;^ths would at once show any depaituie from the law of the 
abeiiation vaiying as nf simply, and thus reveal the presence of an 
aberiation of the next highei ordci 

It is ceitaiiily true that the tiigonometrical method is veiy much 
moie applicable to bioad axial pencils than to any othei case of 
reii action that can aiise 

Although tiigonometiical calculations of the course of a ray through 
an optical system are often highly desirable, yet these are merely 
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mechameal piocesses which, moie especially when applieil to ohlniiio 
and eecentiic pencils, do not lend themselves at all to analysis Tho> 
are eiiipnical and iimnstnictive, oi at any late haiien ol cnliglikm- 
inent unless a laige nnmhei of calculations aie caiiiod out in mIiuIi 
ceitain lactois, sucii as ladii or sepaiations, aie vaiied, and the lesnlLs 
of such laiiations caiefiilly noted All this involves much emimual 
woik, nhereas by the aid of algebiaic foimnl.e, although they may 
be not quite so exact, leading piiiiciples can he ostahlishod, and the 
tcmhncits of the collections consequent upon the vaiiation ol any 
one tein. can alwa}s be worked out with veiy little tiouhle, and it is 
In the intelligent giasp of the geiieial tendencies that an cqiLieal eon- 
stiuction may be \aiied in its paits until the utmost ])ossihl(‘ pinfeelioii 
IS leahsed 


An Example of the Practical Analytical Application of 
Formula XXIII 


Befoie dealing with the spheiical reflector, we will gue anothei 
uselul example of the piactical analytical application of Fonniila Will , 
Ol Cuddington’s foimiila for spherical abeiiation 

While we ha\e seen that if we wish to aiiive at <i collect estimate 
of the total abeirations of the second appioximation loi thick leiisi's, 
we must tieat them by the method of elements, still we must not 
lose sight of the fact that foi analytical pniposcs, when idiinmng out 
new combinations of lenses whose thicknesses aic not gieat coni]).ued 
with their focal lengths, we may with appioxiniate acciiiaiy tie<it. sinh 
lenses as wholes, and then, if we desiie gieatci aeciii.u > , tlieck flic 
aberrations by the application of the method of oleineiits 

Foi instance, we may wish to design an object glass foi tideseopes 
with the interioi suifaces of the two lenses of equal hut opposite i.uhi 
of cunatures, so that the two lenses will toueh .ill ovei, and c.ni he 
cemented togethei by Canada balsam Let the ciown glass lens lie 
outermost and have a lefiactive index = /i, = 1 r>, and the flint glass 
haxm a refractive index = 1 G, and let the iiitio of fot.il lengths foi 

down and flmt be 3 5, so'that F^ =4-3, and F, = — H 

Then, since the lays entering the fiist oi ciown glass lens aie 
paiallel, we have aj= — 1 , then te, foi the second lens = F^ = .1 , <ind 
we liav e 


1 + a, 1 

IF'" '^ 3 ’ 


1 + a 2 = and =• h 2 ’ 


^ow we can express for the second oi negatuo lens in toiniH oi 
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foi, as the two contiguous radii of cuivatuie have to be equal and 
will be ot the same sign (as the lenses are ot opposite sign), we have 

^ + ''2 _ 1 “ '1 

2(p,-l)5 2(/ii-l)3’ 

1 + £ 6 , = (1 - < 1 ) 3 ( 1 ) = (1 - i ,)2 = 2 - 2 <i, and r, = 1 - 2 - 1 , 


so that the spheiical abeiiation foi the combination is 


8(3)^ 


,-{7^-10..+ 10} 


- g,5y95{«(l - 2',)‘ + 10 ‘(21)(1 - 87.) + * 08(2i)' 7683 }, 


wliioli we must then equate to 0 , getting 


(27)( 75) 


1711^- IO 11 + loj 


( 125 )( 96 )(®^^ 4 )i + 4 ii “) 

a (10 l)(2^,)(l-2;i) + (5i)(4 08) + 6 83) = 0, 


2b25['^*i^ 101-1 + loj 


(6 - 24ii + 24^l-‘) + (24 266 - 48 532^l) 

+ 22 21 + 6 83) =0, 


345r2_ 493a. i- 493 -(05- 20ii+ 20!)i2 + 2022 - 4044ii 

+ 185+ 057) = 0, 

14511^+ llUi- 001 = 0 , 

ii2+ 765a,i= 007, 

[- 7611 + ( 38_)^ 007 + 145 = 152 , 

38= =t= 152= + 39, 

^^= - 38#= 39= 4 01, or - 77 


Hence the ciown lens, it placed outermost, must be piactically 
equiconvex, oi else have its radii in the latio 177 to 23, oi neaily 
8 1 

It can be shown that if we have the two lenses with piiiicipal 
focal lengths in the latio 1 — 1 875, and the retiactive indices 1 5 
and 1 62 lespectively, then m the same mannei we get the equation 
m fnial toim 

9^^+ 4:86^l= - 025, 

486a;, + ( 343)^= - 025 + 059, 
a;, + 243= =1= V 034= =t= 18, 


/,= - 243=1= 18 , 


How i 2 

pressed m terms of 


Two solutions of the 
equation 


and 



110 


A SYSTEM OF APPLIED OPTICS 


SI Cl 


Limits of focal ratio 
for two lenses to be 
cemented 


Differential of 
with re- 
spect to a 
Differential of 
A'i/^ with re- 
spect to n 


Linear diameter of 
least circle of con 
fusion 
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tlieiefore finally 

0 , 1 = - 063 or- 423 

A veiy slight inciease in the focal latio ovei the above 1 875 1 will 
lendei the equation insohible, the neaiest approach to fieedom tioin 
spherical abeiration being made when i = about — 2 

The latio 19 1 foi the principal focal lengths with the lefiactive 
indices 152 and 1 62 is just about the limit, a highei ratio of focal 
lengths producing undei collected spherical abeiration 

Two often useful foimulse aie the diffeientials ot the spheiical 
aberiation with lespect to the two chaiac ten sties a and which we 
will heie give 

Fust, the diffeiential with lespect to a — 








1 . 4 - 




da 


Second, the diffeiential with lespect to a is 






_ f 2(/4 + 2) 4(/x+l) i 


XXX 


XXXI 


By means of these foriniilao the effect of any contemplated change 
m a 01 / foi any lens is easily asceitained, oi, on the othei hand, the 
value ot ch oi da lequued to effect a given small change in the spheiical 
abeiiation is soon aiiived at 

It will be as well to lepeat heie the ioiniuhi foi the least cucle 
of confusion — that is, the smallest section or ciiculai apoituic thiongh 
which the lays of a pencil subject to spheiical aheiiation will pass 
It IS piacbically the best possible approach to a focus that the pencil 
IS capable ot, and its lineai diametei is woiked out by Coddington on 
page 12 of his woik 

Thus the lineai diameter of the least cncle of confusion is 


av/ .,\ 


XXXIl 


and its angular diametei subtended at the lens centre is thoiefoit 


l(gjjA'), XXXIII 

wheiein a is the semi-apei tui e ot the pencil at the lens, v is the second 
conjugate focal distance and repiesents the spheiical aberia- 

tioii, as a correction to as usual Thus the angular value of the 
least cucle of confusion varies inveisely as the cube of the focal length 
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ly 

when a is constant, and as the cuLe of the apeituie w]ien v is constant 
Foi simple lenses of relatively small apertiue, however, the ciicle of 
confusion consequent upon the differently coloured lays being lefiacted 
to diffeient foci fai exceeds the least circle of confusion consequent 
upon the spherical abeiiation, a matter which we may have occasion 
to lefei to again in Section X, on Achioniatism 


The Aberration of a Spherical Reflector 


We will conclude this Section by working out the formula foi the 
spherical abeiiation for an axial pencil of lays diiectly reflected fioni 
a spheiical reflector, either of concave oi convex foim In this case 
we cannot do better than follow GoddingtonS method as explained on 
page 18 of his woik 

Let Fig 40 lepiesent a divergent pencil impinging on a concave 
mil 101 , and Fig 41a convergent pencil impinging on a convex inirioi 
Let the ladius ? in both cases be consideied intrinsically positive, iii 
which case the distance Q a ov will he positive by the conventions 
laid down on page 7 

Let {/ be the loc<il point by hist appioximation 

Let the ciiculai cuive have its ceiitie at 0, so that 

^ = 0 (t = 0 E 


Then it is deal that the lay Q U oi 11 Q makes an angle (i)ltO 
with the radius or perpendiculai 0 E, which is eipial to the angle 
011(1 made with it by the leflected lay , tlierefoie sin QEO = siii Oli^, 
and we also have sin E02' = &m EOQ, so that we have the stiict 
lelationship 


O Ci 

q irq a 


(32) 


Coddm^ton’s pro> 
cedure followed. 


The fundamental 
equation 


About q as a ceiitie diaw tliiougli II the aic 11 h cutting the axis 
at 1) , about Q as a ceiitie draw tluough 11 the aic Iv e cutting the axis 
at c, and fiom 11 diop l\ d peipondiculai to the a\is, and let 11 d= ij, 
let a the lequned collected focal distance = ?/, and let (v Q' 
the focal distance l)y Inst appioximation = ^ as usual 

Xow ill the above equation (112) the distance 0 q evidently 
= i — £t7’^) it we denote the hnoai alrenatioii (i' q by also, if 
tbe angle liQ'a is not huge, we may say tiuit q E=Q' E — 

But it will bo found that tlie intioductiou of xv^ into both the 

numeiator and denominator of the latio — will not affect the 

q E 

lesult as regards the foimula of the second oidei of appioximation, 
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q 


Formula of the third 
approximation un- 
desirable 


which W6 8.16 proceGcling to work out, and tliGiotoie its intiodiiction is 
only leqimed if a foiiuula of the third oidei, involving 7 /, is wanted 
This was clearly shown in the coiiise of woiking out the abei ration ol 
the third ordei foi a spherical lefiactmg suiface on page 54, wheiein 
the intioduction of the required abeiiation into the inoie exact 
statement of the fundamental equation did not lead to any modification 
of the foimula of the second approximation itself, but only to modifica- 
tions of the toimula of the thud appioxiination Since, howevei, the 
abeiiation of a spherical reflectoi is already much smaller than in the 
case of a lens of the same lelative apeiture, even in the most favoui- 
able case, it is scaicely worth while working out a lounula of the thud 
ordei of appioximation 

Theiefore we may assume that 


(0 ^) = (0 a) -{a Q') = ?~r, 

{q E)-(a 6) = (a Q') + {(^ ^0 ” ^01. 


q E = (a 
Then we have 

then 

Q 


/7/2 



^ 1 

1, and — 


\22; 


/ 2 Vv 7 / 

’ 2 It 

V 2r\v 7 / 



I 

II 

O' 

0 



= (Q 

«) 

1 

il 

'O' 

a d) - {( 

d)] 






u 2uAi nJ 


Theiefore, ou putting the whole equation togethei, we get 

01 

Lui’/i _ y'(l _ iV = ~ ’ i 1 + 

V \ sA® »/j u I 2i/\) H/J 

On dividing both sides by i we then get 

\v ?A ^v\v 1/j \? 7// I 2?/\/ uJ ) ^ 

\v 7/ 2 A 7 ; 7/ 7 U 7// 


Now by filst appioximation 

^2^1 1 l^l^l 

V f U 7 74 ’ V 1 1 
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theiefoie the equation becomes 


1-1 = 1 
V' 1 7 


1 7/n ivi IV ,,112 1 

- 4 + ) , m which - + - = - or 4 , 

U 2 \u 'V/\7 U/ ^ 70 V 7 


theiefoie finally we get 


1 

1 1/: 

1 IV 

= 

-- + -(- 


/ 

u 1 \: 

1 u) 


XXXIV (E ) 


Hence if ti is infinite and the 
a Dei ration becomes ^ simply or , 


impinging lays aie paiallel, the 
whereas in the case of a lens of 


piincipal focus /, of glass of letractive index =15, and of the shape to 
give the minimum possible abeiiation foi paiallel rays (when x would 


rvi) 


So that the 


be +y and a be — 1), the abeiiatioii would be 

reflectoi shows to veiy gieat advantage compaied to a lens of the same 
apeituie and focal length, even when most favourably shaped 

It will be lemembeied that the Foimula XVIII that we ai rived 
at foi the aberiation in the case of a single spherical suiface of radius 
7 was 


iy/1 



Now in the case of reflection it is legitnnate to consider the lefractive 
01 reflective index to be - 1 , that is, the sine of the angle of 
incidence = — 1 (the sine of the angle of leflection) 

If, then, we put yot = — 1 in the above formula for the lefi acting 
suiface, we then get 


_ 2 

2(-r) 



-1 + 1 
u 


r, 


which IS identical with Formula XXXIV This analogy will be 
found in latei yectioiis to apply in all coiiesponding cases between a 
loilecting and a refiactmg smlace of the same radius, so that we have 
only to stipulate = — 1 m oidei to conveit the retiaction formula 
into the coriespoiidiiig leflection formula 


I 


Spherical aberra- 
tion of reflector 
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CENTRAL OBLIQUE REFRACTION OF I'ENCILS THROUGH THIN 
LENSES OR ELEMENTS 

We have uow investigated the spheiical abeiiations to winch a diiect 
pencil oi rays is subject whose cential oi principal ray coincides with 
the optic ANis ot the lens oi lens system, and our next task is to tiace 
out what happens to those pencils of lays which aie refiacted centrally 
but more oi less obliquely Ihiough a thin lens oi element — that is, in 
such manner that the piincipal lay of each pencil tiaveises the ceiitie 
of the lens oi element 

It IS obvious that we heie have to do with a new vanable in the 
shape of the angle (f> loimod by the pimcipal lay of each pencil with 
the optic axis The extended images which it is sought to obtain by 
means ol optical systems such as the telescope, micioscope, and tlie 
photogi.iphic 01 lantern piojection lens, aie always fiat images of 
plane objects In the case of the telescope oi the photogiaphic lens 
when used on distant objects, the oblicpie pencils of lays enteiing 
them consist ol piactically parallel lays, which may be considcied as 
oiiginatiug fiom points in an inhnitely distant plane The imago in 
the case of the telescope has to he presented to the eye in that state 
best adapted to simultaneously distinct vision ovei a cousidoi.ible 
angulai extent of held , that is, the imago piesented to the eye must be 
appi oximately flat This condition of flatness of image applies with 
still gieatei loice to the camera and lantern piojection lens, and <is 
often as not they have to form flat and well-defined images ot stiictly 
plane objects 

Theiefore, thioughout our investigations of oblique pencils wo shall 
treat all such pencils ol lays as diveiging fiom points which he in a 
plane iioimal to the optic axis, oi else as converging to points in a 
plane noimal to the optic axis, and all such planes that pass thiough 
points on the optic axis which aie conjugate to one another, we will 



SECT V 


CENTEAL OBLIQUE EEEEACTION 


115 


call conjugate focal planes We will also assume the existence of 
planes tangent to the veitices of cuivature of any lens, oi, in other 
words, the same element planes which we assumed in the last Section, 
leserving the consideiation of any coirections to oui foimulaj depending 
upon the versmes oi depaituie of the spherical surfaces fioin such 
element planes foi Section XI 

We shall then find that the position of the focus oi mutual crossing 
point foi the two extieme lays of an oblique pencil, as defined by its 
distance fioin the lens centie, measured paiallel to the optic axis, is 
essentially a mattei of the spherical abeiiations which take place at 
each surface of the lens as well as of other collections of a some- 
what different character Let Figs 42 and lepiesent the case of 
oblique refraction of a pencil through the fust suilace of a double 
convex and double concave lens whose optic axis is 1’ p 

Let / be the centie ot cuivatuic, i'^ the veitex ol the surface, and 
?' cq the ladius ot curvatuie, oi shortly i, and let T (J be the 
original plane object, and Q a radiant point in it Let the angle ot 
olihquity P Q bo called and the angle P i' Q be called 6 

Let P a = U, Q and q = * 

Let points and A, maik the limits of the aperture with which we 
are dealing, lockoiied m the eleiiieiit plane Then the two extreme 
rays of oui pencil lying in the plane of the diagram, oi in what we 
term tlic pi loimy plam, will be the two rays from Q which strike the 
element plane at and 7q , but it is clear at the outset that besides 
these extieme rays in the primary plane there are also the two extieme 
rays to be considered which radiate from Q and strike the top and the 
bottom of the aperture, peipendiculaily above and below the jdane ol 
the diagiam, such that the perpendicular loining then points ot 
incidence on the element plane passes thiough the point a,^ Now we 
shall always call the plane of the diagiain, or the jdaiie containing the 
optic axis and the oblique principal lay Q a^, the Primary Plane, 
and the plane peipendiculai to the piiinaiy pilane, but containing the 
oblupie principal lay Q the Secondary Plane These teims 
ooiiespond respectively to what Ooiman optical wiiteis generally teim 
the Meiidional Plane and the Sagittal Plane 

Thus oui two extieme rays Q and Q 7i, lying in the plane 
ot the diagram aie the piiinaiy oi meiidioiuil lays of the oblique 
pencil, while the two extieme rays in the secondary plane are the 
secondary or sagittal rays 


The element planes 
agam assumed 


Notation, etc , ex 
plamed 


Primary and second- 
ary planes defined 
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Investigation of the Focal Point for the Two Extreme 
Rays contained in the Secondary Plane 
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first 


The height from the 
normal ray at which 
refraction takes 
place 


Normal ray defined 


Now, as the focus for the two secondary lays is much more easily 
investigated and located than the focus foi the primaiy rays, we will 
deal with the loimer first 

It IS deal that the distance fiom to eithe'^ of the points wheie 
the two secondaiy rays impinge on the element plane is equal to 
cb^ or that is, to the radius of the circulai apeituie, which 

we will call A Then the distance fioni where the oblique noimal 
ray Q f passing through the centre of cuivatuie cuts the element 
plane, to the point where eithei of the two secondary lays cuts it, 
IS obviously equal to + and this expression then gives 

us the value of or the height of the secondaiy lay, wheie lefi acted, 
from the normal ray Q ^'passing thiough the centie of cuivatuie, which 
lattei IS cleaily the axial ray with lelerence to the pencil uiidei con- 
sideration Here it may be objected that as measured in the 

element plane is mcoiiect, inasmuch as it should be measuied perpen- 
dicular to Q This IS quite tiue, but it will be shown lu 

Section XI that the corrections which have to be added in oidei to 
make up foi this and other analogous departuies fiom stiict truth 
aie coirections of a highei order While the foimuho which wo shall 
arrive at in this Section aie functions of tan^ the foiniulm of 
highei orders are functions of tan"* or of A^ tan" <jf), cind geneially not 
nearly so important in a quantitative sense We have, then, at the 
first surface. 


01 , shortly, 


Vx •= («! 

qjf = Bf + (if we put (^ = B^) 


(la) 


We may then make the dotted line Q f lepiosent one of 
these secondaiy rays, so that is equal to 

Turning now to the lefiactioii at the second surface as shown in 
Ihgs 43 and 43a, let g and f be the same points as in Figs 42 and 
42<x, f being the point to which the rays in the secondaiy i)lanc aie 
couveiging after the Juiht lefi action Let g f be diawn fiom q to the 
second centie of cuivatuie s', cutting the second surface at d ^ and the 
element plane at a. Then with reference to the second sin face and 
the emergent jpencil s' q is the axial oi noimal lay Then oui two 
secondary rays cutting the element plane above and below will be 
letiacted through the suiface at a height from s' q equal to 
sj {a^ , that is. 
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or, shoitly, 

{\h) 

Let lepresent and f one of the two secondary lays 

Let the radius s second conjugate focal distance 

<^2 L' as measured along the axis be V, and let / be 'Z? and / 
be , 

We may then state the values of and y^ as follows — 


Secondary 
Value of 


plane 


= AV + = (U tan 

(2) 

Detailed value of z/^- 


(3) 

Detailed value of 

Q tZ, 01 = U + (U tan J — - appiox , 

2(U + 7 ) 

(4)L 

Value of w in terms 
of U and 7 

-=^-U,(Utan.^)^2(UH-.)' 

m"U" ‘^2(U + r) 

(5)R 

Value of “ in terms 

u 

of IT and 7 


Neglecting abenation 


& » 


and substituting from (5), we get 
u 


h r 


^ + tanV2^) 


(6)R 


Next, as a basis foi converting it { — d^ q^) for the fiist surface 
into v' ( = Cg 2 ') foi the second surface we have the equation, putting 
t tor the axial thickness, 


IX 

Value of 7 m terms 

U 

of IT and 9 without 
aberration 


2{ii - 7 ) 


Pi 


-t={p 


a^) = v'- 


(/ p7 

2{v' + s)’ 


Equation connecting 
h and V 


in which we have supposed a thickness t to exist, which afterwards 
eliminates itself so far as our purposes are concerned Therefore 


wheiein 


(s' y)>.(P (J)>(^)'-(TII»n*^)’, 






1 


therefore 


1 1 25 L 


1 
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and It- iJt' , IJ' m/ttj. j u — r\^f 1 ^ ^ ^ 

+ *^uTT/ {v' + s)h 


Substituting in above the value of | from (6) we get 


Value of ^ excluding ^ „ 


the aberration 


Now to above we must add the spherical aberration due to the 
first surface, taking from (2), so that we then get the complete 




^-7121 1 1 1 ^ 

U+7 v" + s 2 


Value of ^ including 

the aberration of 
first surface 


valte of as follows — 


is - 1 1 ^ I 1 

tr;i r U-» 






Value of ~ including 
V 

aberration of second 
surface 


Turning now to tho refraction at the second surface we have v 
negative as the rays aie conveiging, therefore, including its spheiical 
aberration, we have 


Length V to be re 
duced to the axis 


Then, aftei having got the value of t; ( = ^^2 /)» have to leduce 
that distance to the axis Drop the perpendicular / a/ to the lens 
axis, then evidently 


Reciprocal value - 

% 

when X is measured 
paraUel to axis 


x' ^ “ coirected distance a' 

1 _ 1 I (xtsi.n 
X v'^ 2{x + s) ^ 

in which small correction we can put V for x, and say 

11 1 tan^ (l> 1 1 . ^9! j f /Q\ 

2(V?I) *^2(7 + 4)’ 

which last expression is symmetrical to the other end collection in 
Formula (6) After adding (9) to Formula (8), while substituting 

Foimula ( 7 ) for js therein, we then get the complete formula — 
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1 = (^ - 1 ) (1 + i) 4 + 2(U-Tf) 


= first end coirection, 


V l< u 


F 


= -Bi^ 


n , /*+ 1 

? u 


U tan <!> 


U-^j 






= first suiface spherical aberration, 

■^Jutanq!.’^r(r-^- U 

2V[ ^ U T ? I [ if - ? 2; + sj 2 

= coirection for converting h into v\ 

u-lfl 1|2(1 jU,+ lU/„. , s ,,1 

-“IJ+VJ I 




+ tan^^ 


=* 


= second suiface spheiical abeiiation, 
1 


2(V + Q 

= second end coirection 


(10)R 


/ 


As m general the middle coriectioii ot the above is small relatively 

L 1 1 

U' V’ i 
and since 


to 1, 1 and we may again insert appioximate values ot & and v', 


^ - ^ ^ ~ ~ ^ by fiist appioximation, 

1 educes to ^ — V, 

¥ /x\ ^ u / 

s 1 X ?(U + 0 j 1 * U(//-l)-7 

h - 1 reduces to — ---r — , and — - to - /-w-t ^ 

U(/X- l)-7 if-? ?(u 4 ?) 

also since 

- 01 = reduces to ' 

-V Y s V Y s r + s \Y + s) 

Aftei separating out fiom Foiniula (10) the pioducts of the two 

spherical abeiiations into and also subs titii ting the above \ allies of 

= spherical aberration of all pencils of semi-aperature A, 


Complete formula 



Approximate values 
to be inserted in tbe 
corrections 


Includes the abena 
tion of all pencils of 
semi aperture A 
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Aberration of first 
surface 


Corrections convert 
mg h mto 


Aberration of second 
surface 

The two end correc 
tions 


'-xhvri] 


2/x' 




+ 1 


IT 




\ 


v u(/.-i)-> yr. 

?u / I 


IT+»J I »(U + 0 


^YifuzDsJV 

■ 6) J5 


(11)K 

(12)Ii 


= -Bo' 


s(V + 6) J2 


= tlie two end corrections from (10) 


(U)U 
(14)1? J 


I (K 


The expressions (11), (12), (13), and (14) together constitute what 
we will call the normal cuivatuie errors, as corrections to the iccipiocal 
of the conjugate focal distance of the axial pencil of rays of seini- 
apeiture A 

Complex as these expressions are, they neveitheless simplify down, 
without any fuither compromise, to the simple expression 

tan^ <l> /X + 1 

'“2F 


Includes the aberra 
tion common to all 
pencils of semi aper 
ture A 

The normal 
curvature error in 
secondary plane 


so that our complete foimula becomes 


V 

tan^ 9 /X + 1 


/X H 1 

U 




II (R) 


2F 




III (I?) 


The reader is strongly lecommended to veiify these i(‘duetions loi 
himself 

Thus in III we arrive at the same result as did Ooddington by »i 
considerably dififeient method, m which he neglected the spluuuMil 
aberration of the pencil, as expiessed in II 


The Rays in the Primary Plane 

We will now trace through the lens tlie two lays which aie 
lefracted at the extreme ends of that diainetei of the Ions lying in tho 
plane of the paper — in other words, symmetiical pans ol lays in the 
primary plane 
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Let the two rays Q and Q \ impinge upon the element 
plane at and at equal perpendicular distances = J. (the semi- 
aperture) from the lens axis P (Eigs 44 and 44a) 

Then, coirectly, the distances oi ot these two lays from the 
noimal ray Q / 2 ^ aie lespectively and but foroui 

present puiposes we will assume to be in the element plane, 

and y^ to be \ also in the element plane Then, appioximately, 
if — as before, 

i]^ = (j + ^ tan ^ U^) " 

y^^=(A-itan4>^^J =(A-B^y 


It IS evident that the ray Q meets with moie spherical aberiation 
t.ha.Ti the lay Q so that while the former is lefiacted to /j the 
latter is retracted to on the normal or axial lay Q i' and 
therefore the point q' where they intersect will he slightly to one side 
of the oblique axial ray Q t' 

Let denote the required distance q' Let /j denote the 

distance /j, and let/^ denote the distance d^ 

Draw ^ p' perpendicular to the oblique axis Q i' Then we 
have the equation 

2/1^ = (/ = 

/ 2 

01 

yi(^l " t "df 2 “ ^2(/' 2 ” ^l)/ 1’ 

from which 



But and /, involve y^ and y,^ lespectively, since they are affected 
by the spheiical aberration 

fj M 

Now that part of the expressions foi ^ and j which is common to 

/l /2 

both of them is the term and denoting the spherical aberration by 

10 

the term we then have 


f = X + “i2/i^ and J" = t + 
f-^ to f2 

i = 1 + 2 and t = t + > 

/i is ya /j w M ^ 


The two y’s to be 
estimated m the 
element plane 


Expression for ij-^ 


Expression for 


The fundamental 
equation 
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sEor 


corrected for the 

compounded aberra- 
tion of first surface 


then 

becomes 




1 - ( /i A a =. V> 1 

I ’^\ii + 1/2 Vi + 2/2 


and 




iyx + yi - vi y^‘^v ( ^ ®' 

= A^ + 2AB^ = + 

tTn^ 


Vi^ + Vi- - ViVz = ’ + ^' - tan + (2 tan 4> 

-A^- +(,tan^^) 

winch in skeleton form is equivalent to 


f + {A^+2AB + B^)] 

'/i^ + y^ - yiV2 = \+{A^-'2AB + B^-)\ = A^- + ZB\ 

I -(^3 -5^)J 

anil 

Value of the function 
of yi and 

therefoie 111 full 


Vi + Vi - W/i ■= -^^ + 3 Un2 . 


Value of the com- 
pounded aberration 
of first surface 




1 


a?! 


2(U + 7) 


= C 
+ 




(16)P 


= O/i + - Vi </2) 


Tuining now to the lefraction of the same two lays at the second 
suiface, Figs 45 and 45^^, we have the upper ray Q i\ q altei 
both refiactions cutting the noimal oi axial lay s' q' at the point //, 
while the lowei lay Q q meets with inoie spheiical abeiratioii 

and cuts the oblique axis s' q' at/^' 

Therefoie the two lays intersect oi come to a locus at q" a little 
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to one Ride of s' From diaw p" peipendicular to s' Let 

l-,= , ■■ and 4 - ,v and — = — , Then as in the pievious 

/i dj /a U ^1 ^2 \ 

case, supposing and /i, = Y’^, we have 


Y - a" v" - Y” and ^ 

and, as befoie, 




and 


i = U(Y,^ + Y,^-Y,Y>, 


= ^2 _ 2 AVL 


= 


V / sV \2 

_ <2, As tan + tau^ -J 


I V / \2 

Yi2 , - Y^Ya = | + ^' + 2 Js tan -- + taii^ 

+tan2^(^4y-y, 

sV \2 


Y,2 + Y,2 - Y,Y, = A^ + i tan2 

l = i + <a,{^ 2 + 3 tan 2 <^(^j‘) 


01, more fully, 




corrected for com 

^ 2 

pounded abenation 
of second surface 


Value of the com 
pounded abezration 
of second surface 


Diop 2" X perpendicular trom 2" to the axis s 2 > t^eii, as in the pievious 

id' XV 

case, aj X 01 X = r - and, appioxiinately. 


11 l/ Y^ta nj A 1 1 

X ® Y2V2(V+s)/ V ^2(V 


2(V + s) 


2 (V+s)- 

On summing up all corrections in their order we then get 

1 

. - f.l— -I- eh 

U 


i_ ^ _1 +<ii 

X “ p TT ^ ^ ,V2 


+ tan-^ ^ ^ 


’ 2 (U + 0 

= fiist end coriection, 


Involves - expressed 

?/ 

in terms of TJ and 5 


= ^^+ 3 i>V 



= spherical abei ration of first surface, 


Compounded sphen 
cal aberration of 
first surface 
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Corrections convert 
ing 'll into v' 


Compounded sphen 
cal aberration of 
second surface 

Correction convert 

1 4 . 1 

mg - into ^ 
y V 


Includes the aberra 
tion of all pencils of 
semi aperture A 

Aberration of first 
surface 

Aberration of second 
surface 


Corrections convert- 
ing Ih mto y' 


The two end correc- 
tions 


Includes the aberra- 
tion of all pencils of 
semi aperture A 

The normal 
curvature error in 
primary plane 


+ g(u tan <!> ^ (conveision of it into »') 


= .r- + 


f- 3 tan- 




= spherical abei ration of second suiface, 

= second end correction 

Then aftei selecting out the product ot into the sum of the 

1 

2^ - 7 ’ 


two abeiiations and substituting appioximate values ot 
and as we did in the case of the analogous foimuloe loi lays m 
the secondary plane, we then get 


1 1 1 /X /l+l 






2^- 

yi 

2 fx‘ 


Vs 

Y+tJ I 


%V lU 


^ I^U tan <p 




U(/X- 1 ) - j UV?J I »(U h?) 

V(/x- 

i(V+s) j2 


(18) R 

(19) 1{ 

■(J0)R 

(21)11 


The above expressions (18), (19), (20), and (21) therefore together 
constitute the uoimal curvature eirois to winch the rays in the pmnaiy 
plane are subjected when refiacted centially as well as obliquely by 
the lens Analogously to the last case, all these expiessions simplify 

down to the simple expression complete 

fomula becomes ^ 


1 

X 


1 

U 


- - ff + ( (,- + u) Q + -y ^) + (7 ^ -JO (J + 




tan^< j6 3/>n- 1 


IV (E) 


2F 




V (R) 
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As regal ds the correction foi obliquity we have again ai rived at 
the same lesult as did Coddington, only we have in Formula lY added 
the spherical abeiration which is common to all the pencils, whethei 
direct or oblique We have lecapitulated these processes chiefly in 
ordei to form an introduction to more important results yet to be 
ariived at, also bearing m mind the principle that complex investiga- 
tions of this sort are understood in less time and with less effoit 
when all processes (except perhaps leductions) aie given in full 

The differential process as applied to infinitely nairow oblique 
pencils by Ooddmgton and othei wiiteis, resulting in Foimula^ VI and 
VII , also leads to Foimulae III and V with less tiouhle, it is tiue , 
but the developments dealt with in subsequent Sections of this work 
and the coirections of the thud oidei of Section XT could not be 
derived from them 

If the leader takes the trouble to pursue the same lines of 
reasoning in the case of a negative lens with the entering rays con- 
verging and the emergent rays diverging, oi tlie cases of 


01 


Entering lays converging into a positive lens 
Entoiing lays diveigmg into a negative lens, 


he will again aiiive at the same foimulce, if due regard is paid to the 
conventions already laid down 

The further convention with regard to meniscus lenses must be also 
observed, viz that the radius of the deepei curve shall be considered 
positive and characteristic of the lens and the radius of the shallowei 
cuive negative relatively, so that the spherical aberration corrections 
and curvature errors for the shallower surface will come out negative 
with respect to the same corrections for the deepei surface, and the 
lesult for the whole lens be the algebraic difieience Then the final 
foiinuho emerge ]ust as before 

iX 

As to the expression it will be found to be but another way 
ot expressing the collection, due to thickness, to be applied to the 
reciprocal ^alue of - (by first appioximatioii), and it has no fuithei 

significance in the present investigations 

Having now got the corrections for curvature of image formed by 
pencils travel sing the lens obliquely but centially, 


tan-^ 

■“2F“ 


/X + 1 


and 


tan2<^ 

“iF“ 


3/x -j- 1 


Result IS the same 
as for infinitely thin 
pencil 


The formulae um 
versally true 


jU, 

The term 5“ does 

ir 

not affect the pre 
sent formulae 
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m secondary planes and primary planes respectively, and these being 
small collections lelatively to the values of ^ oi y if the angle of 
obliquity cj) is not moie than a few degrees, theiefoie the linear or 
longitudinal (L ) coriectious are expressed by 


Secondary plane 

tan2<^) 

/X 4- 1 

c — or - 


Xo + 1 
^ in 

secondary planes, 

Lmear value 

and 

2F 


2F 


Primary plane 

tan^ <l> 

3x1+1 
^ or 


3/x + 1 

m primal y planes, 

Lmear value 

2F 


2F 



and we may therefore treat these quantities as the versines of the 
curved images formed by rays in the two pianos, and calling the 
required radii of cuivatuie of the two images E and E' we have 


2E = 


(F tan 

F tan^ <j> fjL+l 

2 /X 


or 


^ _(Y tan <#.)2 ^ 

j tan.'^ ^ jj + \ “ /ih1’ 

' W "7” 




and 


OP' (FUn <j>y 

^ F <!> dfijh 1 

~~ 2"' a ' 


01 


(Vtcinc^y^ 

(j) 3/x + 1 
V " — ” 


U.1 3// 1 1 


2F 


Eadms of curva- 
ture of image, 
secondary plane 

Radius of curva- 
ture of image, 
primary plane 

Curvature of image 
IS approximately 
constant 


theiefore 


E = F 

;li+ 1 

(22) 

C'' 

II 

f23) 


and 


whethei V = F oi whatevei its value may be Thus the cuivatuie ol 
image foi some distance Ironi the optic axis is independent of the 
distance V of the image fioin the lens, and depends solely ui)on F 
and upon the lefiactivc index fx of the glass, and is iiulopeudout ot 
the shape of the lens Supposing /x= 1 5, then the ladii ol ciiiv<ituies 
3 3 

aie lespcctively and ^F 

If we take the dilleience between the E ooirections 


Expression for the we then get 
astigmatism of a 
central obliqtue 
pencil 


Un'^ </> 
2F 


3u I 1 , tan“</> 

and- „ 

ix 


/X 1- 1 


till" c/j/S/x i- 1 /x+ 1\ tan*^ (/) 

2F V “u ;7 7 F 
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as the R coriection expressing the astigmatism at the oblique focus 
lor any degree of obliquity <j> 

The same simple expiession also applies in the case of a spheiical 
reflecting surface Clearly no vaiiations in the lefi active index can 
affect the astigmatism, nor do they in any substantial sense affect the 
cuivatLiie eiiors For, supposing the lefractive index is 1 6 instead 

1 6 

ot 1 5, we then get radii ot ciuvatures of F - =F( 6154) instead of SmaU effect of A/x 

'I r 2 6 upon normal curva- 

F( 6), when ya==15, and F— = F(276) instead of F(2727), when ture errors 

5 o 

/x=15 So that it would lequiie a lefiactive index ol a vei\ 
abnoimal character to much affect the results , loi even if fjb weie cc , 

F 

then F and - would become the ladii of curvatuies But when we 
o 

come to deal with combinations of collective and dispersive lenses, we 
shall find vaiiations in refractive indices of one unit of the fiist 
decimal place of the highest impoitance 

We may heie with advantage compaie oui results with the exact 
formuLe for oblique cential pencils worked out by Coddington, and 
given on page 120 of his work He adopted the course of supposing 
the pencil of rays to be an infinitely naiiow one, and therefore the 
effective aperture and thickness of the lens to be vanishing quantities , 
he then worked out the oblique focal distances by a strictly diffeieiitial 
method, ai living at the formula 

\ f cos l\ Secondary plane 

~ = f u 9 - l](-+-)cos(/> — VI Exact formula for 

V V^cos^ J\i J n thin pencil 

111 the secondary plane, and 



cos <!>' ^ 


1 1 \ cohcj} 

/ sJ 10 


Primary plane 
Exact formula for 
thm pencil 


in the piimaiy plane, in which 

11 IS the oldique distance fiom the ladiant jioint Q to the lens centre 
i) IS the oblique distance fioin the lens centre to the coi responding 
conjugate focal point 
(j> IS the angle ot oblicpnty as before 

(j>' IS the angle of obliquity of the xnincipal lay aftci lefiaction, 
such that sill sin <^' 

1 IS the ladius of the fust surface, and 
s IS the ladius of the second surface 

This foiinula is by its nature accuiate foi all angles of obliquity, 
and Fig 40, Plate X, represents the primary and secondaiy cuives 



HJLCI 


128 


A SYSTEM OE APPLIED OPTICS 


Companson of tlie 
exact curves of image 
•with those of the 
second approxima- 
tion III and V 


Normal curvature 
corrections mvolving 
the aperture of the 
ohhque pencil 


deduced from it when the incident lays aie paiallel oi u is infmile, 
while the two cmves indicated by dots are those obtained by tlu' 
application of Formula III and V as herein woiked out 

The lens is supposed to be located at L in each case The cuive 
for lajs in secondaiy planes is drawn as a full hue, and that foi lays 
in the piimary plane as a closely dotted line 

Fig 46a shows the primary and secondary cuives obtained when 
u (axial value) = - 1, and the two widely dotted curves aio obtained 
from Tormulse III and V 

Fig 47 lepiesents the case when u = when the focal 

distance is double what it is in the case of Fig 4G 

Thus it will be seen that our FormultB III and V lall oil lu 
accuiacy when the angle of obliquity becomes large, but they aie 
exceedingly useful formulae, lending themselves easily to analytical 
piocesses, while the accuiate Formula VI and VII involve the use 
ot trigonometric tables in their application 

It will be shown algebraically in Section XI that the difleienccs 
between the approximate dotted cuives and the accuiate solid cuives 
aie made up of coriections of the higher oideis, involving functions 
of tan^ tan^’ etc We shall also find that when the apeituie of 
the oblique pencil becomes laige enough to show peiceptible spheiical 
abeiration, then among the collections of such Inghei oidcis w(^ find 
collections imolving the square and Ingliei poweis of the ajicitiiKN so 
that the curve tiaced out by the foci ol the two exticino i«i}s ol a 
pencil of laige apeituie will not be exactly ol the same chaiac‘tt‘i as 
the curve traced out by the loci ol two lays iiiluiiUd) close lo the 
piincipal lay This means that the amount of the &])heiical aheuutioii 
of a very oblique pencil of seiiii-apeitiue A will not Ixi the same as 
the spheiical aberiation of the axial pencil ol seun-apeitiiu^ A 

It is, however, obvious that while m any system oi sc])aiated U‘ns(‘s 
Ol elements the piincipal lays of the pencils may exoss tlie axis just 
wheie one lens or element occurs, and thus 1)0 lefiaeted oldKjiKdy hut 
centially through the same, yet such piincipal lays must tiav(‘ise most 
of the lenses eccentrically as well as oblKpiely In tlu‘ n(‘\t S(‘(tion 
we will deal with such cases of eccentric oldnpie re(ia(‘tion , hut beloie 
pioceeding to that it will be as well to deal with a lt‘w veiy usidul 
foimulae in connection with the cmvatuie enois whudi we h<iv{‘ ai lived 
at in the shape of Foimulse III and V , oi 


tan^ 6 


in secondaiy planes, 
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+ tan S/A + 1 


in primary planes 


It IS often very de&iiable to know the etfect of a change in the 
lefractive index upon these cuivature collections 

We will first deal with the case of the curvature being constant, 

that IS, - + - 01 - IS constant, so that i oi - is vaiiable as ll 
s p f p ^ 

^alles 

In secondaiy planes we have 

. I fl - I /A+ll . 

w-v ~~ ! tan*' (i 

^ fX j 

_ taii^ cji pjip-J:) + (p + 1)1 - (p^ - 1) , 


so that if the cuivatuie of tlie lens is constant, then the cuivatuie ot 
image increases with jm 

In primary planes we have 

3/A+ll , 

^ Un^ <i, f- {Zp. + 1)1 - (/X - l)(Zp + 1) 


Secondary plane 
Variation m curva 
ture error due to dpL 

when ^ IS constant 

P 




2p \ u J ^ ' 


Jp \ p / • ' 

and ay am the cuivatme of imaye mci eases with p, 

But ll J IS kept a constant, then we hud in secondary planes that 

tan“ </j p + I ^ t<in^ (ji p - (^ + 1 ) 

'"'•2/ p ~ 2 / p'^ 

_ tan^ 

2 / \ p^r^"’ ^ 

so that foi a constant focal length the higher refiactivo index, imply- 
ing shallowei curves for the lens, yields a flatter image 


Primary plane 
Variation in curva- 
ture error due to dp. 

when - IS constant 


Secondary plane 
Variation m curva- 
ture error due to dp. 

when -- IS constant 
/ 
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Primary plane 
’Vanation in cnxva 
ture error due to 

when 7 IS constant 


In primary planes we have 

tan^ ^ 3/i + 1 _ tan^ 4 > 

~lf ~ jx ~ 2f 

So we get the same diffeiential as m the case of the secondary 
^^^^This we should, of course, expect, since the astigmatism as 


measuied by 

tan^ 3 //>+ 1 _ tan^ ^ J - = constant, 

V p- 1^ ■/ 

whatever may be the value ot fi, and theiefore the changes in cuiva 
tuie consequent upon cZ/i must be identical in the two planes 


The Spherical Reflector 

We have yet to cousidei the case of a splieiical leilectiug suilace 
and Its eflect upon pencils of lays reflected ohhquely hut ccntial } 
Let iV 4'7a Plate X, lepiesent a spheiical reflector of semi-apeitine 
0 E °oi C ’ E, = ^ Let Q Q' be a finitely distant flat obicct pei- 

pendiculai to the axis 0 Q Let 0 be the centie of curvatuie, the 

radius being 0 0 = j 

Primary Plane 

We will deal with lays in the piimaiy plane fust 

Draw a straight line Q' 0 S from Q' thiough the coiitio of 
curvatuie, this theu becomes the theoretical axis of the oblique poiicil, 
so that S E, and S E, aie tho two heights ior the two extiomo lays, 
which heights we will call i/^ and It is cleai that if / is the ulti- 
mate focal point loi rays close to tho obhque axis (i S, then the lay 
Q' E^, aftei reflection, will cut Q' S at a point J^, tho lay 
fioin the upper edge will, after reflection, cut (J' S at/j, and / 
and / / will be the hneai sphencal aberiatioiis propoiLional to 

•II 2 and y and these two lays reflected from the oxticme edges of the 
n^irror wfll cut one another at a point g slightly outside ol the oblique 
normal ray Q' S Diaw g_ perpendiculai to G Q Then, as 

in the case of oblique refraction at a sphencal suiface, we may put 
Q/ g _ y S = “u', and y S = ®, and let the angle of obliquity 
Q'CQ = Then we have the fundamental equation — 

* The uUmate focal pomt f lias been omitted, but should ho sho-wii a little to tho light 
hand of ^2 
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(fi = S) = (/2 

in which, if we put foi S /j, and for S f„, we have p = 
e — /p and p =f^ — % , therefoie 


The fundamental 
equation 


from which 




\=(' h ^ yj \ ^ 
V/i Uhi + y^. 


Value of - deduced 

I 

from above 


But and involve spherical abeiiation conections which aie 
functions of and lespectively That part of the expiessions foi 

j and ~ which aie common to both of them is of couise ~ or 
h J 2 'o f S’ 

then if we put A' foi the aberration function, which, as we have seen 
1/1 1\^ 

in Section IV, is -f ) , then we ha^e 

-it/’ 

7^=J + AVandl=i + AV, 

and Equation (24a) becomes 




-^^1 + ^2 


jih+y^ + ^'iyi+yi) 

= ^ + W + yi - y<pi> 


so that we get finally 




1 9 

N'ow if p = the reciprocal of the principal focal length oi we 


Value of ~ when cor- 

rected for com- 
pounded aberration 


1 _1 1 
/V’ 


^oiQ' Sobyiously = Q 0 oi « + 

1 1 tan2r/> ,111.1 

V = — K} -» = zpi — + tan- 6 r , 

a u 2 (u-t) V P a ^2(u-r) 
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SI 01 


Abbreviated value 

of - 

1 


Expressiou for 


Expression for y^ 


Value of tbe function 
of y-^ and ^2 

Full value of - 

X 

Distance X to be re- 
duced to the axis 




SO that Eq.uation (24 b) becomes 

^2(u - j) 

)/j = ^ ^ (S 0) = -4 + (Q Ci 
y^ = A + {uta.n4>)^^^, 

y, = ^-(S 0 ) 

y^^A-{u tan 


Now 


and similarly 


Theiefoie we have 


Vi + >li - Vi'/i = 


A^ + 2A(v, tan </>)(, j 1 

1 

+ A'^ - 2A{v tan tan® )® 

,1 

''(w - » )® 


-A^ 




/ 7/? 

+ 3 tan-^ » 

i = tan2^Q7-^ -T + + 3 tciii*^ (// ^ ) [ (2 

a. F w ^2 (w-7) [ ^\u i/j 


<•) 


We must next i educe the oblique distance g S oi / to tlie 
axis C Q of the miiioi Fiom q diaw q X peipemhculai to th(‘ 
miiioi axis, so that 0 X, oi X for shoit, hecoiiios tho rc(piiH‘d 

corrected distance It is cleai that X = a; + % ^'’1“'“’* '' 

may he put as its fiist approximate value such that = j|, ~ Tlum we 
have 

X = a; + H tan 6 — > 

[ u - 7 j 2 {} - V) 

and 

X~Z v‘ i( - » I 2(rV) a®’ 
in which we may put 


Value of ^ 
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Vf nJ ’ 


SO that 


1 (1 ly 

^ \ ib-u 2(/ - v)\P 


Value of ^ ampli 


Oil mseiting the pieviously woikecl out value of - from 24c 


we then get 

^ = 4 - - + tan^ (f> + A' + 3 taii^ 

X F it ^2(ii-?) [ 




Value of j. mth all 
corrections 


Now A'A® IS obviously the spheiical abeiiation foi the direct oi 
axial pencil oiigmating fiom Q on the axis and of soini-apeituie a 
(which was y in oui investigation of the diiect spliciical abeiiation in 
Section IV ), and should be kept sepaiate , so that aftei inseiting 

r(r ■ «) (since i and i; = -) 


1 111/1 1\^ 


X“F 

1 3 to* to* .* (S4P) 

Then the last line ot the above simplifies down thus — 

- 3 to" 4, i + to" i, - to" ♦ J 

-to" ] .to" 

1 2 v(w-/) J 

= tan‘^ cji = tan^ </> - = tan^ ^ ^ , 

^ 27 {u - 7 ) ^7 ' F 


Full value of = after 

2tb 

separating out the 
common aberration 


SO that finally we ^et 


X F « »Vi ((A 


• tan‘^ <j() ' 


Includes the aberra- 
tion common to aU 
pencils 

The normal curva- 
ture error in prim- 
ary plane 


Fiom this it appeals that the radius of curvatuie of the image 
formed by rays m primary planes is 



The radius of curva 
ture of the primary 
image 


Expression for 


The spherical aber 
ration of the second 
ary rays 


Full value of ^ after 

separating out the 
common aberration 


Secondary plane 
The normal curva- 
ture error = 0 
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Secondary Plane 

Heie it IS deal that the y is equal to the distance fioin the point S, 
where the lay thiough the centie of ciuvatuie stiikes the plane ol the 
mirroi, obliquely up to the top edge oi the apeituie, peipendiculaily 
above C, so that 

,/ = (S 0)^ + ^2oi = {(Q + + 

so that the spherical ahenation to which the two extieiiie rays in the 
secondary plane aie subject is expiessed by 


while the othei coirections foi i educing the distances concerned to the 
axis aie the same as befoie, so that following the analogy of 
Foimula (24e) we have 


~ = ~ - - + — r + A'|-^2 + tan*^<j!>(-^) j- 
X F I ^\u-u I 


+ 1 (^- 1 )-, (14a) 


!(/-«') 

SO that after insertion of the teim A' in full we get 


1 

_ 1 _ 1 1/1 

---V 

x" 

’ F M 

uJ 








the last line ot which 


= tan- d>~ + tan^ 6 _ - tan^ </> ^ ^ 


1 2 - 5 'I 

^ 2(i4- i) 2? {u - ?)J 


= tan^ ^ ( 7 ■ 

^ I 2?(14->) } 


So that theie is no cuivatuie erroi for rays in secondaiy planes and 
the image is flat 
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Fiom these lesults it follows that the cuivature eiioi tan^(f>i m 

^F 

piimaiy planes lepresents also the astigmatism of oblique pencils, and 
it IS thus seen that it is exactly the same as foi a lens of the same 
principal focal length Foi a lens we have the foimulee foi cuivatuie 
of oblique pencils — 


and 


tan^ 6 11+ I T , 

■ - in secondary planes, 

2 Jt) [M 


tan 2 <f, 3 /X + 1 


in piimaiy planes, 


2F /X 

their diffeience, oi the astigmatism, being tan^^^ 

If in the above two toimulcc we inseit /x= — 1 , we then get 
tan^ <l> -1 + 1 


and 


2F - 1 
tan^ (j> -3 + 1 


2F 


- 1 


: 0 in secondary planes, 


= tan2<^|^ in piimaiy planes, 


Curvature error in 
primary plane and 
astigmatism identi 
cal 


Normal curvature 
errors for lenses 


Kesult of assuming 
refractive index in 
above = - 1 


which agiee with the cuivatuic oiiois which we have aheady woiked out 
This last loi inula, howevei, can be shown to be inexact, foi theie 
aie collections of higher orders, functions of tan^(^, tan^^, etc, but of 
little piactical importance in this case, wherein the spheiical aberrations 
involved aie geneially very small 

The cuivatuie collections for a sj)heiical miiioi as woiked out by 
Coddington by the application of the diffeiential piocess to* infinitely 
naiiow oblique pencils are given on pages 22 to 24 of his work in the 
foim 

cos 6 1 cos d> , 

— ^ ~ p ~ - in primal y planes, 

and 

1 cos 6 1 j , 

~ ^ ^ — in secondary planes, 


(241) 

Exact 

formulae for 


normal 

curvature 


errors 

for spherical 

(24J) 

mirror 



in which forinulco is the oblique distance Q' 0 of oui Fig ila, and 
V IS the oblique distance ( = C 2) of <7, the focus, fiom C, the centre of 
the iniiror suiface These foimuldc aie exact foi infinitely naiiow 
pencils, and piactically accurate fox cases in which the apeiture of the 
minor does not amount to one-tenth pait ol the pi mcipal focal length 

If in the above two formuhe we suppose - to vanish, we then get impinging rays pax 

allel 
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Prmiary image 
then formed on 
spherical surface 


Secondary image 
always flat 


in primary planes -y = F COS <jb Fig 475 shows a spheiical mnioi ot 
principal focal length = C F, and of radius of cuivatuie =2(0 F) 

A pencil of parallel lays whose pimcipal ray is Qj 0 is incident 
upon the minor at an angle Q^CF = (j)^ and of comse reflected off 

F 

at the same angle Let a ciicle of radius - be diawii touching the 

mil 101 centre at C, and the principal focal point oi plane at F Heie, 
then, C is Coddington’s v But in oidei to compare his foimulm 

with those we have worked out we must first reduce liis oblique 
distance 'o to the axis by drawing perpendicular to the axis 

C F Let C = V Then it is clear that 

V = (C cos </> = -y cos (/>, 
and we have seen above that 


= F cos (^, 

therefore 

V =Fcos2<^ 


IS It is clear that the foimula worked out by Coddington difleicntially 
^ implies that the locus of cuivatuie foi the oblique foci ls «i ciicle of 

laduts foi the triangle OFgj is always a iiglit-augled tiiaiiglc having 

Its right angle at q^, so that v oi (J iiivaiiahly = K cos ^ 

18 In secondaiy planes we have by Ooddingtoii’s foimula 



cos 


“ F sec 


which, of course, requires a plane image to satisfy that condition, the 
focus foi secondaiy lays lalliiig at when the focus for primaiy lays 
falls at q^ 


) 


SECTION VI 

EOOENTEIO OBLIQUE REFRACTION' OF PENCILS THROUGH THIN 
LENSES OR ELEMENTS 

In the last Section we have assumed the central oi pniicipal lay The new factor m 
of eveiy oblique pencil to pass tlnougli the ceiitie of the lens oi Produced into the 
element We have now to considei the case wheieiu the point wheie 
the piiiicipal lays cioss the optic axis is leiiiovecl fioni oi the lens 
centie to anothei point on the optic axis, uiulei which condition the 
pnueipal lays of oblique pencils will stiike the element plane at 
distances fiom the lens centie Aj varying in piopoitioii to the tangent 
of the angle of obliquity It is clear, then, that the distance t7fiom 
Aj to the point 0^, where a principal lay oi au ecceutiic oblique 
pencil cuts the element jilaiie, is the new factor winch has to be intro- 
duced into the investigation It will be best to deal with the lays in 
secondary planes first 


Secondary Plane 

In Fig 48, Plate XI , D' I)' is a stop or diaphragm having a circular 
aperture of diaiiietei = 2S, placed axially iii front of a spherical lens 
surface, compelling the principal laya, such as Q 0^, to cross the lens 
avis at G As beloie, P ? ' is the axis of the lens, and Q is the point Notation 
111 ])laue P Q from which the oblique and eccentric pencil of rays 
radiates Let U = P a^, u' = q\ and u = Q d^, being where 
Q 0 ' cuts the element plane, i = radius of curvature, i ' being the centre 
of same, and (/ the point where the two extreme lays m the secondary 
plane come to iociis It is evident that is strictly upon the normal 
ray Q t' projected Let ^ = angle of obliquity Pa^Q, ^ = angle 
Ib'Q, and 1) = distance of diaphragm from the vertex and centie 
of the lens, or fiom the element plane Let the two extieme rays 

Q and Q passing the diaphragm in the primary plane cut 
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The two rays in the 
secondary plane de 
fined 


Value of the two ?/’s 


The eccentricity C 
defined 


Value of the /s m 
detail 
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the element plane at points and Let the cential lay or piiucip<il 
lay of the eccentric oblique pencil, which goes thiough the ceiitic 
of the diaphragm, cut the element plane at 0^ Then 0^ iw 
lineal eccentricity of the pencil, and, as we have seen, is the ne\v 
factoi m the case As befoie, we will leseive the consideiation ot 
the highei collections aiising from the depaituie ot the cuivc honi 
the element plane for a subsequent Section, XI Now the two lays in 
the secondaiy plane, oi the plane peipendiculai to the papoi (.nid 
containing the oblique principal ray Q 0^), whose focus q' we wisli tiO 
locate, are evidently the two lays just grazing the uppei and lovoi 
limits of the apeiture in D' D', and striking the element pLuu' at t\\ o 
points, say and immediately above and below the point Oj , and 
it IS obvious that the square of the distance horn to eilhex ot 
the said points )i\ or vj\ is equal to 

(c, 0,)^ + (0, = (2r)A) 

Now, calling the semi-diametei of the apeituie in tlie diaphragm H 
we have 



which IS the semi-apeituie of the pencil wheie it cuts the clement, 
plane Also have 

Cl Oi = (Oi flSi) + (.(i 6i), 

of which 

0^ = (P Q)^ = U tan c/>^ ^ p, (2 >lO 

which IS our new factor C , and 

a. c, = 7 tan ^ = 7 tan <h = i>\, 
as before , theiefore 

(Ci Oi)^ = (u tan <f> + j tan </> =(0+ , 

and since 

f = { 0 ^ 0,)2 + (0, n\)\ 

theiefore 

f = (tan + tan ^ j', (^r.o) 

and this value foi f must be entered as a coetiieient lu the lonuul.i 
foi the spherical aberiation at the first refi action 


PLATE XI 
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The Refraction at the Second Surface 


Turning now to the letiaction a,t the second suitace (see Fig 49) 
we have the same two rays, n\ r/ and w\ g', converging towards the 
point g' before entering the second surface 

Join g' of our last Fig 48 to s', the centre of cuivatuio of the second 
buiface, cutting the second element plane at Then s' g' is the 
second oblKpie a^is Adopting the same construction as in Fig 48, we 
have the points and w, wheie the two extreme rays in the primary 
plane out the element plane, and the point 0^ where the centre oi 
principal ray cuts the oleiiiont plane Then supposing the upper ray 
in the secoiidaiy plane to strike the element plane at n\, we have, 
as betoie, since the lens is thin, ^ 

( 0 , n\Y = {0, = 


and since 


(0^ 01 = (O3 0^)^ + (0, Ii \)\ 

(fiz "'i)" [('b ^z) ~ ("2 ^ 2 )] ^ ^^2 ’‘' 2 )“ 


Now we may take the eccentricity i\ to be the same as «, O, 
for the hist siritace, for it is the distance fioni the lens axis of the point 
where the principal lay of the pencil cuts the lens, and we aie suppos- 
ing the lens so thin as to admit ol no vaiiatiou 111 0^ as the 

pencil traveises the lens Tlieieloie we may nHsuiiie that 


UI) 

C = 1^2 ^2 ” it'- 1)* 


( 26 a) 


as in the case ot the* hist surface, while <, 01 (analogous to 
of the fiist suilace) is appioMiiiately eijual to 

V tan V-« 


i'z 


f Ul) . , Vs 

a',)^-^taii./iy_ j,-tan</>y_^ 




and this is the coellieieut ot the abeiiatioii at the second loliaction 
Eeveiting to Koiiiiula I , page 1 20, Section V , giving the complete 
statement ot collections applicable to the secondary rays of the central 
oblique pencil, it will e<isily bo seen that the E collection (see formula 

(id)) expiessing the diftoionces between the oblique - and - and the 

axial and ^ le&pectively will apply just the same in our pieseut 


The eccentncity iJ 


Value of the Y’s m 
detail. 


All the corrections 
worked out in Sec- 
tion V also apply to 
prespnt case 
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case of the eccentric oblique pencil Also the expiessioii (12), which 
gives the E collection necessary for coiiveitiiig the ^ of the hist 
letiaction into the \ of the second lefiaction, will equally be lequiied, 

V 

while expressions (11) and (13) foi the two spheiical abeiiations will 
be leplaced by coiiesponding expiessions with those values ol // and 
Y given above in (25c) and (26b) substituted theiein Hence we get 
the following formula, aftei selecting out the joint spheiical abeu<iti()ns 

foi the semi-apertuie which constitute a collection coiumoii to 

all the pencils, whethei axial or otherwise — 


1 1 1 j 

X"F 





(27) 


fiom (25c) 

' + ui V7 + TT/l**” * UVD * * u + . j 

/I ^U(u-l)-y U + W I /(Uh /) 


V(/.-l)-s-)l 
s(Vi-s) I2J 

ftom (2()B) 

UD , , Vi 


A- 1/1 MVI M+IV, , ui) , , Vi Y 

+ **"’*(dV7*v'+,) 


1 


in which formula X = the horizontal distance « , X' 
Then (28) becomes 

;i-l/l , 1 


i)i^G4)(r'^){(u™) 


11/ 


%2 

U-D U + 9 


and (30) becomes '''^17 + 1 ) 

/i-l/l iy/1 A+l\// UP „ UD Vs 

2 /.^ Vs ^vJ[s^ ~v A[v-dJ trrj) V ?7 

Vs 


VV + J j 


tan‘^ (/>, 


(28) 

( 2 <)) 

(30) 

(H) 


(28a) 


(30A) 
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horn which we can again select out fiom ( 28 a) and ( 30 a) the function 
of the two abeiiations 


/x-if/i , ly/i . M + i 
2//,^ IVi ^ 


v )\>^ uhvT + vjb+ vVjvirrD) 


(32) 


so we then get foi the whole foimula, aftei somewhat &imphf\ina down 
Formula (29), 






Ul) JJj 
U-U u + » 






UD Vs 


U-D V+s 


_ZlV) 

Y + s 


/from (28) \ 
\2v :Wna(30)/ 

) jtan^<^J(34) 


(29a) 

(31) 


Befoie simplifying down the above complex foimula it is expedient 
to adopt Coddington’s device which was explained on pages 65 and G 6 

Eecapitulating, we have — since •^ + 57 for the ultimate axial pencils 

1 ,1111 ,'^'^ 

- and - + ^ ^ p, and 


l_L+“ 

U“ 2 F 


(35) 


<ni(l 


Adoption of the 
shape and vergency 
characteristics 'i and 
a 


SO that 

then 


1 ^1 -a 

y- 2F ^ 


1+a 

2F ^ TF ~F' 

1 _ 1+7 

7 ^ 2 {fjL-l)¥ 


(36) 


( 37 ) 
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sror 


Secondary Plane 

Reciprocal of back 
focal distance cor- 
rected for thickness 


Spherical aberration 
for all pencils 


Normal curvature 
error 


Eccentricity correc- 
tion dependent on 
spherical aberration 

Eccentricity correc 
tion dependent on 
coma 

Formulas (39) and I 
apply to all pencils 


Formula (^40) applies 
to all oblique pencils, 
whether central or 
not 


Formula II applies 
only to eccentric 
pencils 


aad 1 _ L"J!_ (38) 

i “2(;u,- 1)F’ 

so that 

1 +^ 1 - a 1 1 

J(/.- 1)F‘"2(;.-1)P 

After substituting the above values ^ above 

Foimulcu (2V), (’2), (3 ]), (34), (29a), and (31), excepting iii those 
expiessioiis involving D, which foi the piesent it is desiiahle to keep 
intact, the above foiniuke simplify down to the following — 






(39) 


I 

liom (J7) 


■ (iltJ' ^ f 2 oin (29 a) and (31) 

tail" <j> f fi- 

1)V- 


2F 

- n)«* + (V + 3)(,. - ly 


/■' uj>u V 

i-lJ\U-J)/ 


■(40) 


ir 

iioiii ( J) 


+ [ 4/ia H - ^ (J! - «)] 






111 (‘>9) and I we have the complete ioimiihe tui the lecipiocal 
of the distance fiom the hack apex a, of the focus of the axial pencil 

U 

whose semi-apeitiue at the element plane is coiiespond- 

ing to Formula XXIII, page 07, foi a pencil of scmx-apeituie = 1 / 
These FoiinuLe (39) and I apply to all pencils, whethex axial, oblupus 
01 eccentiic 

Foimula (40) is the same again as Foimula III, page 120, which 
we hefoie worked out fox the full Ions ajieiture and fox ohlKpxo hut 
cential pencils It is now seen that it applies to all ohlupie ])oncil& 
whetlier central ox eccentiic 

Foimula II is a fuither function of the spheiical aheiratiou oi 
the lens applying oiiJi/ to eccentiic pencils Since the splioncal 
aheriation is almost invaiiably positive 01 of the same sign as the 
power of the lens, this collection is also almost invaiiahly positive 
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We may call II the cliaphiagm coriection oi sto;p m'ledion dependent 
upon the spheiical abeiiation of the lens and the degiee of eccentiicity 
In III we have a luithei collection applying only to eccentric 
pencils It IS a second stop conection due to the piesence of coma 
in the lens or eccentric oblique refi action It is as well, befoie 
enteiing more closely into the natuie of these stop collections II 
and III and then causes, to first investigate the case of the rajs of 
the same eccentric oblique pencils contained in the prnnaiy plane 


Rays of Eccentric Oblique Pencils contained in the Primary Plane 

In this case we may follow much the same lines of constiuction 
as we did in tracing rays in the piiniary planes of cential o])hque 
pencils, Figs 44 and 45 In Figs 50 and bOa let % and be the 
two points wheie the two extieine lays in the piimaiy plane passed by 
the stop D' I)' strike the fiist element iilane of the lens Join the 
ladiant point Q to the centre of ciuvatme, and pioduce it to the 
ultimate focus of the pencil at q Obviously lay meets with 

moie spheiical abeiration than does lay Q and theiefoie inteisects 
the noimal oblique ray Q 7 ' 2 at /i neaiei to the lens than the 

point wheie ray Q inteisects Q <Z 

Let Cl Til = i/i and Wi = ?y , Let 0^^ be the point whei e the 
principal or central ray of the pencil cuts the element plane Let 
apeiture of stop = 2;S' as befoie Let qi^ be the point to be found 
wheie rays Q ni fi and Q Wi intersect one auothei It 
evidently lies somewhat to one side of the oblique axis Q 2 by 
the small distance 2i^^ Pi measured peipendiculai to the lens axis 
P 7 ' Let stand foi the desned distance of fiom the vertex di , 
that IS, Xi = cl I qi Let di fi =/i, and cli Then ])ui&uing 

a process analogous to that puisued in the case of Fig 44, page 121, 
with the difference that in this case the two y's are on the same 
side of the normal ray Q r' q, we have 

from which 

1 ^ Jiixz hU ^ (‘*'2 _ L 

'*'3 ~ Vi) 'fz fi'Vz~yi 

Then adopting the same device as befoie we get 


1 








Formula III applies 
only to eccentric 
pencils 


The fundamental 
equation 



144 


A SYSTEM OE APPLIED OPTICS 


SI ( I 


When the ?/ s are on 
opposite sides of the 
normal ohliqne ray 


When the y s are on 
the same side 


Identity of the final 
results 


t{ 1I2 - Vl) + 


h-Vi 

t-1 

» u 




U [JL 


md , 




(H) 


ii 


Heie it may be remaiked that we now get WiO/i^ + '/ 2 ® + ';i '/j) 
instead of the a)i( 2 /,^ + 2 //-yi 2 / 2 ) we aimed at in Section V. 

dealin.' with central oblique lefraotion (Fig 44) But tine difrereiu.e 
IS simply due to the fact that in Fig 44 we had the two extionu' 
piimaiy rays refracted on opposite sides of the nouual oblupu* luy 
Q so that the two y’s were also on opposite sides, wheie.is m this 
case of Fig 50 we have both the extieme pnniaiy i.iyH loii.icted on 
the same side of the noimal oblique ray Q /, so that the two i/s au“ 
now on the same side This leads to a diffeience iii the statement ol 
oui fundamental equation, for in the earlier case of Fig 44 it was 

but in this case of Fig 50 it is 

fi)=hK‘ 

h n 

But if we put 

C =a^ = tan A = H ~ ^ ^ U 

A = (Oi ni) = (Oi io)i = 'S'y^^. 

we shall then find that 


+ Vi + 2/1^2 (of dO)=A^+ 3(I?i + (7)“ = i 2 / 3 “ - i/j i/z (of Fig I ( ), 

since m Fig 50 

y-^ = A + {B.^+ C) and y^= - A + (/>\ + 0), 
while in Fig 44 we may considei that 

y^=A + {B + C) and y^^A - {B^ + U) 

wherein C = 0 as the lefraction is cential, so that 111 all cases we 
aiiive at the same result when + y/ + 7 ^ 2 / , 01 y 'y ■¥ me 

expiessed in teims of A (the semi-apertuie ot the pencil 111 the element 
plane) and and G 
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= {U tan + , tan 6^ + 5-^^ j + c+jy 

/ and ? tan 0 \ 

and ( ^ TT» 

y-“‘''*u+,v 

ft' . {U to ^ , ton »- S + C - , 
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and 


and 


U-Dl 


Vi — I tan 


I) U + 7 




Dj ’ 


y,!.,= ftan^.^f ™ +JZLV_fs U y-j 
I nU-D U+J \ U-D/ J’ 


Vi+Vi+Viih = 


*iv-U " t^)'* * u'i,)(*lf?B) + («U- l.)'| 

-(-nVj 

( 1 - 1 ) 




y-c^yi-^yxv^ 




„ UD IT, 


(uy-.n ) 


The Refraction at the Second Surface 

At the second lefiaction, illustiated m Ejgs 51 and 51 «, attei 
adopting the same constiuction and putting , , foi the loquiied distance 
ol the loons (//' fioni tlie second vcitex iJ „ loi the distance lioin d, 
0^1 the inleisectiou of lay Q ^\^th the noiinal ohlupic lay 

^ 'Z'/s distance fioni ol the inteiseition of lay (} w, // 

with the same noimal oblique “ray, foi <, and Y, loi ( 

we then have, as lu the cases ol Eigs 44 and 45 ,“ ^ 

f 2 , 


Full value of tl 
function of and ?/ 


( 43 ) 


The fundamenta 
equation 
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Irom which 


I=l + a,,(Y,^ + Y,2-Y,Y,), 


(44) 


as m Ficf 45 , wheiein the two Y’s were, as in Fig 51 , on opposite sides 

of the oblique axis s' ci It is clear that the eccentricity a oi a, 0 

of Fio 51 IS equal to the a, O, of Fig 50 Also A is the same at 
both suifaces , only and are different In this case 

= [(U tan .ji. - s tan f ^ 

= — B^ + =02 Wj, 

Y 22 = ( - (U tan - s tan Y d} 

= I - ((7 - ig) ” ^2 '^ 2 » 

♦(tf ro ■ '^) * * ■ vTl) 

/ UD Y6 V ) / / UI) V<? 

V + Y/-Y:Y2' +tanH(u_D-v— ) -2tan-</>(u_l) y,J| 

"" (^u - d) 

Yi^ + Y - ¥,¥2 = {S u ^ d)" ^ ^{(u^- d) 


- 3 


UD Vs 


(t5) 


>U-I) V + s + (v^+s) }'J 

theieloie the sum ot the compouiuled abeiiatioiis at the two suifucos is 


ohiVi ^ 2^2 + hV'z) 1 + ^ 2 '^ 


= (<->1 ^<"2)(^''(U-D)^" 3tan^/>(J^_^^J }s <oi(0tan2</>-^, j, 

- <«2 [ 6 tan^ </. J + (0i (3 tan^ <l{^ ^ ,) } 

02[3Un^</,(/_^\)) 


+ <l)u 
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We have then to add to the above the two end corrections for 

obliquity (31), and also the coriection (29) oi (29 a) foi converting i 

then after gathering together all eon actions and putting 

^ foi the corrected reciprocal of the final axial or horizontal distance 

<(2 X' of the final focus from the back veitex a, of the lens, we get, 
attei cancelling out in (49) and (50), the following complete formulie — 


X~F U P 




(46) 


(49) 


mi i)(( ^ '^))(^tr?-J («) 

* * mi ^ ^ (I ^ mi ^ («> 

mmmixyi')} 

(r + ^u^) + (t ~ v“)) ^ M 

^^^f(vi\pjtan^<?i(fiom(29A); (51) 

Ku V + s) (52) 

Aftei agam adopting the same device as in the last conesponding 
case of lays in the secondaiy plane, the above complex foimiila leduces 
down to 


I 1 _ 1 
X F U 


1/ i 

. Ol 


4 FI 


+ '(,S' U 

>-UV U-D 


tati“ <)» 3 p. + 1 

2F ~m 

'l> , 

St’ ’/4(/J - 1) l/X ■ 


+ nF^yfy-i) 1 y ^ + -)(/" - 

U- ijVU-D/ J 


(53) 

(54) 
01 
I 


(-.5) 

IV 


Primary Plane 

Reciprocal of back 
focal distance, cor 
rected for thickness 


Spherical aberration 
for all pencils 


Normal curyatiire 
error 


Eccentricity correc 
tion dependent on 
spherical aberration 



Eccentricity correc 
tion dependent on 
coma 


Ratio between tbe 
Eccentricity Correc 
tions in the two 
planes 


Conventions under 
which the formulse 
are universally true 


Collective Lenses 
Rays constituting 
the pencils 


Principal rays 
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3 tan^ f 

■^TF'^(7r^)i 


4/JLa + 




'I DU 
)U-D 


V 


The Foimula (n4) is the spherical abeiiatioii common to all pencils 
ot light passing thiough the stop Foimula (55) is the iioimal cuiva- 
tme°erioi toi all obliciue pencils, cential or eccentiic Foimula IV 
gives the stop conection foi all eccentric oblique pencils due to the 
spheiical abeiiatiou of the lens, while Poiuiula V gives the 
stop conection for the same pencils due to coma iii the lens 
All these aie 11 coirections to be applied to the hist appioximate 

1 1 A 1 ^ 1 

value of as obtained fioin = + pj 

Thus the E collections due to the piesence of the stop, viz IV 
and V, for rays iii piimaiy planes come out just thiee times the 
coi responding stop corrections for lays m secoudaiy planes, viz II 
and III 

The student may with advantage puisue the same processes in the 
case ot positive and negative lenses and meniscus lenses with the 
eiiteiing lays both divergent and convergent, the stop being real, and 
either in front ot or behind the lens, oi else viitual only, adlieiiiig 
always to the following conventions, consistently with those alieady 
laid down on page 10 


CoLliEOTIVK LBNSBS OU MkNISI’I 

Entoiing lays diveigiiig, U is s mtiinsicallj 
„ „ conveigmg, U is - „ 

Enioigoiit lajs oonvoiging, V is s „ 

„ „ dneiging, V is - „ 

Stop in fiontof Ions and leal, oi enteiing principal j)'!,, l nituiisically 
diveigmg ) 

Stop behind lens and viitual, oi enteimg princii>.il lays-^ 

convcigmg J ” 

Stop behind Ions and loal, oi emoigont piincipal i.ijs^ ^ 

convoiging / ” 

Stop 111 front of Ions and virtual, oi omeigent piinupal) _ 
lays divoiging / 

Thus we may write D' for the distance fiom lens to where the 
pimcipal rays cross the optic axis hcfoic ciiteimg the Ions, and I>" im 
the leliacted distance, conjugate to the foimei, between the lens aiul 
the point wheio the principal lays oioss the optic axis nJLn lofiaetaon 
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Dispersive Lenses and Menisci 

Entenng rays converging, U is + intnnsically 

„ „ diveiging, U IS - „ 

Emergent ia3's diveigmg, V is+ „ 

„ „ converging, V is - „ 

Stop behind lens and virtual, oi entenng piincipal laysiT^, 

convciging J D is 4 intrinsically 

Stop m Iront of lens and leal, oi entenng pimcipal rays)^, 

diverging j D is - „ 

Stop in fiont of lens and virtual, or emeigent piincipah^,, 
lays diveiging ]Di^ + 

Stop behind lens and leal, oi emeigent pimcipal lays^^,, 

convciging jJJ is- „ 

Seeing that such pimcipal ia3& aie coiniielled to cioss the axis ot 
tlie lens at the centie of the stop, oi at any image ol such stop, theie- 
foie that centie has to be legaided <is an axial point fiorn which such 
pimcipal lays aie diveiging oi to which they aie converging, and since 
these pimcipal lajs are refi acted by the lens ni precisely the same 
manner as any otliei lays, theiefoie it is univeisally true that D' and 
D", 111 relation to any one lens in any paiticulai case, aie conjugate 
focal distances, such that 

D" ~ F D' 

Tlieiefore we can cany Uoddmg ton’s device one step further and let 
yS stand as the chaiacteristic of the state of diveigeiice or convergence 
of the pimcipal rays with lespect to the lens, so that 

1 + 3 1 , 1-0 1 

" 2 F “D' 'S'F “D" 

0 IS tlius closely analogous to a, and may be called the veigency 
dun attei istic foi the '^minpal Qays Then conveits into 

77 ^— ) since the D we have so far been dealing 

(p - ay U — 1) p — a ° 

with was the front conjugate distance D', lelating to the cnte)%ng 
iniiicipal lays 

Theiefoie Foimula IV becomes 

and Foimula V oecomes, after multiplying by 


Dispersive Lenses 
Rays constituting 
the pencils 


Principal rays 


Introduction of the 
new vergency char- 
acteristic 0 for the 
principal rays 


The spherical 
aberration Eccen- 
tricity Correction 
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or more conveniently 


Tlie comatic Ec- 
centricity Correc- 
tion 


The above two 
corrections com- 
bined 


YII 


_ 3i&nH 1 l(2/, + l)(^ -l)a +(/*+!)*] 

So that these two stop collections may be biacketed together thus 


3 tan- 


- 1 


5_ r + 4(/i + l)aa: + ( 3/1 + 2)(/i - l)a" + - 

2F/i(^-l) {a-liy-U 1 /I 

- 2 |( 2/1 + l)(/i - l)a + (/I ^ (a - j8) J 


VIII 


Abbreviated form 
for the Eccentricity 
Corrections 


We may otten have occasion to wiite this foimiila in the ahhievuited 
form 


Comparison of above 
results with Cod 
dmgton’s formulae 


Foi rays in secondary planes the 3 tan^<^ is replaced by tciir<^ 

Subject to the conventions as to the intiinsic signs of U, V, 1) , 
and D", these foimuhe aie universally true of all lenses, provided then 
axial thicknesses are veiy small Callmg the inevitable cuivatuie eiiois 

tan^ /i±i and which aie incidental to central oblujiu* 

2F [JL 2F fjL 

pencils, the noimal cuivatwe co'^iechom, then Foimula VI e\pi esses 
what is neaily always a plus stop collection due to the ]oint effect ol 
the spherical aberration and the selective action of the stop upon 
eccentric pencils, while Foimula VII expresses what is a voiy v<iii»il)h* 
stop correction, sometimes plus and sometimes minus, due to the joint 
effect of coma, oi eccentiic oblique lefiaction, and the selectue action 
of the stop 

Thus diaphragm oi stop corrections may be dehued bioatlly aR 
corrections applicable to oblique pencils lefiacted cceontuvaU if through 
a lens, causing more o? lesb se'i%ous cUpaitiiub /lom %is nonnat cumtiin*4 
coiiechom It is more convenient to call these diaphragm (*oii(*ctioiis 
eccent'iicity mrections, or ECs lor brevity 

Turning now to the compansoii of these lesults with those woik(*d 
out by Coddington, moie especially in his Proj) 123, p 1 32, it might 
be thought on first inspection that they are quite at vanaiuHi 

In secondary planes he airived at the foimula for an infinitely 
thin pencil refracted eccentrically througli a lens — 


1^11 
l~¥ // 
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■wheiein his 


1 11 I ^ 

j = our U’ tan^<^ , 


while his term V 


/^(/A- 1 ) {a-/ 3)HiM 


+ 2(,. + l)(a - /3)a: + 2(/. + 1)(^ - l)a/3 
+ ,.(/. -1)^2+ 


irTTT A Coddmgton’s For- 
VlllA jnula 


It follows fiom his method that his \Y + in secondary 


planes and 




in primary planes aie inclusive foimulse, 


embracing not only the corrections due to eccentiic lefraction of 
oblique pencils, but also the corrections due to then cential refiaction 
If, however, we take the normal cuivature coirections 


in the foim 


tan^ ^//t+'l 3w.+ l 

~w~{ ~ir' 


tan^ <l> f 

’lF ‘1 




and add them to our corresponding Formula VIII we get 


tan 2 <^ 


U - IK * 1)- * * W. - IV * 

- 2((2/i + 1)(/I - l)a(a - /?) + (/i + l)!s)(a - /3) -y rTTn 




This will be found to reduce exactly to Coddington’s 




Formula Vm con- 
firmed hj Coddmg 
ton’s results 


Hence it is evident that in his formula he got the noimal curvatuie Mixed-up nature of 
corrections, the ECs due to spheiical abeiiation and the ECs due to 
coma all mixed up together m a manner unfoitunately most incon- 
venient for piactical pmposes 

It IS a most curious fact that throughout Coddington’s woik there Coddmgton appar 
IS no allusion to such a well-iecognised thing as “ coma ” , indeed it is unaware o 

doubtlul whethei he could have been awaie of its existence without 
at least attempting to work out a formula for it and its effects On 
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Coma met with in 
every day optical 
practice 


Incongruous nature 
of the two Eccen 
tricity Corrections 


Lixmts to the useful 
position of the stop 


page 159, in the comse of discussing aplanatic combinations of lenses 
in contact, he says “ The next question that offers itself is the advan- 
tage to be derived fiom a combination of lenses when a pencil passes 
through it centiically but obliquely It will, howevei, easily be seen 
that as the effects of obliquity in this case aie totally independent of 
the foim of a single lens, so they cannot be lemoved or dinunished by 
any combination^’ While this statement is quite tine in legaid to 
the normal curvatuie of image, yet the possibility of coma being either 
piesent or absent is entirely oveilooked Every practical optician is 
awaie that some objectives foi telescopes are extiemely sensitive to 
being thrown out of square, while otheis aie not the former show 
strong coma at the foci of even slightly oblique pencils, while the 
latter show little oi none, but only pure astigmatism, while simple 
lenses show the same differences, only there is spherical aberration 
superadded Such objectives without coma give better definitron for a 
considerable angular drstance from the axis than do those whose oblique 
images aie maned by coma or eccentric oblique refraction, although 
the normal curvature of image and astigmatism can be shown to vaiy 
only slightly in different cases We will revert to this subject again 
with greater advantage at the end of Section VIII The phenomenon 
of coma IS not only deeply interesting, but of great practical importance, 
and we will leseive a more thoiougli investigation into its propeities 
foi Section VIII 

Befoie concluding this Section, we may with advantage consul ei 
a question that may already have occurred to the reader with legarcl 
to Formula VIII loi the Eccentricity Corrections 

Since the EOs consequent upon the spheiical abeiiatioii of the 


lens vaiy as and the EOs consequent upon coma in the Ions 

1 ^ /I n2 


vary as 
than does 


and since the value of 


i'j 


inci eases more lapidly 


when the stop is removed faitliei from the lens, 


1 

a — /? 

therefore the plus EOs consequent upon the spherical abeiiatiou must 
lapidly overtake in value the comatic E C s, therefore we should expect 
that there should he a Irmrt to the distance of the stop, beyond winch 
it will be impossible to ol>tain an excess of minus comatic EUs 
or even a neutral balance of minus comatic E C s against plus 
aberration E C s 

111 other woids, if we want to modify the noimal curvatuie of 
images in the direction of flattcmng them, we must take care that our 
stop is not placed too fax from the lens, oi else the plus abeixation 
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E(^s will xneviUbly prevail diul the images be moie curved than 
l)et()ie 

Kow, il wo b<ive ecccuitnc leiiaelioii oi oblique pencils thiougli a 
simpb' thin lens, and we wish to ])ieseive the noimal curvatuie of the 
nnam“^, then we uiiist eiiuate tlic ECs to 0 , that is, we must have 


/LiJ , i(,, + 2)0* - !),*■“ 1- 

“ I jlX — 1 

- J(tt - /i)i(i/* + 1)0^ - l)'t (m I- l)'l =oJ 
'Plus toruiula jiold's tlio lollowiii” qu.Khat.ic* o<|u.vtioii — 

2 <'f ]>>►»* 

1 bV ‘‘ ! 

''u 1 J/' u (-2 J 


vine 


VlIIi) 


Condition for equat- 
ing E C s to 0 


Quadratic equation 
derived from above 


In oidei th.it EOs may be nisi ptfssihli/ chmmated, it is obvious 
that wt‘ must have the iight-luiid Hid(‘ ot the equation oiiual to 0, Iiom 
vvliu'h, since* a is «i known ([luintity, wo may derive the limiting value 
ot 13, and then obtain the iieeess<iry (‘onelativi* v.ilue of / from tlio 
leltrhand sid(* 

In thiH way we may deiive tlie following limiting values foi 
yS <ind / — 

H /X = L T), and a= — I , th<*n 




r 

ioi 


1 ir> 
) 93 


<nid i ~ 


( - 15 

1 01 I 1 70 


When /x=i 6 


II /3 =z +1 If), then the sto]) is SITE in Iiont ot tlie lens 
II /}= — then the stop is at a dibiancc= 405 K helniid 
tin* l(*iis In (‘ithei case* ,f iiKheates the meniscus loim ot collective 
hnis with the eoneavo side l<icing the sto]) 

It /x= 1 <) and a <ig<nn = — 1, then 


fi 


I ( 1 523 
1 01 - 2 757 


<in<l i 


I 225 
1 01 1 1 (>2 


When /x=l 6 


If /i? - + 1 52.1, then the stop is 79K in lioiit ol the lens 
11 = — 2 757, tlien the stop is 53 F hehind the lens 

So that the aliovc* sto]) dist*ni(*(‘S aie the maximum peimissible if 
w(‘ wish to g(*t oui nnag<*H Ilattei than the normal by means of E U s 



A SYSTEM OF APPLIED OPTICS 


SEOl VI 


Hence we cannot expect to obtain a flat final image from such a 
combination as a Cooke portrait oi astro -photogiaphic lens if the 
sepaiations between the simple lenses composing it exceed the limits 
implied in the above Formula VIIId 

It IS often useful to know the effect upon the Ecceiitiicity 
Corrections of a lens (as expressed in Formula VIII of this Section) 
of slight alterations in the value of a, /S, or r, and we will here give 
the differentials of the EC formula with respect to these three 
chaiacteiistics for lays m primary planes 
1st, with respect to a — 




Differential of the 
Eccentricity Correc- 
tions when a vanes 




- 1) /i 


Differential of the 
£ C s when 13 vanes 


a-f3[ 

fiom which we see that the effect ot a change m the divergency of the 
entering ra} s is somewhat complex 
2nd, with respect to 0 — 

j 3 tan" 1 I \ 

■ f ) {a-^y\ jj’’ ^ 

^hich IS necessarily an expression of a much simplei natuie than tin* 
last 

3id, with respect to su — 

, ^tan^ _!_/ A ' _ o/« _ B)C'^ 


Differential of the 
E C s when > vanes 


3 tan^ 4> 

1 I 


^ a. I (r, S) ^ " 1 ,;, YT 


which IS perhaps the most useful of the above three dilieroiitials 



SECTION TII 

ON SYSTEMS OE LENSES AND THE APPLICATION OP THE THEOREM 
OF ELEMENTS TO aiUCK LENSES 

Hume conse(j[UGnces of the gieatesl practical miiioitance follow fioiii 
the vaxious toiinulce ai lived at in the last Section 

Kiist of all, since and ^ ^ icpicseiifc the relatne iioiinal 

cuivatiiie collections ol any sun])le lens, and as these functions stand 
gencially in the latio ol 1 to 2 2, while the Kccentncity Collections 
ni ])iiniaiy })lanes aie always tliiec times the coiiespondin^ ECs in 
secoiidaiy jilanes, it follows that the two noinial curvature eiiois ol 
a simple lens cauiiot jiossihly be simultaneously neutialised hy ECs, 
due to the presence of a sto]) ])laced anywhere on the optic avis II 
the normal cnrvatuie eiiois in piimaiy planes aie neutialised hy 
E(Ja, so that the imayo loiinod by rays in piiinaiy planes is got 
cpiite Hat, 111 winch case 

Tl /N /• 1 \ tail® di 3u. T 1 

E (J s (in pi ])laiio) = — ^ > 

jSr ji 

then ^ will lepreseiit the lenuming cuivatuie 

^ 1 ^ ^ mi 1 4. 4. tan2(/)/2 1\ 

eiroi foi rays iii Hecondaiy iJanes Tins is eciuivalent to ~/’ 

so that the ladnis ol cuivature ol the image formed by lays in 
secondaiy idaiiOH will be 

F 11 when the pinnaiy image is flat XII 

H> s= 1 then = 2{ F 

(h the ECJr (Uicj to .in axial sto]) may he of sneh value that the 
cuivutine ol imago ni pnniaiy and secoutlaiy planes is equalised, 
and Uune is therolore no olih([ue astigmaksiu 

166 


Single Lenses 
Why DLomal ciirva 
ture errors cannot 
be neutralised by 
E C s in both planes 
at once 


Curyatnre of second 
ary imag’e -when 
primary ima^e is 
flat 


Conditions of the 
formation of an an- 
astigmatic image 
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Si Cl 


It put ^ foi the curvature enor of such anastigmatici nuag(N 
then the conditions are such that 






fiom which it IS evident that 


a; = 


tan^ ^ 1 
2F M 


XIlA 


(60) 


Curvature of the SO that the versine of the curve = and the ladius ol cui\utui 

anastigmatic image _ 


ot the anastigmatic image = /iF, or the pimcipal focal length x tln^ 
lefi active mdex 

This condition ot the anastigmatic image is also attained wluni, 
in Coddington’s foimuhe + ^ in secondaiy planes and 

4 - m piimary planes, the value of V is 0 Obviously 

these lesults also apply to two or nioie collective lenses oi two or more 
dispeisi\e lenses on the same axis 


Combined Lenses m Contact 


But by tai the most impoitant piactical coiollaiies follow fioni 
the applications of these foimuLe to combinations of collectne with 
dispeisive lenses, and we will fiist suppose that such lonscH lunc* no 
appieciable axial thicknesses and aie m actual contact 
An important in- Piollem — Is it possible, by any combination of collc'Ctiv(‘ and 
dispeisive lenses, to get the joint iioimal cuivatuie errois in })imnny 
planes just three times the corresponding ciiois in secondary ])lan(‘s, 
and thus be in the light lelation lor being siniultanoously neutialihiMl 
by ECs? 

Let P = pimcipal focal length of the collective lens, and 
N = „ „ „ of dispersive lens, 

yap = refractive index of the glass of the collectives 1 (*uh 

= refractive index, for the same ray, of the glaws of the* 
dispersive lens 

Then, if we write N negative, we must stipulate that 


Condition which 
renders a flat and 
anastigmatic image 
possible 


tan^^ fl 1 1 3/ta+l^ _ rUu2</>|-l i 1 1 /*„ + 1 n 

2 IP N M,: j-T 2' IP "N ij’ 

fiom which 


tan^ (jif I 2 12^ 

2 



1 


- 0 , 


XUI 



vu 


(K)MHINKI) LKNHKS IN CONTACT 
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01 t.ho |)ow(‘is ol Uu* k‘ns(‘*s must ho in dneet latio to the iespecti\o 
ndmd.ivo iu(lui‘s ol tlm t>laHsc\s of which they die ooiuiioscmI, oi then 
]auu’ij)dl io(Ml lt‘n^lhs lie m iiueihe iiitio to the same 

II1US dt <i leHuIt winch m one tonn ol whdt of late ycdis 

luis htM‘n known as the IH/vdl condition Kitty yeans a^o 01 moie it 
was kml <lown h\ fIos(‘))h INdzval that the ladms ol euivatuie ol an 
anastiumatK* mi<i^i‘ close to the optic <i\is, loiined by two 01 moie 
coll(M*ti\t‘ 01 (lisperHive lenM‘«, w<is ^iveu by the lollovvin^ loiimila — 


L 

/ 



i 

A/h 


1 

/‘2/'2 


H etc , 


\IIIA 


in which ) iH the ladius of the aiiasti<>;niatic linage, and that il cue 
leiiH ol a doul)l(‘ conibimition is collective and the othei dispeisive, 
and tin* ptwvms such that 


/i/h /‘/^j 


((> 1 ) 


(which IS the sani(‘ as the* aho\(‘ Koiinnla Mil ), then the ladiiis of 
tui\atiu«‘ ol tin* amisti^miatie iimi^c becomes infinity and the nuaye 
Hat It IS stiaiu;i‘ that no optical wiitcis seem to have come acioss 
Ki^t/NaTs laouf of tins tlu‘oiem, winch up to vcij leccmt ycais has liceu 
lej^urdcd us of mcu‘ly atMuhmnc lutcMest, not callable oi ])iactical loalisa- 
Uon It iH eas) to piov(» that IHyval was (piitu justified in j»ivin^ 
tiu* loimtu lounuhi lor the lecijaocal of the ladins of cuivatuie ol the 
annst.ij^inatie im«i,c»(‘ 

Koi h‘t a tan’ h(‘ the li couch tiou to the unupiocal value of the 
(‘omlniUMl local l(‘iu»th K of two lenses 111 conUut, then, if the Kiial 
nnai^i* is Ikh* hoin astijj,inatisin, K“(a fair (j>) is tli(‘ \(‘isiiu‘ ol such 
anasliL>inatic cuivimI nnaj4(‘ Theudoie we have th(‘ ('([nation 


tan 


IP 




I I 


rn 


I 1 I [ 

N /o, ) 


■] 


.$ t.Ul'* </i 


1 1 1 >,, 1 1 
' >* l‘l> 


1 1‘>, I 1 i 
N I 




wliii li ( oiidilioii lolloWH lioin tlu' la<t that the iiiimavv K(^s(dueto 
the picscmt' ol an <i\ial sto])) u‘([Iuuh 1 loi tlnowing hack the cnived 
inia‘ 4 (‘ lonncd by ((‘iitial ohlujiu' lays lu innmiiy pkiiies on to the 
(Ui\c oi the aiust i^nialn nnai;(‘ «U(‘ always tlnc(‘ time's the se(*on(kii> 
KKs itMpuicd loi tluowino tlu' linage louned h} cential ohliciue lays 
in si'cnnd.uy ])laiu‘s on to tin' same aiuisti^inatu' imai»e Kioui tins 
(‘([uation w(‘ ;4(‘t 

1 1 ^ M 

P/^// N/c, ^ ^^P/V N/c,/ 


The Petzval Theo 
rem 


Confirmation of the 
Petzval Theorem 


Value of the enrva 
ture coirection for 
anastigmatxc image 
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and tlie versine of the cmve of the anastigmatic image 


J-(±- 

2\P/ij) 



(f,3) 


Eeciprocal of the 
radius of the ana 
stigmatic image 


Impossibility of oh 
taming a real an. 
astigmatic image 
without E C s 


Then if > =the lequired radius of cuivatiue, then 


2\PjUj, N/ift/ 


and 


1^1 _ 1 


XIV 


and m this equation, which lepiesents the Petzv.il thooiom, the ineaii- 
mo of XIII IS much extended 

° Although it can be pioved to be absolutely nupossiblo to get a leal 
image fiee from astigmatism from a contact oonibiuatioii ot tliiu loiisos 
without having a stop placed somewhere on the axis to eoiupol the 
oblique pencils to traverse the lenses eceentiically, and thus become 
subject to ECs of the proper amount, yet Petzval made no inoiition 
of such a condition 

For if a pail of lenses fulfils the condition XIII , and coiusequently 
^ = then the simple sum of then lunuial cuvvatiuc ciions, quite 
apait fioni E 0 s, 

= - oTj ^ l>l«mos ((»’0 

^12P fxp 2JN /x„ j 

and 

tan^ ^ ^ ] lu pi mi.u y planes, ((i 1 ) 

^t2f Up 2Jn ii„ I 

and, aftei writing ^ — foi the above foimul.c 


tau"* <f> f ip tmi" ft ii') 

2P ijp 21* //„ 


respectively Hence the radius of cuivatuu' of Iho sceondaiy nnagi' 
= p — ^ and of the pnmary image = 1* ,, . Then, il is the 

'H/'j- /'«) 1* 

powei of the combination when theie is no se^Miatioii between tlu' 
lenses, it follows that 

i = i _ ^ ^ /h' ■ 

F P ft,P P /q, ’ 


1=2 _ Pp 
P F - /!„ 


and P = f''""''" 

l^P 


(ir.) 


fiom which 
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On substituting this value of P in the previous two foimulse foi the 
radii of cuivatures of the two images we get 

Radius of secondary image = ( F . = p simply (66) 

Radius of primary image = | simply (67) 

\ [Ip 3 

It IS inteiesting to obseive, then, that the normal cuivatures of the 
two images yielded by a compound lens fulfilling the condition XIII 
are the same as if the lens weie a simple lens of the same focal length, 
but made of glass having an infinitely high lefi active index 

So that we may legaid the paiticulai case of the Petzval Foimula 
XIIIa being equated to 0, as in Formula XIII, as a device for 
making a lens whose refi active index is viitually infinity, with regaid 
to its infiuence on the compound normal cuivatuie eirois 

Theiefoie it is quite clear from what has pieceded, that EOs 
must peifoim a part in this compound lens, if the two images are to be 
simultaneously thrown back into a plane image That is, eccentric 
oblique refraction is absolutely necessary to the attainment of the 
desired flat and anastigmatic image, in the case of contact combmations 
fulfilling Formula XIII 

It is plain that the Petzval condition XIII demands that if the 
combination is to have a positive focus, the collective lens must, m 
oidei to possess the preponderating power, be made of a glass of higher 
letractive index than that of which the dispersi\e lens is made (so that 
P/t^, = ]N'/z^, or the principal focal lengths are in inverse latio to then 
leiiactive indices), a condition which was impossible to fulfil consistently 
with achromatism until the eia of the new optical glasses was inaugur- 
ated at Jena 

The new dense baiium ciown glasses combining a refractive index 
as high as 1 61 with a dispersive powei as low as foi rays 0 to F, 
and the new crown or veiy light flint glasses ha\ing a refiacti\e index 
of 152 to 1 54 with a dispersive powei as high as weie the ciea- 
tions of the celebrated film of Heiien Schott & Gen, of Jena, who 
thus leiideied it possible to embody the Petzval condition m combina- 
tions of two 01 moie lenses m contact Dr Hugo SchioedePs con- 
centiic lens was apparently the fiist photographic lens in which Petzvahs 

sum was equated to 0 with any degiee of success, but not only 

does the fai too small difteience of refractive indices yet available 
lender it impossible to get much focal power from such combmations, 
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Formula XElI is fol- 
mied 


Above combination 
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Formula to 0 
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but the fact that Sohioedei made it a condition in his concentiic lens 
that the plano-convex collective lens of high lefiactive index should he 
cemented to the plano-concai e dispersive lens ot low refractive index, 
piecluded him fioin the advantage of fieedom fiom spheiical aberration 
A lefeience to Fig 52 lendeis it evident that any lay enteiiiig the 
dispeisive lens parallel to the axis is lefraeted away fiom the axis, so 
that its distance fioin the axis when tiaveising the collective lens is 


Imperfect correction 
agamst spherical 
aberration 


Dr Eudolph’s ana 
stigmat 


Dr Rudolph s and 
Dr Emile von 
Hoegh’s improved 
anastigmat 


Petzval condition 
not quite fulfilled 


gieatei than its distance fiom the axis when traveismg the dispeisive 
lens This vaiiation m would have httle significance if the glass of 
the collective lens weie of lowei lefi active index than that of the 
dispeisive lens, but in the case of this abnoimal pan of glasses the 
vaiiatioii 111 intiodiices an aberration of the thud order which is 
fatal to the elimination of spheiical abeiiation, so that, as a niattei of 
fact, sharp definition, even on the axis, could not be seemed with any 

!F F 

laigei apeituie than about 5,. or m larger-sized lenses Aftei- 

wards Di lludolph of Jena, 111 Geimany, got over this difficulty with 
considerable success by adopting the expedient of opposing two 
cemented combinations A and B, A compiising an abnoimal pan of a 
collective and a dispeisive lens, of which the collective lens had the 
highei lefiactive index, while B was a normal pan in which the 
collective lens had the lower lefractive index 

Combination A was undei collected foi spheiical aheriation, hut 
this defect was couiitei acted by the opposite fault 111 B , also a lough 
aiipioximation to the Petzval condition was seemed by a suitable 
division of the poweis of the lenses lelatively to their lefiactive 
indices In this way much laiger lelative apertuies weie obtained 
Latei Di Budolpb, closely followed by Emile von Hoegh, devised a 
still bettei symnietiical coustiuction for each half of the lens, which 
was made to consist of a double concave dispeisive lens cemented 
between ati inner meniscus collective lens and an outei doulilo 
convex collective lens, the refractive index of the dispeisive lens being 
appioxiiiiately a mean between the high lefiactive index ot the doiihlc 
convex collective lens on the one side and the low lefiactive index of 
the meniscus collective lens on the othei side Ih voii Hocgli s lems 
IS generally known as the Goeiz lens 

In each half lens the so-called Petzval condition. 


11 I 

P il^i> N/id 


(C8) 


was almost hut not quite fulfilled In oidei to fulfil it exactly, eithei 
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the powei of the dispersive lens would have to be increased, or its 
refractive index deci eased, but the exigencies of cemented combinations 
pieclude the simultaneous fulfilment of other conditions, consistently 
with sufficient powei being obtained As the extreme differences of 
refractive indices between the new abnormal pairs of glasses are as 1 6 
to 15, it IS evident that any contact combination of thin lenses 
fulfilling the Petzval condition must have the power of the collective 
lens 01 lenses equal to 16, as against 15 for the power of the dispersive 
lens 01 lenses, the resulting power of the combination being 1 oi 
orilj -j^rth of the power of the collective lens or lenses This is a 
limitation implying the use of very powerful or strongly curved lenses 
in order to gam a comparatively long focused combination, whose 
normal curvature errors in piimary planes are three times the normal 
curvature errors in secondaiy planes, and therefore in the pioper 
relation for being simultaneously neutialised by ECs left in the 
system for that purpose 

The Case of Separated Lenses or Elements 

So far, then, we have considered the application of the formulae 
ai rived at to combinations of very thin lenses in contact We have 
yet to consider their application to eithei thin lenses more or less 
widely separated, or to thick lenses considered either singly or in 
combination Some twelve years ago, in the couise of thinking ovei 
the general results arrived at in the last two Sections, especially m 
relation to the normal curvatuies of image characteristic of simple oi 
achromatic lenses, it suddenly occurred to the authoi that smce the 
noimal curvatures of image due to any lens, whether simple or com- 
pound, aie fixed by its refi active indices and power alone, and aie 
independent of the state of the rays entering the lens, whether con- 
vergent, diveigent, or parallel, then it should follow that the normal 
curvature erroxs of an achromatic and aberration-fiee collective lens 
should be neutralised by the noimal cuivatuie errors of an achromatic 
and aberration-free dispersive lens of the same powei (and made of the 
same glasses) placed at a considerable distance behind the collective 
lens , while the combination would, as a ? esult of the sejpm cUion^ have 
considerable power or yield a positive focus, so long as the rays from 
the collective lens are convergent to a distance behind the dispersive lens 
less than the piincipal focal length of the latter, or moie especially 
when the rays entering the first oi collective lens are parallel But 
such complete neutralisation of normal curvature errors could obviously 

M 
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The j power gained 
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tween collective and 
dispersive lenses is 
an unqualified net 
gain 


not ensue if any E C s were allowed to interfere, theielore both these 
achiomatic and abeiiation-fiee lenses must be fiee from coma oi give 
symmetucal obliC[ue refraction , otheiwise pencils of rays traveising one 
of the lenses centrally, but the other necessarily eccentrically, would 
be subject to E 0 s, and their final foci be either shortened or extended, 
and thus the desired lesult be prevented This idea led to fuithei 
expeiiments and calculations, which we will now deal with 

We must fiist ascertain how the formulae which have been arrived 
at, are to be applied to combinations of thin leases on a common 
axis, but having considerable separations between them In Fig 53 
let represent such a compound collective lens free from coma 
and aberration, of principal focal length =/^, and a compound 
dispersive lens also free from coma and aberration, and made 
of the same glasses, and having the same principal focal length 
( = — /^) Let the rays entering L^ be parallel Then at the distance 

behind L^ is formed the curved image s s due to lays in secondary 
sections of obhque pencils, and the still more curved image p jp due 
to rays in piimaiy sections of the same oblique pencils The dispersive 
lens L^ will project an enlarged image of these to a distance I behind 

it, such that j = 7 -^ where a plane anastigmatic image will be 

foimed Or treating the said plane as an oiigm for the pencils in 
the leveise direction, it is evident that after such direct and oblique 
divergent pencils (such as that from q) have been lefiacted by L^, they 
will then virtually ladiate from points in the curved surfaces, s b in 
secondary planes and ppm primaiy planes, which are exactly 
the same curved images as are yielded by the positive lens L^, so 
that all the pencils will emerge strictly parallel leftwaids liom L^ 
The theorem that the normal curvature eirois of two equal collective 
and dispersive lenses will neutialise one another, even when the 
lenses aie widely separated, is thus almost self-evident when once 
pointed out, but the more general theorem that the curvatiiie eiiois 
and E 0 s of a system of separated lenses are the simple sum of the 
curvature errors and E C s of the individual lenses, and that the powei 
gained hy separation is a net gam and carries with it no cuivature 
conections whatever, requires fiuthei demonstration It might at hist 
be thought that the fact that the centre of each lens of a separated 
system views the same point of the original object or its image undei 
different angles of obliquity, and views the same curvature erior from 
different distances, would lead to unavoidable complications, but this is 
not so 
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In Eig 53 let ^ = the oiiginal angle of obliquity of a central 
or eccentiic pencil impinging on As throughout the foregoing 

processes, the angle is always the angle contained between the optic 
axis and that ray to or fiom the leal or virtual radiant oi focal point 
Q which passes through the centie of the lens The corresponding 
oblique focal point about Q, to which the lays converge after refraction 
by Lj, subtends a new angle 6 at the centre of Let us assume that 
the lineal aberrations of Q' from the focal plane P P P do not exceed 
part of /i, as is the case if the angle ^ does not exceed 14 
degiees Let Si = any E corrections, including normal cuivature eiiois 
and E C s, for the first lens , let = the similar E corrections for 

Lg — in neither case amounting to moie than 10 pei cent of ~ oi - 
respectively 

Then ^ + — - 7- is the leciprocal value of the coirected focal 

4/1 

length of the oblique pencil we aie dealing with, and if the same 
pencil traversed L^ under the same angle of obliquity <^, then the 
coirected reciprocal value of the back focus would be 


supposing for the first lens is foi the moment neglected 

4/1 

But the second lens views Q under the angle 9, and it is 
evident that 


i- 


* (// 2/, 


Also the E coriections for the obhque pencil traveismg L^, 


expressed by 


tan2 <t> 


become (7 ^) — ui increased in inverse proportion to the 

Vi ■“5/ -s/ j 

square of the distance , for generally if v = the hnea') amount of the 
cuivatuie erroi in question (referred to the axis) and is a small 
quantity compaied to fi 01 — s, then 

1 __ 1 V 

and then if fi becomes /i — s, then 
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(f^-s)-v /i-s (/i-s)^’ 
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as 


SO that the E correction from the point of view of is . 
against for the same E coirection from the point of view of , but 

aad moreover ^ is only another way of expressing therefore 

•7-^ ) o ' i — 

A - 2/1 

above 

Next, the E correction to which the same pencil is subjected on 
traversing L 2 under the new angle of obliq[uity 6 is evidently 

t»* which 

Therefore the sum of the E corrections for both lenses from the 
point of view of becomes 


or 


/ Y tan^ ^ / /i Y ta^ 

\f^-s) 2/, V/f-V 2/2 


(70) 


And if this last expression is multiplied by B®, or the back focal 
length squaied, we shall then get the hneai value, reduced to the axis, 
ot the sum of the E corrections of the two lenses As we have seen 


befoie, s=:z— - +:r- and B = so that (70) x becomes 

B /i-s J2 fz + ifi-^) 


{ M fr - ^) 

U+(/i-s) 




Next, m ordei to reduce this to an K correction of the leciprocal 
of the equivalent focal length of the whole combination, we must 
divide (7l) by (EFL)® or the square of the equivalent focal length 
of the whole combination Now the EFL is the axial distance ol 
the back principal point from the final image plane, at whicli point a 
pin-hole would have to be placed in older to throw an image of the 
same dimensions as that yielded by the combined lenses , on which 

supposition the EFL is equal to B - , which 

A “ * 

_ A/ s 

h + (A - «)’ 


( 72 ) 
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ftom Formula X , Section III Therefore (7l) — (EFL)^ 




which 


simply 


2±(Azl)r 

fiU 


tan^ 
2 




(73) 


The same line of reasoning pursued m the case of separated 
combinations of three or more lenses leads to the same important result 
That IS, the E corrections of a series of separated lenses sum up as a 
correction to the reciprocal value of the E F L , and no notice need be 
taken of the successive modifications of tan ^ at each lens We need 
only take the sum of the E corrections appertaining to the several 
lenses and multiply them by (EFL)^ tan^ (j> in order to convert 
them into then lineai value at the final image, taking care to insert 
foi tan (p the tangent of the angle contained between the optic axis 
and a piincipal lay pioceeding fiom any selected point in the original 
object or image to the first principal point of the combination That 
IS, the two piincipal points are the points to which the angles of 
obliquity (j> should be leferred Then it is clear that, if the origmal 
object IS infinitely distant and the lays of pencils parallel, it be- 
comes quite a matter of indifiference whether the angle <j> is referred 
to the outer vertex of the first lens or to the first principal pomt 
Clearly there is no difference in such a case With regard to the 
second conjugate focal distance, it is obvious that tan ^ must also be 
measured from the second principal point 
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The Gam m Power due to Separation 

Now the recipiocal of the E F L , or ^ foi brevity oi the equiva- 

1 f + f — s 

lent poiveo of the combination (73), — , as we have 

^ Jih 

seen above, and this is made up of " two parts, viz 7 ^ oi the 

/i J2 
— s 

simple difference of the powers of the two lenses, and 7 ^, which is the 

'1/2 

gam ol powei due entirely to separation, so that while 7 + 7 may be 

zero if the powers of the two lenses are equal, one collective and the 
other dispersive, yet there remains a considerable surplus powei, repre- 
— ^ 

sented by , m the case of the same two lenses separated 

hh 
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But as we have seen fioin Formula (73) the cuivatuie eriois oi F C s 

appertain solely to therefoie the great gam m powei lepie- 

sented by — ^ is an unqualified net gain and cairies with it no noiiiial 
/1/2 

cuivature aberrations whatsoever 

Supposing we have /i = = - 1, and s = 25, then j-j 25 = 

or the equivalent power of the combination, entirely due to sepaiation> 
IS one-quarter of the power of the collective lens — a veiy consideiabl^ 
amount, especially if we compare it with the case ol two lenses 111 
contact fulfilling the so-called Petzval condition , the collective len‘=> 
being of power 16 and the dispersive lens of powei 15, and tho 
resulting power of the combmation being only 1, or -i^th pait ol the 
power of the collective lens Now it obviously remains peilectly tine, 
that even in the case of a separated pair of a collective and 
dispersive lens such as we have been dealing with, the condition XIII 
must be fulfilled if a fiat final image, free from astigmatism, is to be 

secured , and it still remains true that ^ = - (see XIV ) if that 

condition is not fulfilled but since the radius of curvatuie ? of 
the anastigmatic image is the same whethei the two lenses be in 
contact or separated, it is obvious that the shoitenmg of the EFL. 
due to separation means viitually a flattening ol the anastigmatic 

image, for becomes much greater than if theie weie no sepaia- 

tion Therefore it follows that a depaituie from the so-called Petzval 
condition, which would lead to serious astigmatism 111 the final image* 
of mean flatness thrown by a contact combination, would lead to a 
much less seiious astigmatism m the final image of mean llatnesn 
thrown by the same two lenses when separated For instance, let us 
take two lenses, one collective, of focal length 1 5 and refractive index 
1 5, and the other dispersive, of focal length 1 6 and relractive index 
also 1 5, thus not fulfilling the Petzval condition at all The ladiuB 
of curvature of the anastigmatic image thrown by these two lenses in 
contact is given by 

1 ^ 1 1 111 
7 15(1 5) 16(1 5) 22 5 24 “ 360 ’ 

while 

F 15 16“ 240* 
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so that 1 =(1 5)F Then if the two lenses be sepaiated by a dis- 
tance = 4, we find 


_1 = 15 - 2 _ 6 - 4 _ 15 1 

EFL -16 X ly ^■'■^“ 240“48 


Power when separ- 
ated 


Thus we have ? = 360 as befoie, while the EFL is leduced to 48, so 
that 1 IS now (7 5)F instead of (1 5)F Thus the effect of a 
depaiture fiom the Petzval condition is leduced to a vanishing quantity, 
so that if we constiuct photographic lenses on the pimciple of gaining 
a considerable pioportion oi all of then power by separation, then we 
need no longei be restricted to cairjing out the Petzval condition, ve 
can ignoie it to some extent in favoui of a more general and elastic 
rule, VIZ that the power of the dispeisne lens must be appioxmiately 
equal to the powei of the collective lens, or the sum of the poweis of 
the collective lenses if there aie moie than one 

This is one of the two supplementary pnnciples which undeilie 
the Cooke photogiaphic lenses, and many others which have been 
intioducod since they weie first made public 

And now it will be easily seen that a true anastiginat might have 
been made long befoie the advent of the new Jena glasses Foi 
instance, we will take a crown glass collective lens of refractive index 


= 13, and whose - and a dense flint glass dispersive lens of 

A 1 1 

lefi active index = 1 6 whose being sepaiated b} s = 7 

Heie the Petzval condition is fulfilled, but if the lenses aie in contact 


the power is - and the system is dispersive, but the powei when 

16 13 7 6 1 

hopaiatel by 7 is (TT5')^) = = '^40 

iiiplet foim, like a Cooke lens, a veiy fair lectilmeai aiiastigmat lens 
could be and has been pioduced, but not so good as when the newei 

F 

Jena glasses aie employed The Cooke lens of apertuie known 


ns Senes iff, loi astionomical photography, is practically an ana- 
stigiuat in which tlic lefiactive index of the dispeisive lens is considei- 
ably highei than that of the two collective lenses, and the Petzval 
condition IS veiy coiisideiably depaited from, yet the final image is 
quite flat and shows only a trace of astigmatism within an angle of 
20 degrees 

Before proceeding to the question of thick leases it is desirable to 
aiiive at two more very useful foimulae relating to contact oi sepaiated 
corabmations If the final image yielded by a photographic lens has 
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a little residual astigmatism away from the axis, it yet remains desirable 
to attain an appioximately flat image, and two useful compi onuses 
suggest themselves 

1 The image formed by rays in primaiy planes may be got flat, 
leaving the image foimed by lays in secondaiy pianos still somewhat 
curved concave to the lens In such case what will be the radius of 
curvature (? ) of such secondary image ^ 

It IS evident that the primary ECs which thiow the piiniary 
image back on to the focal plane must be equal to 




1 3/x„ +Jl\ 
2N /X, / 


If i = the power of the collective and ^ that ot the dispeisive lens, the 
simultaneous secondaiy ECs will then be 


tan^ <l>/ 1 ZfjLp +1 1 Sfin + 1\ 

3 \2P fxp 2N /A, I A 

whicli lattei must then be subtracted fioni the noimal cuivatuie 
errois in secondary planes, so that we have 



+ 1 


1 1\ tan^ <^/ 1 3/x^, + 1 1 3/;, I i- 1 \ .v 

2N ihJ 3 \2P' “’2N /i, / ^ ^ 


to expiess the E cuivature coriectiou foi tlie final nmigcs whu^b 
1 educes to 

SO that 


and finally 


(F tan<^)2 
2? 


i=V 1 _ M 

9 3 \P/xp N/x,/ 


XV 


2 Perhaps the best possible compioinise is attained when the 
primary image is as much ovei collected as the secondaiy image is 
nndeicorrected, the focal plane lying midway lietween th(» two curvets, 
the piimary cuive convex to the lens and the secondaiy cuive concave 
to the lens Thus the circles of least confusion are made to fall upon 
the focal plane The formula for the normal curvatuie eiiois of thc‘ 
combination, with respect to ciicles of least confusion, obviously 


= tan2 1 _ .L 

l2P 2N /, 


r 
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^ttd. therefoie the ECs for circles of least confusion, or the mean 
El. Os, must be supposed equal to the above , therefoie it follows that 
^lie ECs in secondary planes will be equal to one-half of the mean 
s and equal to 



fjy 


1 

2 N r 


in primary planes the ECs will be equal to 




2yp + 1 1_ 2/4,, + 1 ) 

/Xp 2N fXn J 


I'Pieiefore the final curvature E correction in secondary planes will be 


tan^ 


12P ,xp 
which reduces to 


f~f 1 fip+1 Ifl -^fXp 

Ll2I - 


i 2l2P 


1 1 2/x„+11 

2N ju,, J 


SO that the versine of the image cuive 


M, 


]. (75) 


eLxxd 


(P tan < 5^>)2 

“27"“' 




l=l(±__Ll 

7 2lP/Xp 'NfJixn} 


XVI 


The three Pormuhe XIV, XV, and XVI give at a glance, as 
it were, the degiee of appioximation to "an anastigmatic local plane 
attainable in any suggested combination ot lenses of hnown poweis 
etTOid lefractive indices, whose combined equivalent local length, if 
separations exist, can also be deiived from Foiniula (72) if only two 
lexises are employed, or from the more complex foimulfe given in 
Section II if there are nioie than two No photogiaplnc lens ot 
sepaiated lenses can be made to give achiomatic and lectiluiear images 
witli less than thiee constituent lenses, and if Pi is the PPL ot the 
jRLx'st collective lens Lj, X the PPL ot the dispersive middle lens L^, 
a.ixd P, the PPL ot the back collective lens L, the separation 
"between L^ and Lg, and the sepaiation between L^ and L^, then 
■tlxe EPL of the combination for paiallel rays is given by the toimula 


/ J; 2. 4- 4- f ^l(^2 ^1^2 1 

\P, N Pg/ I PlNPg i 


XVII 


Tlie fiist pait of the above foimula is the simple sum of the powers. 
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Cases where separa- 
tions lead to loss of 
power 


Hnygenian eye 
pieces 


or the EFL of the three lenses it thm and placed m contact, while 
the latter pait of the foimula gives the fuitliei inclement to power 
due entiiely to the sepaiations 

A Significant Corollary relating to Eye-pieces 

^Ye have just alluded to the increment to powei accruing to < 1 , 
combination of two collective and one dispeisive lens, conseiiueut upon 
separation Eeferiing back to Section III , p 46, we lound that a 
oeitam foui-lens erecting eye-pieee whose lenses weie of loCiil lengths 
1, 1 25, 1 25, and 80, only gave an equivalent focal length ot — 31 
Heie IS a case wheiein the separations have led to a noticoahle 
deciement to power, foi while the sum of the powei s of the four 

lenses is we have -If ' = q\ Theiefoie while the noimnl 

Jo JCi Jd li ol 

curvatuie eiiors will be pioportional to and consequently the 

ladius of ciirvatuie of the anastigmatic image be proportioiitil to 2G, 
}et the EFL is — 31 only That is, the ladius of cuivatiuo ol the 

2 (>\ 

anastigmatic image, if formed, will be smaller (in the latio j than 

the radius of the same image if a simple equivalent lens ot E K L = 31 
were used 

The above eye-piece is a comparatively favour aide case, having 
01 the second sepaiation gieatei than usual, which loads to iiicieiuent 

to power In most cases shortness is aimed at, when the of 

course grows smaller compared to the sum ol the powers ot the foiu 
lenses, and thei^etoie the cuivatuie eriois of the final image aie bound 
to mciease A flat or neatly flat image for lays in pinuaiy planes is 
generally aimed at, and therefoie it will be seen that the loss is the 
power lealised m the combination, the mote lelatively violent will be 
the curvature of the same final image as foimed by lays in sccoud.uy 
planes The shortei is such an eye-piece, the more difficult it hecoiiios 
to attain a satisfactoiily flat field of view 

We also saw that in the case of the Hiiygeiiiaii oyo-pioce wiLli 
lenses of focal lengths 3 and 1, we got 

1 2 1 1 t 

STl-5’ 

Hence the cuivatuie of image will be twice as stiong as that for 
the equivalent lens 
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In the case where the two lenses were of the focal lengths 2 and 


1, then 


1 3 ,, 1 1 3 

EFL "i’ 


and heie again we have the same disadvantage 

In the case of the Ramsden eye-piece of lenses of focal lengths 
1 and 1 and separation 1, the same argument again applies, but as the 
separation is generally about or leading to a gam m powei, the 
consti notion comes out about on a par with an ordinary four-lens erecting 
eye-piece 

The practical conclusion of these arguments is that the ideal eye- 
piece IS one which consists of a single lens, self collected foi spheiical 
and chromatic abei ration by being built up of a dispersive lens, and 
one, or better still, two collective lenses If it consists of a dispeisive 
lens between two collective lenses, then any effective separation 
between die components (in the foim of thickness perhaps) counts foi 
gain in powei and not loss as m the eye- pieces just considered Then 
if the image has to be elected, ciossed doubly reflecting prisms can be 
lesoited to 

The modified form of Kellner eye -piece now so commonly 
employed in prismatic telescopes does not fall far short of this ideal, 
and it must be conceded that the images that it yields are not only 
superior to those yielded by four-lens erectmg eye-pieces m legaid to 
angulai extent and flatness of field and freedom from astigmatism, but 
also as regards freedom from certain other curvature eirois and EOs 
of a higher order which we shall glance at m Section XI 

It will also be seen that the use of a pair of double total leflectmg 
pi isms between the eye-piece and the objective rather helps to flatten 
the image formed by the latter Foi they are equivalent to placing 
a pan of thick plane parallel plates in the path of the pencils of con- 
verging lays whose principal rays radiate from the centre of the 
objective, so that the oblique foci are subject to parallel plate collec- 
tions tending to thiow them back lelatively to the axial focus This 
lelicves the eye-piece of a ceitain amount of eccentiicity collections 
It will, however, be seen that the position of the pi isms relatively to 
the primary image will make no diffeience to their flattening effect 
upon the same 


Bamsden eye piece 


The ideal eye piece 


Erection of the in- 
verted mage by 
reflecting pnsms 

The eyepiece used 
m prismatic tele 
scopes 


The favourable effect 
of the reflecting 
pnsms 


Application of the Theorem of Elements 


Bo fai as we have yet pioceeded, it has been assumed that the 
axial thicknesses of the lenses we have been dealing with have been 


Thicknesses cannot 
always be neglected 
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qiute negligible quantities, very small compared with the ladii oi 
focal lengths of the lenses in question While excessive axial thick- 
nesses in the lenses building up optical systems aie objectionable Toi 
obvious reasons, and as much as possible to be avoided, yet thuAnesses 
far too great to be neglected in our computations aiise in most cases 
Now the foimulse of the oidei tan^ <f> airived at aie in then vmy 
nature and origin moie and moie exact in then lesults in inveisc 
pioportion to the fourth powei of the angles ol obliquity (<!>) dealt 
with , and, if a pencil of rays crossing the axis ol a lens syateni at a 
given diaphragm point is traced through all the othei lenses at a 
small enough degree of obliquity, it may obviously tiaveise all the 
lenses very closely to their centres, even if the lens system is of 
considerable length In Sections II and Til, etc, wc have alieady 
dealt with the theorem of elements as applied to thick lenses, and 

Seme^ts to^ b ^ theorem may be apjdied in the 

applied^ IS 0 e computation of normal curvature eriois and ECs Let Fig 54 

be a double convex lens and Fig 55 a meniscus collective lens, 
Fig 54a a double concave lens and Fig 5Sa a meniscus disjiexMve 
lens 

Eeeapitulating, it is obvious that close to the axis the double 
convex lens may be considered to be built up of two inJimtely 
thin elementary lenses ei and being convex o-plam^, and plano- 
convex, the two enclosing between them a paialli‘l plate ol glass of a 
thickness equal to t, the axial thickness of the lens 

It is not quite so obvious, but neveitheless is demonstrable, that 
any departures from exactness in the formuLc ol this Section, tluii to 
the refraction of the pencils through outei pails of the Icuises whcie 
the thicknesses are widely different to the cential thicknesses, tak(‘ the 
Si,® corrections of the higher orders tan^ (f> and tan" <f>, etc Theses 

higher developments will be dealt with in Section XI 

In the same way the collective meniscus lens may be considoied 
built up of a convexo-plane elementaiy lens and a plano-ooucavc 
elementary lens e^, enclosing between them a pai.illel plate of glass of a 
thickness equal to t, the axial thickness of the lens If r and a are, as 
before,^ the two radn of curvatuies, then the powei ol r, is .simply 

«2 simply + Ol while .r, the 

chaiaeteristic of the shape of each elementaiy lens, is + 1 simply lor 
and —1 simply for Then in assessing the consecutive values u and 
flSj with respect to e^, and and with lespect to or the respective 
axia stances from which or to .which the axial pencils diverge before 
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lefraction, vre must look upon and as two distinct lenses separated 
ky an air-space equal to - 

Also m the case of slightly oblique and eccentric pencils, the prin- 
cipal lays of which cross the optic axis at any known diaphiagm point at 
a known distance D/ or in front of oi behind (according to which 
IS assessed), we can always assess the value of Dg' and with respect 
to consistently with the same supposition, viz that and are two 

separate lenses separated by an aii-space equal to - In this way the 

values of a and /3 lor each element may be airived at in a very simple way 


The Effects of a Parallel Plane Plate upon Obliquely 
Rejfracted Pencils 


We have ne\t to consider whether, besides the influence es^erted 
by the parallel plate on the spheiical aberration of the axial pencil, 
it has any influence upon the coirections of the oblique pencils 
that should be taken into account It is obvious enough that 
if the rays constituting pencils emerge in a condition of parallehsm 
from and consequently traverse the paiallel glass plate m a condition 
of parallelism, then the plate cannot possibly exert any influence upon 
them, and they will emerge from the plate and enter still in a 
parallel condition But if the rays oi pencils are conveiging to oi 
diverging from points at a distance from the plate, not veiy large com- 
pared with then the plate exerts an influence on oblique pencils 
which it is necessary to investigate befoie we are in a position to 
propel ly bring the theorem oi elements into practical application We 
alieady have the complete Formula XXV , Section IV, for the spherical 
abeiiation (to use an expiessioii which is heie rather a misnomer) of a 
direct pencil refracted through a flat parallel plate, but for our present 
purpose we shall first require Formula (15), Section lY , which gives the 
spherical abenation occuning at the fiist flat surface, which formula 
was of the form 


^ = 1 
if, % 




— or - - 
2ir u ^ 


(76) 


No effect uponpencils 
of parallel rays 


Aberration at first 
plane surface 


in which oc is the semi-apeituie of the pencil at the first surface 

We can now bung this foimula into requisition when investigating 
the case of oblique pencils 

Let Fig 56 lepresent the case of a divergent oblique pencil Notation 
Q Let Q = and let jx'a — U Then let Fig be 
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the corresponding case of a convergent oblique pencil, both entering 
into a plane glass suiface In the hrst case and icj should be con- 
sidered positive, and in the second case negative 

Let semi-aperture of pencil oi as beloie Let 

and Aj % = 2 / 2 , and A^ Bi = Hi, and let the angle 
between the principal lay Bj Q and the peipendiculni Aj^ Q be 
called Smce lay Q ni is the most oblique, it therelore meets 
with more aberiation than lay Q and after refiaction cuts the 
perpendicular Q A^ at farther away from the suiface than loi 
the lefracted ray Let qi be the desired point wheie the two 

extreme rays Q ni and Q intersect in the piimaiy plane aftei 
refraction Draw q^ pi at right angles to the axis oi peipoudiculai 

Q -^1 

Then if we put for qi or the corrected value of ii, foi 
/i Ai, and for A^, then 


Tlie fuEdamental 
equation 

from which 


(Aj <h={^i “i) 


H ^ ih - Vi) r ~7- and ' = Mr 


Adopting our device used on formei occasions, let 


then 


Now 


Talue of the com 
potmded aberration 
Primary plane 

and 


Primary plane Ob 
liqnity correction + 
Aberration 


1 1 (0, 9 , 1 1 CD, , 

7- = iy,2andj- = 

h /“W p. pU p 

+ yi + j/iVs) , 


t: 

''' /* Ui-h ^ /* " 

1 _ 1 p^-l 


fjM 

Vx = (^1 - = (m tan X - fti)^ = tan^ X “ tan x t- 

Vi = tan X -t tan® x i- 2«(t tan x t Wj®, 

yx>h = X “ tan® x - (i^ , 

-y^Hi + Hi + yi^s) = tan® X + «i^) , 

r 

3 !( 3 m® tan® x) “ ^ T 

Hj pu 2/u®'‘ 2phi,^ 1’ 

“ = — 1 > 3 tan® Y - „-^„a,® 

u 2/t®« ^ 2/t®M» ® 


( 77 ) 
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In the secondary plane we have 


and 


H tan^ X + ^ 

1=2---. \ (u^ tan^ y + CL^), 


^ = 1 
u 


2/x^ii 


tan^i 


2uV 


(7S) 


Secondary plane 
Obliquity correction 
plus aberration 


Hence, as m the case of eccentricity corrections, the correction foi Ratio between the 
obliquity or the function of is three times as much in the ^ 

primary plane as in the secondary plane 


Second Surface 


We will pursue the investigation in the primaiy plane At second 
suiface of Fig 56 we have the same state of things as is repiesented 
in Fig 56a at the first surface, only that in the lattei figure we must 
imagine the light to be passing from right to left, instead of fiom left 
to light, and undei either supposition the Formula (77) equally applies, 
so that we have 




1 

V 




and theiefore 


1 -lj 1 

- corrected or — = + -mr~ 

V '^2 ^ ^ 


3 tan^ X 


iLlI 

2fj?v^ 


(79) 


Second surface 
Oblique correction 
and aberration 


wlierein 'y = corrected value of A^ of Fig 56 (corresponding to 
Q Ai of Fig 56a), 

and v' = first approximate value of qi Ag of Fig 56 (coiresponding 
to Ai of Fig 56a) 

But in ordei to expiess v and v' foi the second refraction in 
terms of u and ii at the first refi action, we must put io + t foi and 

+ - for v, also it a,, the semi-aperture ot the pencil at the second 

H' ^ 

surface, is to be expressed in teims of Oj, we then have 


ii + t txu-\-t 

^ 9 = “ == — :; 7 " == 

^ ^ h ^ fiu 




■ = a,- 


On inserting the above values of v\ v, and a^ in (79) we then have 


Formtila (79) m terms 
of lb and a 


Addition of the 
formulse for the two 
surfaces 
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li + t 


-3tan^X + 


24 ^ 1 ) " 


%b + - 

-J!i 
u ^ 


1 04. ^ 

+ : rr 3 tan*' x 


H'z^ ^ ^ J 


w + - 2u?\ 


(.+-) vv+J, 


(80) 


To these aberrations at the second lefraction we have yet to add the 
conesponding aberiations due to the first refraction Fust, in order 

to refei the R corrections to - to the new reference point A^, we must 
\ -> ^ \ ^ 

multiply them by 4. 1 ) before adding them in^to 

Equation (80) ^ 

Thus summing up the aberrations at both surfaces we get 




=JL 

t 2 /jl^u V w + -* 
u + - \ fby 


3 tan^x ~ 


2fjL^u^ V + 


t 


(from fiist refiaction, Formula (77)), 


and the sum of these aberiations 

/X^ — 1 fJ? 1 1 


+ -/i' zi_ 3 tan^ V + 

^ ,/ (\ ^ „ J i\ M® 

(from second refraction, Formula (80)), 
3 tan^ X + 


l2^^(«+^) + ^ (« + ^J 1^'^'“ («l-^) 


1 

u 


fA./ 

2 1 
/X-- 1 




1 - 

t 




'll + 


t ) 3 tan^ X ■ 


2ij.h{u+^-^ 

I 




2 a (« + ;^)V“ 




3 tan^ X + 


2ij!^v^(u + 
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sfore finally 






u + ■ 


2/4^ 


/ ^2 

( M + - 
\ /4, 


3 tan® ' 


J‘_ V XVIIlA 

\ u/ 




s we shall find it more convenient to deal with the pencil as an 
rgent one, we may therefore express these corrections in terms of 

Cl ^ CL ^ 

id V Then, since obviously = we ariive at the formula 


1 


(/ 4 -!)(/.+ 1 ) 




^ 3 tan^ X + 


(/X- l)(/x+ 1)- 
- ^ 


XYIII (R ) 


le rays are conveigent and v negative, these corrections become 
tive relatively to v 

In the secondaiy plane tan^^^ replaces 3 tan^x formula can 

pplied, as legards the coriection foi obliquity, to any thicknesses 
nses with which we have to deal, the axial part of the lens being 
losed to be occupied by a parallel glass plate of the same thickness 
lat of the lens, only with this difference We have seen that we 
. take no notice of the modifications in tan^ m a system of 
rated lenses when computing ECs, because the eSects of such 
itions are neutialised by corresponding inveise variations in the 
inces , but in the case of our paiallel plates the nature of the case 
one sense different, the angle x being the angle made between the 
j axis and the pimcipal ray of the oblique pencil entering or 
Ing the plate, whereas the angle <j> is the angle included between 
optic axis and a ray diawn from the oblique image pomt Q to the 
cipal pomt of any lens system 

Theiefore in computing oui parallel plate collections we must 
lys insert the actual angle of obliquity undei which the pimcipal 
of the pencil enters oi leaves the plate, and this angle x niay be 
ideiably different from the original angle <^, which is always 
356(1 in lelation to the fiist pimcipal pomt of the system , but x is 
.y calculated fiom 

Let Fig 57 represent the essentials of Fig 58 — that is, a collective 
Li, a dispersive lens L^, and a collective lens Lg m succession, and 
P be the pomt on the axis where the pimcipal lays of all pencils 
eismg the system aie made to cioss — that is, P is the pupil point, 
le a stop of variable apeituie is placed 

N 


Tlie oblique correc 
tion and aberration 
m terms of and 


Parallel plate 
The obhque cor- 
rection and aber- 
ration m terms of 
V and 


How the angle X is 
to be derived 
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Lpt it be carefully noted that the axial glass thicknesses in this 

diagram (67) aie supposed to be drawn equal to -th of then ical 

amounts, as shown in Pig 58, and also that the refractions, shown 
appaiently as surface lefiactions, aie really the refractions due to the 
passage of the principal lay through the successive infinitely thin 
elements «i, e^, etc, being convexo- plane, plano-convex, 

e concavo-plane, etc The pnncipal ray is traced thiough the system 
as a solid Ime Eveiy refraction of the prmcipal lay at an dement 
plane leads to an apparent shifting of the diaphiagin point P P'oi 
pupil lays first entering the system the apparent diaphiagm point is <it yq, 
and that is what is known as the entrance pupil point of the systoin , 
while the axial point yi/, fiom which the principal lays apparently 
diverge on emerging from the system, is the exit pupil point of the lens 
Poi the front pupil or diaphragm point, oi the point to which 
the principal rays are converging lefme entering, is yq, and the 
corresponding diaphragm point to which the prmcipal lay coiiveiges 
aftei refraction by is yi/, that is, and yi/ aic conjug.ito loci with 
respect to the element We will denote the dishince fj yq hy 
Di', and the distance fij y?/ by D/', so that D/ and D," aie conjugate 
focal distances Either of these distances D/ oi D/' dotoiinincs the 
characteristic quantity /3, for the element and we can cither write 

2/, 2/, IV 

(wherein stands for the piincipal focal lengtli ol and ho detei- 
mine For the front diaphragm point is Pi oi and the ba( k 
diaphragm point is or p^ Distance p^ — l and (\^ p,' = l)!\ 

either giving and so on 

As it IS scarcely possible to exhibit clearly all the vauoim 
lefiactions to which the piincipal ray is subject m Fig 57, unlesH it 
were on a much larger scale, therefore the minor lefractioiiH exerted by 
and are not represented therein 

Now it IS evident that if is the hist angle between tb() 
incident prmcipal ray and the axis beloie icfiactioii by then 
repiesentmg the angle between the principal lay and the axis aj/a 
rehaction by will also he the requiied angle ol eithoi iuciden(*e oi 
emergence under which the prmcipal lay eiiteis or leaves the paralhd 
glass plate of thickness ti, and it will be grcatoi than 'sjr, since is 
collective If the lens had been drawn in its actual tluckne‘'H, 
it is evident that the principal ray would have had to be sliowu 
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'Ll tiVBi Sill it £it fi suifxllcr txn^lc — or ths dangle of oblic[uity’ in tli6 The expression of 

%nfv)ior ol tlio ^l<iss pl<ite But by considering and not as mere 
suilaccs, Imt as (’ompletc though mfimtely thin lenses, and also sub- 
stituting an ail -space equal to ^ in place of then becomes the 

Ah 

angle ol mcidencG oi eiueigence into and out of the first glass plate, 
whu'h IK what wo leally waut Moieovei, all the diaphragm distances 
I)/, 1)/, and I)/', T)j", etc, etc, ioi the principal rays, and the image 
(hstancoH w,, and Vi and etc, etc, loi lays constituting the pencils, 
all conic out to their pioper values liy means of this simple device 
ITow it IS evident tliat 


1) ' D 'D ^ D 'D 'D ' 

tan = t.in ^ tan ■= tan ^ I tan i//, = t&n^p^ V/D*"’ 

^ , n,T)/D,,T); ^ , d;d;d;d/d,' 

t.in - tan xp i'r, - t.m xp 

and (inall> 


lUwv in applying the oblique collection of Formula XVIII (It) the 

D ' 

ougiual tan ^Jr must be multiplied by the cot responding lactoi or 
1) 'D 'D ' 

. ‘ as the (Mso may be It is cleai that it the rays of pencils 

ent/(‘iing Lj aie pamllel as il coming horn an infinitely distant object, 
tluMi angle yfr is the same as 

All tlu^so diaphiagm stop oi pupil distances have, in the fii&t place, 
to be woikial out iii any given lens system, as a necessary step to 
d(‘uving the chaiac tenstics /3,, ^8^, etc, for each element 


The Transference of the Parallel Plate Corrections to the 

Final Focus 

P)Ut VV(‘ h<i\(‘ yet to cany those paiallel plate collections through 

to Uu‘ linal locms and conveit them into collections to 

systma Hclcning to Koimula XVIII we have two coirections to 
I lie nanjnocal vahu^ of the perpendiculai distance v from the second 
plate Huilaca* ol the ])oint fiom which oi to which the pencil diveiges 
Ol eonv(‘iges The second Ibimulais a function of the aperture of the 
])(Muul, and is of tlu» same natiue «as spherical aberration, and we have 



Parallel plate 
Linear value of 
oblique correc- 
tion 


The obhque plate 
corrections all of 
same signultimately 
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already dealt vith it m Section IV It applies to all pencils, 
whether axial or obhque, and may for oui present puiposes he lelt out 

of consideration, leaving us only the oblique collection to - expressed 
as 




3 X 


(81) 


For our purposes we must now convert tins into a coriectioii to the 
linear value of 'o by multiplying it by - and then we get 


1 

2/^2 


^ 3 tau^ 


X 


XIX (L ) 


This is the absolute linear value of the oblique collection (liu‘ to a 
parallel plate of thickness It is thus seen to be independent ol 
the amount of u or of 'W, and is merely a function of the thickness, 
angle of obliquity <j), and refractive index ji Eefeiimg to Fig 57, 
it will be readily seen that after we have got the Imeai ohlKiue 
coirection due to passage through the parallel plate fioiu Foi inula 

XIX (L ), we can then expiess it as a collection to ^ by multiplying it 
/ 1 \ 2 ^-2 
by ^ we transform it back again to its lineai value at the con- 
jugate focal distance by multiplying by so that the liiieai 
correction to after refiaction through e, is expiessed by 



- 3 tan^ 



(82) 


It must be borne m mind that all parallel plate corrections, 
reduced to Imeai value, are essentially of positive value with ies])cct 
to the final focal distance of a collective system, theie is, tlieicloie, 
no question of signs to trouble us They all take the form of liiieai 
transferences of oblique foci fiom left to light, or in the direction in 
which the light tiavels through the system For the same leasons 
these corrections consideied as lecipiocal collections, as in Foimula (8 1 ), 
are all of negative import with respect to the final ioc<il powei, il the 
lattei IS positive , and since their value m the pninaiy plane is tlir(*e 
tunes their value in the secondaiy plane, they amount lor all j>iactical 
puiposes to the same thmg as minus eccentricity coriections 

Having now got Formula (82) expiessing tlie linear coriectiou to 

we then express it as a correction to ~ by multiplying by and 

3 { 
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then reduce to its value as a linear correction to by multiplying by 
when we get 


JT-gr- 




^ - 3 tan2 -2^ 


(83) 


and so on, until aftei refraction through we get, as the linear 
coirection to the oblique final conjugate focal distance ^g, the amount 


2 / x ^ Im\u^u^u^u^Uq/ 


(84) 


Then to convert this into a correction to the leciprocal of the equivalent 

focal length of the combination we must multiply (84) by ( ^ ) 

/D 'n 2 NiLr L / 

Also tan^ = tan^ i/ti = tan^a/r(^^„j , as we have seen before After 

inserting these values we theiefore get, for the case before us, 



/^i 


' W4Vcy3 tan2 



(85) R 


Fjjst oblique plate 
correction trans 
ferred to final focus 


In the same way the final oblique plate correction due to the 
second parallel plate of thickness is expressed as 


'W 




Second oblique plate 
correction trans 
ferred to final focus 


and, finally, the third glass plate of thickness gives us 




‘3, 

/*3 




Third oblique plate 
correction trans 
ferred to final focus 


As the quantities and and ^6 and v have always to be 
worked out for each element at the outset foi the purpose of arriving 
at the characteiistics a and /3 for each element, the application of the 
above formulae entails very little extra work Theie is another way 
of woiking m these parallel plate corrections, but the above method 
IS the simplest and most straightfoiwaid 

Having now explained the nature of the method of calculating the 
1101 mal curvature errors and eccentricity coriections, etc , of any optical 
system, so as to define the state of the final image with regard to flat- 
ness, curvature, or astigmatism, we will conclude with three series of 
carefully checked calculations as applied to three different optical 
constructions of which the curves, thicknesses, separations, and refractive 
indices weie all known with reasonable accuracy, and whose final 
images were also carefully obseived and accurately measured 
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Refractive indices 


Radii of surfaces 

Thicknesses and 
equivalent air 
spaces 

Separations 


Powers of the six 
elements 


Values of w, a, 
and 2 , for the sue 
cessive elements 


Instances of the Practical Apphcation of the Formulae of this 
Section to actual Lens Constructions 

1st A Series le Cooke Lens foi Stellai Photogiaphy ot 6 5 inches 
aperture and 43 05 inches measured equivalent focal length (Fig 58) 
As the foci for the D ray lend themselves best to visual measuieiuoiit, 
•we will take the heads of the calculations foi that ray — 


Li 

;«^ = 1 6180 
Radu 

+10 64 
^2= + 72 45 

<,= 83 -^1=647 

h. 


^2 

1 6036 

Rndn 
73= -1454 
- 10 35 

<,= 325 -2= 203 

ft 


1^1 

yx„=l 5180 

Radii 
+67 35 
»,= +13 

< = 75 ’''=404 

•* /^i 


Axial air-space A^ = 4 39, and A^ = 6 85 

Diaphragm or pupil point where pimcipal lays cioss the axis is 
taken as being 40 mches behind vertex of fouith siiil.ico 
The powers of the six elements aie theiefore 


1 ^ 618 ^ 1 
10 64 20 54 

l_ 6035 1 

4~10 35 17 15 


1_ 518 1 

72"" 72 45 139 865 

1 _ 518 ^ 1 

f^~67S5 130 019 


1 6035 1 

/j“ 14 54'^ 24 092 

1 518 1 

/„■ ’13" "25 096 


The first entering rays are supposed to bo parallel and iq = 
starting from which we get the following data foi the six succohsivo 
elements (each element being styled by E,)— - 


1 _ 1 
A "20 54 


El 

iq = = fiom which a, 1 

+ 20 54 (convergent and plus) asj- ^ 1 


1 _ 1 
A “139 865 


1 

A "24 092 


E2 

ft = 20 54 - 547 = - 19 993 (convoigont and minus) 

ft = + 17 492 (conveigent and plus) horn which Uj = - 1 1 992 

ft - I 

E3 

W3 = 17 492 - 4 39 = +13102 (convergent and pins) 

v^ - - 28 723 (convergent and minus) aj= + 2 677 

t 1 
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1^_ 1 
A" 17 15 


1 


E4 

u^ = 28 723 - 203 = + 28 52 (conveigent and plus) 
43 018 (divergent and plus) 

E. 


= + 203 
a,= -1 


1 


u 130 019 


1 

/c"25 096 


= 43 018 + 6 85 = 49 868 (dim gent and plus) 


= 80 895 (divergent and minus) 




a,= +4 214 

^5= T 1 


Uq = 80 895 -I 494 = 81 389 (divergent and plus) 

v^^= + 36 285 (conveigent and plus and = hack focal length) 


- 383 

- I 


We have now to assess the value of j8 for each element Staiting 
lioiu the pupil point oi the inleicrossing point of the pimcipal rays 
placed at 40 inch behind the fouith element, we have 


foi 


i)/= 

- 40 behind, and 

, D/= + 391 (conjugate to ! 

W) 








184 = 

+ 86 75 

foi 

El 

D/' = 

-(391 h 203) = 

- 594, and D/ 

= + 58 

^8 ” 

+ 82 12 

foi 

Ei 

IV = 

58 + 4 39 

+ 4 97, and D^' 

= - 5 153 

^ 3 = 

- 55 284 

foi 

El 

Di" = 

6 153 + 547 = 

+ 5 70, and D/ 

= - 7 89 

^ 1 = 

-6 207 

foi 

Er. 

!),' = 

6 85 - 40 

+ 6 45, and D/ 

= - 6 786 


+ 39 316 

for 

Eg 

!>:'= 

6 786 + 494 = 

+ 7 28, and D/ 

= - 10 25 


f 5 894 


Then the E 0 s in secondary planes, as 

ascei tamed 

fiom 

Formula 


VIII, Section VI (substituting tan^<j5 for 3 tan^ <^), may be expiessed 


shoitly as 

tan“ 1 I" . , o\n' \ 

and cuine out as follows — 

toi K, E C s - + 00276 tan^ <j> 

foi E, „ = I 0102389 „ 

( These two being dispersive elements, the 
foi Ej „ = I 0053134 „ signs of the ECshave to he reversed 

foi Ej „ - - 0014101 „ before summing up 

foi E, „ = I- 0036181 „ 

foi Efl „ = - 0152812 „ 

E C s for Eg and Eg = - 020594 tan^ ^ 

E C s foi El, Eg, E*, and Eg = ^ 018027 „ 

Total for system - 002567 tan^ 


Values of B', D", aud 
/3 for the successive 
elements 


Eccentricity Correc- 
tions 


Total of above, 
secondary plane 
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Total normal curva- 
ture errors, second 
ary plane 


Total normal curva- 
ture errors, primary 
plane 


First plate oblique 
corrections, second- 
ary plane 


Second plate oblique 
corrections, second 
ary plane 


Third plate oblique 
corrections, second- 
ary plane 

Total of same 


The normal cuivature errors m secondary planes of the four collective 
elements as asc^i tamed by 

tan2 ^ a+in 1 1 1\ 

and the same for the two dispersive elements 

therefoie the total normal cuivatuie eirors in 

secondary planes = + 004702 tan^ ^ 

The noimal curvatuie eriors m piimary planes of the foui collective elements 
as ascertained by 


= h 085734 tan2 <|f> 
= - 081032 „ 


tan^ <j> 3/^ f 1/ 1 


/I 1 1 1\ 


= + 189105 tan^ <l> 
= - 180847 „ 


tan*^ 


and the same foi the two dispersive elements 

theiefore the total normal cuivatuie eirors in 

primary planes = + 008258 tan^ <j> 

Parallel plate corrections in secondary planes for as ascertained by 

t.n> + 

\L P L / ^ 

and for L 2 as ascei tamed by 

')Yw'|V_L-Y- - 000078 
^ 2iJ./ VD "D/'D^'VVm^V/^Ak P L / 

and for L 3 as ascei tamed by 


"D/'D/'D 


and thiee times that quantity in pnmaiy planes 


•/'D,") (m“) (eTl) “ ■ *^0002537 „ 

Total = - 00080366 tan*^ <j> 


Summa'iij 

On sumiuing up m secondaiy planes we have 

+ 004702 tan^ <56 for noimal curvatuie eiiois, 

~ 002567 tan^ for eccentricity collections (ECb), 
— 000804 tan^ foi parallel plate coirections, 


Final total, second- 
ary plane 


Final Imear error 
Observed error 


+ 001331 tan^ <j> being the final eiror, which it is now desnable to express 
as a lineal deviation fiom the focal plane To that end it must 
be multiplied by - (E F L )2 

Let </> he degrees, foi which the tangent =132 

Then the linear deviation, in the secondaiy plane, fiom the 

focal plane at that angle IS + 00133 x - ( 132 x 43 05)^ - 043 inch, 

while the actually measuied deviation was - 040 inch 
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Piimwiy Plane 

On summing up in the primary plane we have 

H- 008258 tan^ for normal curvature errors, 

- 007701 tan^ ^ for eccentricity corrections (E C s), 

~ 002412 tan^ <l> for parallel plate coirections, 

- 001855 tan^ being the final erroi, from which the linear eiror at 7J 

degrees from the axis 

= ( - 001858) X - ( 132 X 43 05)2= 059 inch, 

while the actually measured deviation was + 030 inch 

Thus the measured deviation in the secondary plane agrees moie 
exactly with the calculated result than the deviation m the piimary 
plane The whole field of this lens did not extend to much more 
than 10 degiees from the axis We shall have occasion to refei to 
these residual discrepancies in Section XT 


Process Lens 

The next example is shown in section m Eig 59 It is a lens 
specially designed for copying or piocess woik, also composed of only 
thiee lenses The following curves, etc, aie foi an EFL of 8 55 inches 


=1 6103 

+ 1 264 
7,= ~1 48 

/,= 105 ^1= 0652 

Ih 


1 6103 

»3= -209 
r^= + 553 


= 1 5240 


?,= - 5325 
»„= + 28 


L= 358 2= 222 ' f,= 110 -^= 0722 




232 


/i= + 2 0711 
f,= - 3 425 
/•,= - 3 42-16 
+ 90611 


«] = — 1 


El 


El 


A2= 0053 


-16 796 


a,= + 14179 ( 82 = +27 945 

E, 




= + 1 


1 


,= - 3978 /8j= - 132 711 i 1 


E. 


at= - 6462 81 = + 5 626 

Eg 

01622 a, = I 8552 ^,= -6 1186 

E, 

+ 5 3432 a,= - 2423 = + 28 877 




^=+1 




Final total, primary 
plane 

Final linear error 
Observed error 


Refractive indices 
Radu 

Thicknesses 

Separations 

Focal lengths and 
characteristics 
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Eccentricity Correc 
tions, secondary 
plane 


Total 


EGb. Fieconcla'iy Plane 


for Ei= + 006^128 tan^.if> 
for Eg = + 0034821 „ 

foi E,= + 4544410 „ 

+ 4 f >32399 taiiV 


foi E,= - 0183608 Un“<A 
foi E‘= - 1621330 „ 

foi E^= - 0222200 „ 

- 5027228 Uu">/» 
I 4632300 „ 

Total EOs= - 0301820 Oiii-</> 


Noimal Cmvahiie I 117 U 7 S 


Total normal curva 
tnre errors, second 
ary plane 


Oblique plate cor 
rections, secondary 
plane 


Final totals 


f i + -^ H ^)= + 71 4020 Um‘^ </. 

2 F- Vi h fi JJ 

tanV /*,+_!/ 1 1\ =- 650806 „ 

^ V') /o' 

+ 05t^0i4 tiui‘^</> 

Normal curvatuie errois in piimary ])lano t 14020 tan- </> 

Paiallel plate collections foi Lj = - 0060907 tan‘^</> 

„ „ L2== - 0020855 „ 

„ „ 0001118 „ 

Total -- 0091880 tan^/> 


Summary 

Socoudaiy Plau(‘ 

Total normal cuivatuie erioib i- 065024 tan‘-^</) 
Total E C s - 039481 „ 

Total parallel plate coiioctioiib - 009188 „ 


Pnniaiy Plniu* 

I 1 10200 Ian ^/> 

- 118149 „ 

- 027561 „ 


Final eiioi + 006353 tan‘^</) 


005813 tan\/) 


Taking the angle of obliquity ^ to be 1 4” 2', wlioHc tangcnit ih 
25, and multiplying above lesults by — (E F L)-, we get 


Calculated error 
Observed error 
Calculated error 
Observed error 


Discrepancies 


-( + 006353 )( 25 ) 2(8 56 ) 2 = - 029 inch in socondaiy jilano, 
while actual measurement gave ~ 005 inch in socondaiy plane, 
005813 )( 25 ) 2(8 55 ) 2 = ^ Q205 mcix ni pimiaiy piano, 
while actual measurement gave h 05 inch in pimiaiy plane 

Owing to the difficulty in accurately ineasiuing the iiuln in su(‘li 
deep curved combinations, such discrepancies as the above may bo 
partly due to statements of radii being inexact 

But the principal cause of the discrepancy ih due to the uinnistak- 
able presence of minus corrections of the oidei tan'*<^, which will be 
better undeistood after leading Section XI 
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Senes Ilia Cooke Lens 


This IS composed of four lenses, the dispersive lens being compound , 


see Fig 6 0 


EF L =10 inches 


Li 


La 

/!„= 1 5101 

/Id = 1 5365 

/ii>= 1 6110 

», = +2 168 

»3= - 3 472 

9^= +1150 

j, = -r 4 655 

?, = -1 150 

-1 910 

t[= 603 

o 

11 

t,= 218 


l 5101 
?j= +12 65 
1,= + 5 843 
fl= 393 


Ai= 08 A2 = 0 A3= 90 


Diaphragm oi pupil point 25 behind vertex of sixth suifaee 


El 


= + 4 2305 

- 1 

Ee 

/3i = - 8 566 

£1/^ = + 1 

/2= +9 1356 

a2= -5 764 

Es 

^82= - 38 634 

^>2= - 1 

/s= - 6 4716 

ttg = + 3 943 

E4 

/?3= + 33 012 

«g= +1 

4= -2 1435 

a^— - 019 

Ee 

/3^= +10 410 

21^ = — 1 

4= + 1 8822 

a5= - 105 

E, 

;8,= - 9 262 

Sg = + 1 

4= +3 136 

ag= + 912 

E7 

;8g= +26 008 

^6= -1 

4 = +248 

00 

r-H 

CO 

1 

II 

)8^= +75 307 

77=+! 

4= +1145 

a^= -1 607 

^8= +23 624 

Ig = - 1 


EC's, Secondaiy Plane 

1- 074013 Un2<^ E^ 

E,^ + 104650 „ Eg 

E„ +001617 „ Eg 

Ey 4 001347_„ Eg 

H 181627 t,in2<^ 


= - 02534 tan® ^ 


- 0000772 tan2<^ 

- 0839500 „ 

- 1002700 „ 

- 0226700 „ 

- 2069672 tan^^ 
+ 181627 


Eef^ctiye indices 
Eadii 

Thicknesses 

Separations 


Focal lengths and 
characteristics 


Eccentricity Correc 
tions, secondary 
plane 


Total 


Total 
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Noimal Guimture Eioou 
tan^J./^+_li ^ + 3 + -’ + J ' = + 393621 tan^<^ 

ta^^2 + _li 1 ^ 1\ =-512616 „ 

2 1^2 ^ fs f 4k 

tan^/xg+J-JJ _ l_i ^ 171320 

"2 /xg Vs fel 

Total = + 052320 tan^cjSi 

Noimal curvature errors m primary plane = + 11631 tan^<^ 

Parallel plate corrections for ■= -- 0108010 tan^ 

L2= - 0005574 „ 

Lg-^ - 0048564 „ 

„ „ L,= -- 0000536 „ 

Total - 0162684 tan^<^ in socondaiy plane 


Swrmaoy 



Nor cuiv eiiois 

Secondary Plane 
-h 05232 tan2 <j> 

Primary Plane 
+ 11631 Un^<l> 


EOs 

- 02534 „ 

- 07602 „ 


Par plate con 

- 01627 „ 

- 04881 „ 

Fmal totals 


+ 01071 tan^<^ 

- 00852 tiin-^<^ 


Supposing the angle of obliquity to be 14° 2' oh before, thou alt(‘r 
multiplying above final errois by — (tan'^ <j[>)(E F L)‘'^ or by — ( 25)‘^( 1 0)‘^ 
we get lineal deviations fxom the plane image ol — 0G7 lu sccoiuluiy 
planes and + 053 in primary planes The actually obsotved eiroiH 
were — 04 in secondary planes and no perceptible eiior in piunary 

F 

planes, with the lens stopped down to ^ 

In the three concrete instances given it will bo obscuvod that the 
thickness of a lens exerts influence in two ways upon the obluiuo 
pencils refiacted through it first and most iinpoitant, th(‘ sojiaiatiou 
between the two elements very largely alters the lelatiousliip between 
the several D’s, and consequently the /3’s, foi the two elonieiits , and 
secondly, by introducing a parallel glass plate This last generally 
gives use to much smaller effects than the first, and yet in tlie tluee 
instances given it is too large to be neglected There is no manage- 
able foimula whereby a thick lens can be treated as a whole 


Normal curvature 
errors, secondary 
plane 


Total oblique plate 
corrections, second- 
ary plane 
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Eccentric Oblique Reflection from a Spherical Reflector 

It would scarcely be woitb the necessary space to woik out fully 
and independently the formulse applying to eccentric oblique leflec- 
tion foi a spheiical minor, as their piactical applications do not 
compaie in importance with the corresponding foimulse lelating to 
lenses However, there is a shoit cut to the formulae lelating to a 
spherical reflector which may be followed with advantage We have 
already noted, in connection with the formulae for spheiical abeiiation 
and central oblique refraction, that the refraction formulae may be 
tiansformed into the corresponding reflection formulae by the simple 
device of substituting the value — 1 for Let us take the formula 
for E C s in the secondary plane, which is 

f ^ + 4(/x l)tt£6 + (ZfL 2){fji - l)a- + ^ , 1 

\ lJ^ 1 /A 1 j 

- 2(a - ^){(2 /a + l)(/i - l)a + (/t + I)®} J, 


1 1 r 

~2/~ (a->yv(/r-i)L 


and make the substitution therein of — 1 foi fi, and we then get 


tan^ </) 1 IF/ 


- iiC-* + 0 + 2a2 + - 2(a - I3)[2a + 0) J 


If the power of a lens is concentrated into one surface only, then the 
other surface is plane and a? is + oi — 1 In the case of a spherical 
reflecting surface the power is also concentrated into one suiface, and 
0 , = 4- or — 1 , it does not matter which Therefore the term con- 
taining cancels out and there remains simply 

while in the piimaiy plane tan^ </> becomes 3 tan^ <^, and the coriection 
IS of couise extia to the noiiiial cuivatuie error ^ 

Here, ]ust as in the case of the lens, 


1 +a 1 ^ 1 1 

2/ 

D' being the distance of the stop liom the miiioi vertex Thus a is 
the veigency characteristic for the lays constituting pencils, and y? 
the vergency chaiacteiistic foi the piincipal lays If the leadei will 
pursue the investigation in detail and ab %mt%o foi a minor with a 
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stop placed in front, he will arrive at precisely the same formula as 
that which we have just derived by substituting — 1 for yu and 1 
for cu 

We have in the Gregorian and Cassegrain forms of leflecting 
telescope two cases to which the above formula applies, for it is clear 
that while theie is central oblique leflection fiom the large concave 
miiror, yet theie is eccentric oblique reflection from the small concave 
or convex minor as the case may be But, as the angular extent of 
held taken in by even the lowest powei eye-piece larely exceeds a 
degree, the question as to which form of reflecting telescope gives the 
flattest final image is of little practical consequence Such telescopes 
aie essentially very ill adapted, owing to their construction, for taking 
photographic views covering an angle of view at all comparable to 
what can be embiaced by lefiacting mstiuments 



SECTION VIII 


COMA AND THE SINE CONDITION — VON SEIDEL’s SECOND CONDITION — 

CENTRAL OBLIQUE REERAOTION 

It is now our object to investigate much nioie closely than we have 

yet done the nature of that phenomenon known to practical opticians 

as coma, and sometimes as side-flare We shall find that many of its 

manifestations are of an exceedmgly interesting nature, of gieat 

theoretical interest as well as of great practical impoitance For a small 

amount of coma at the obhque focus of a pomt in a distant object Great importance of 

formed by a lens system may cause much moie mischief to the defiiii- 

tion than either astigmatism or spherical abenation, oi both combined, 

so that it IS eminently desirable to aiiive at leliable formulae of the 

second approximation by the employment of which it shall be possible 

to eliminate coma from any desired lens system 

In Section VI we arrived at Foimulae VI and VII , which to- 
gether give the Eccentricity Correction or modification to the normal 
curvatuie of image due to the presence of an axial stop or diaphragm 
causing the pencils to traverse the lens eccentrically instead of centrally 
Formulae VI will be seen at once to be a function oJ the spherical 
aberration of the lens 

Now it IS obvious that if we have two thin lenses m contact so 
arranged as to give equal and opposite spherical aberrations, as is 
tlie case in the object glass of a telescope, then as the compound lens 
gives no axial spherical abenation, and Formula I, Section VI, 
pioves that the spheiical abenation for the oblique ecceiitiic pencil is 
the same as for the axial pencil of the same aperture, therefore there 
should not ensue any eccentiicity correetion due to pencils txaversing 
the compound lens eccentncally This is certainly the case, and 
Boimula VI, if applied to the two lenses, will be found to be zero 
For the formula for the spherical aberration for the axial pencil is, 
written shoitly. 


191 



1 


192 A SYSTEM OF APPLIED OPTICS sFcr 


Spherical aberration 
for a pair of lenses 
in contact 




( 1 ) 


and the formula foi ECs lu the primal y plane, also abbreviated, is as 


Spherical aberration 
E C s for same pair 
of lenses 


Relations between 
the characteristics 
for a pair of lenses 
in contact 


follows — 


3 tan^ <jJ> 1 1_ 

2/, (a, 


( 2 ) 


which should also be expected to = 0 That this is leally the case is 
evident fiom the following lelations, which obviously exist in the case 
of two thin lenses in contact For supposing both to be collective 
we have 





1 

Dy’ 


that IS, 

“2/, - ~2A 2/, " 2A ’ 


l+a,= - and 1+^82= -(1 

h n 

a,= and - {I ^x) - 1 , 

h '1 

h h 


Relations between 
and ai - /Sj 


= ( 3 ) 

From the above Equation (1) obviously A'^ = — so that 

if we take Equation (2) and substitute therein this value lor A\ and 
the value of liom Formula (3) we then get 


No axial spherical 
aberration implies 
no spherical aberra 
tion ECs 


3 tan2 f 1 1 , , 1 

2 




which = 


3 tan^</)f 1 I 






= 0 


Hence in the case of a combination ot thin lenses m contact Irom 
which the spherical abeuation is eliminated foi an axial pencil, there 
are therefore no E C s consequent on spherical aberiation But it by 
no means follows that the combination is free from coma or side-flare 
for pencils refracted thiough it obliquely That is, if we imagine a 
diaphragm to be placed in fiont of or behind such a compound lens^ 
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then the application ot Foiinula VII to the two lenses will not 
necessarily give a zero lesult , in othei words, coma may be strongly 
in evidence 

For this foimula gives us the modification to the iioimal cuivatuie of 
image consequent upon the selective action of the stop upon the lays 
of oblique pencils which aie chaiacteiised by coma, so that we may call 
VII the formula for comatic E C s, just as we may conveniently call 
VI the foiinula foi aberration ECs 

The Formulation of Coma 

The question now aiises, whethei fiom the comatic E C , Foimula 
VlljWe can derive other formulai which will give us not only the 
actual size of the comatic flaie at the focus when the wliole apeitiiie is 
in use and the refraction oblique and cential, but also the size of the 
comatic liaie when the pencils aie not onlj oblique l)ut eccentiic, 
owing to the presence ot a stop These foiniuLe aie of such vital 
importance as to justify a thoiough investigation loi cential oblique 
pencils, while we may leave the case of the coma at the foci ot 
eccentric pencils to the next Section In the couise of woiking out 
such foimuhe we aie also helped to a mucli cleat ei undei standing ot the 
phenomenon, and the couise of the lays winch pioduce it 

Let L Li, Fig 61, represent a lens, Q the oblique ladiant 
point in the plane V Q, ^ the coniugate focal point oi image of 1\ and 
([ the conjugate focal point oi image of Q as toimcd by the ultimate 
oblique centre rays close to Q C , and let it be supposed that the lens 
IS fiee fiom every defect excepting coma, which in this case is 'imvmd 
coma, that is, having the flare eccentiic towards the optic axis P 0 
the bnghtest and most condensed end being at <j on the oblique axis 
Q C q, and the most diffused end at c Then as oiu Foimula VII 
foi comatic ECs is absolutely indoiiendent of the apeituie ot the lens, 
<ind obviousl} equates to 0 when oblnpie pencils aie centially 
lefiacted (since iii that case /3 becomes infinity), and as we have seen 
that the noiinal cuivatuie eiiois aic also iiide])cndeiit of apeituie, 
theieloie, since splieiical abeiiation is suiqiosed absent, tlie conclusion 
IS that any pans oi lays lefiacted tluough the lens at equal distances 
fiom and on opposite sides of the oblique <i\is (J C q come to a 
focus in the same plane as q, the focus foi the ultimate lays close to 
Q C q But if such pans of oblique lays focussed at the same 
point as the ultimate cential oblique lays, that is, il the oblique pencils 
weie homocentiic, then evidently theie could be no comatic ECs 

0 


Line of argument 



SEOl 


A device for obtam 
mg length of comatic 
flare 
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under Foimula VII Therefore, srnce they focus or rnterseet rn the 
same plane as do the ultimate central obhque rays, but not at the 
same pornt as the latter, the only other possrble explanation rs that 
they focus rn the same plane, but at a drfferent drstance from the 
lens axrs For rnstance, rn the case of Fig 61, rf the ultmate 
central oblrque rays focus at then the extreme pan of rays Q L 
and Q I^ focus at e, and other parrs of rays refracted by the lens at 
pornts nearer to rts centre wrll focus at rntermediate pornts rn the Irne 
q e We have now to find how these focal pornts are drstributed 
along the Irne q e m the focal plane It rs obvrous from the fore- 
going that the prrnrai y section of the cone of rays rs at a mrnrnrum at 
q e, in the plane wherem symmetrical parrs of rays such as Q L 
and Q intersect after refraction If now we can find the point / 
where the ray Q L after refraction crosses the centre ray Q C q, 

then clearly the distance (/ 8 ^^® !/ 

comatic flare In order to get at this we must nnagiue a stop Sj Sj 
to be so placed centrally on the lens axis as to just let i)a 5 S simirl- 
taneously the centre ray Q C 17 and the extreme ray Q ^ J ’ 
then It is obvious that/ r will be the longitudinal value of the stop 
coriection or EO as a variation of V oi C p, the back coniugate local 
distance, which is due to that particular position of the stop and 
degree of obliquity ^ 

Let /S'=somi-aperture of stop, and A semi-apcituie of leim 
Let cl 0 as irsual = D, P C = U, and C j? = V Iheii 


,,, 3 tan^ <f) f . 
0 = jFi(— 


1^ 


a) 


1)V 


] 

iU-D’ 


by comatic EC Formula V (This form of the foiimda is the most 
convenient for our present purpose) We then have the rclatious 


D tan <f) = S = ^ = ^ - 0 = ^ 


G-.o' 

Cl 1 ir 


D tan <f> = 


^U-DM + (P 


whoioin P 


(,) = TT Un <l > , 


DU tan (f> = ATJ -DA -D\J tan <■/>, 

so that our condition that the stop just allows the extreme ray L 
and centre ray Q 0 to pass demands that 
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~ 2 TJ tan + A 

Substituting this value of D in the factoi Foimula V, 

expiessing the ECs due to the coma, we then get 

AU^ 

DU _ 2U tan <I>-^A __ J 

U-D 2U^tan<^ + 2tan<;6^ 

2U tan^ + A 

so that Formula V becomes 


3 tan^ <f) 
4F(— 1) 





(a - a) 


\ ^ 

J 2 tan (/> 


01 , more conveniently, 

4F/!(^- l)(M-l)a +(/^+ (4) 

which is the collection to ~ lequiied to conveit it into There- 

V C A 

foie the lequiied hnem stop correction A p oi f e is obtained by 
multiplying (4j by -V^, unless V is veiy large compaied to F, and 
then q e oi the length of the coinatic flare will be obtained by 

A A 

multiplying f c ox h p hy g — j^, or appioximately by ^ , so that 


A'' 3 tan i\/ i\ / tt- 

" “ - 1 ) ^ 0 “ + (/* + 

in which, lesoiting to oui foimei device, we may substitute 
V, thus ai living at 



(2 e 


tan ^ j 


(2,.+ !)(/.- l)a+(^*+l)2:}4^. 


I 


This, then, is the formula for the length of the comatic flaie, sup- 
posing that the othei abeiiations aie absent It is evident that it is not 
afiected by the stop Sj Sj, which we have used as a stepping-stone 
in the line of reasoning, being taken away, thus bunging the full 
apeituie into use The foimula theiefore applies to the full apeiture 
2 A of the lens It is now seen that the length of the coma inci eases 
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as the sQuare of the aperture, other factors being constant, and thoie- 
toie the lateral displacement (like q e) of the foci foi syminc iieal 
pans of rays incieases as the squaie of the distance liom the oblniue 
axis 01 lay Q C q oi the points wheie they impinge on the lens 
We aie now in a position to constiuct a diagiain of the comse 
of the rays in the piimaiy plane, which gives use to coina, 
detail Ei^ 62 illustrates the same case as Eig Gl, only with the 
coma faithei exaggeiated foi the sake of clearness, and with luoic uijs 

filled in , I , 1 i 

Here the pan of rajs Q \ and Q lefiacted at distance - 3 limn 

the obliciue axis Q A come to focus at point + at I unit tioni i/, 

the focal point for cential lays , the lays Q and Q letidctcMl at 

distance = 2 fiom the oblique axis Q A come to focus at point + r, 
at 4 units fiom j , while the pan of lajs Q dx and Q d , lefiacUul at 
distance = 3 from the oblique axis Q A come to focus at ])oint d^ + d,, 
situated 9 units fiom and so on as the sqiiaie of the apoitme 
It follows, as an obvious coiollaiy fiom the law of the length of the 
coma inci easing as the square of the apeituie, that, i)iovidcd the 
length of the coma is veiy small compared to its distaiici' fioin tlu‘ 
lens, as is usually the case, then the distances ([ (j ^ niul <j d 
fiom the focus to the points wheie the lays Qi 

inteisect the central oblique lay Q A ^ vaiy as the aixutuie, 

01 as the respective distances A A and A d^ Tlu* coimi 
in Fig 62 IS too much exaggerated to peiinit of tins lelationshq) Ixung 
propeily shown 

In the piimaiy plane it is cleai that the layvS aie most mowdisl 
togethei at the end q of the coma, and most diffused <it the othei end / 
wheie dx + cl 2 inteisect Hence the foimei is the blight end, and th(‘ 
lattei the diffused end of the flaie 

Supposing that the lens weie divided into coiicentruj iings oi 
zones, and each zone in turn allowed to throw an image of the i)omt () 
on to the plane p q, it is veiy evadent that us the nna|ge of foinual 
by the two extieme lays in piimaiy planes falls at (?, +d^ neiiKU to 
the optic axis than the foci foi smallei zones of the lens, theicdoK' tlu* 
equivalent focal length may be said to vaiy foi dilleient zoiu^s , tli(‘ 
laigei the zones of the lens the smallei the equivalent locus of Hiudi 
zones In other words, the equivalent focal length diffeis lioni that 
of the ultimate central portion by amounts vaiying as t<(in <j> and as 
the squaie of the aperture This property of a lens subject to ( oina 
has been well emphasised by Professor Silvanus Thompson, who lias 
applied the term “ zoual aberration ” to the phenomenon 
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It IS cleaily of the gieatest practical impoitance, when estimating 
01 ehiiiinatiiig coma in a combination of lenses, to have an e\piession 

foi the aiiffidai value ot the comatic flaie, that is ^ Of couise this 
IS obtained by iniilti[)lying the Foimiila I by y oi by which 


we get 


q_e 

V 


^ tan <f> f 
4FH.c-l)l 


(2/x + 1)(/ + (/A + 1) 




II 


It 19 deal that iii the case ot Fig 61 we have both a and i positive, 
while at the same time the coma q r is iinvaids oi towaids the optic 
axis P i) It IS veiy impoiLaiit to adopit a convention with legaid to 
the sign ot coma In Foi inula II the aiigiilai coma comes out iieg.itive 
"We will considei any such comatic llaie to be negative which is 
inwaid, 01 whose diffused end lies towaids the optic axis (oi whose 
blight end G (Fig 66) lies away liom the optic axis), and this nilo 
iiiiist apply whethei the coma is loal oi wliethei it is meiely viitual, 
and uiespective ol whethei the lens iii (piestion is udlectivo ot 
dispel sive Foi mstanoe, Fig Ola gives, on a smallei scale, the ease 
of a dispeisive lens coriespondmg exactly to the case of the collective 
lens in Fig 61 Heie, also, it will he easily seen that the coma p q 
IS likewise inwaid oi towaids tlie optic axis Also both a and i aie 
positive Thoietoie it is cle.ii that the nmiiis sign must still piehx 
Foiinuhe I and IT with ies]icct to tlie dispeisive lens, and then, as 
we shall see faithoi on, the coinatio functions ot a senes ol lenses can all 
he simply added togethei, and theie will be no need foi icveismg the 
signs of the functions foi disiieisivc lenses befoie summing up The 
case IS iiitimsieally quite ihfleient to that of the ccceiitiicity collections 

In slioit, the lact that the foimula foi coma is a function ol 

shows that the sign ot / m<iy be ignoied Moieovei, the sign of the 
lens IS implied iii the sign ol a 


The Part Played by the Secondary Rays in Coma Formation 

We may now tuiii oiii attention to the (‘onsideiatioii ol syui- 
luetiieal pans ol lays conbuiK'd iii the secondaiy jilano, any two lays 
leliacted thiougli tlie lens at ei^ual distances aliove and below A 
Since we aie assuming the existence ol coiu.i without astigmatism (a 
condition which is hypothetical m the case ol a simide lens except 
uiidei veiy special cases ol (•(pcntfu lefiaction, hut quite possible and 
quite common in the case ol ceitam compound lenses), we have, ol 
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course, to assume that a pair of lays in the secondaiy plane intercioss 
or focus in the same focal plane q ^ as do the pan of lays in the 
primary plane, and it is obvious that they will focus somewheie iii 
the straight line q lying in the primaiy plane and passing thiough 
the optic axis 

The line of reasoning whereby the position of this focal point loi 
two rays lefracted at the distance A fioiii the lens centie in the 
secondaiy plane is deteimined is long and difficult, and perhaps it is 
unnecessary foi oui puipose to do more than give a biiel sketch of 
it by the help of Fig 63 

This method consists in assuming the two lays T' and 
in the secondary plane to be lefiacted thiough the shaip edge of the 
lens immediately above and below the point T, and finding by spheiical 
tiigonometry how much the vertical plane containing these two ia>s 
after refiaction is angulaily deviated (m the piimaiy plane) fioin the 
plane containing the same two lays befoie lefiaction, foi it can lie 
shown that such a deviation always takes place In Fig G > the two 
incident rays Q T' and Q T" lespectively have to be lepie- 
sented by one straight line Q T, and the two emeigont rays T' </ 
and T" by anothei stiaight line T q' ^ but tliose two straight 
lines are not one , they foim a small angle with one anothei at T, and 
the angulai displacement of T 2 ' with lespect to (^) T is outwaids 
01 away from the optic axis 

Having got a geneial expiession foi this deviation (which depends 
upon the shape of the lens, etc), we next compaic it witli the lateial 
parallel displacement which occuis to the cential loy whi(*h passes 
through the two principal points, and oi the lens and its 

geometric centre, as shown by the solid lines We then anivo at the 
formula, III , for the angulai displacement of the focus foi two niys 
in the secondaiy plane from the focus q foi the lay passing thiough 
the geometric centre of the lens — that is, the angulai value of <7 q^ 
subtended at T — 


Thus we obtain a value which is just one-thud of Formula II 
So that if, in Fig 63, 2 is the point wlieie the cential lay stiikes the 
focal plane, and q' is the point wheie the two lays Q T' and Q T' 

m the secondary plane come to focus, then if w e make q q" = d(q 
f will be the point where the two lays Q E' and Q E" in the 
primary plane come to focus, the two sets of lays belonging to the 
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same zone or cncle of the lens, which we have assumed to coincide 
with its sharp edge 


The Diameter of the Coma la the Secondary Plane 


The lollowiiig line of reasoning foi obtaining the diametei of the 
cioinatic tlaie in the secondaiy plane may be puisued consistently with 
the tbeoieni of coma which we have just explained 

We have supposed that the four lays which, two by two, impmge 
upon the two extiemities of the secondary a\is of the comatic cncle 
and define its size in the secondaiy plane, are lefi acted thiongh the lens 
zone at points 45 and 135 degiees in both directions from the neutial 
point // (Eig 64), that is, lays fiom f, and^^ Confining our 

attention to the pan f and immediately above and below the point 
n, as shown in dotted lines in Fig 61, we have C n=(0 L)cos 45° 


= being the senii- aperture of the leus) The dotted cncle m 

04 then repiesents tlie eccentuc zone limited by the stop S' S', 

ainl its ladius is obviously — We have alieady found the ciossmg 

\/2 


paint / ioi the two rays 0 / and L /, which gave us the Imeai 
EC in pimiary plane (=/ c), fiom which we got g e We now 
want the coiiespoiiding EC foi the two lays n s in the secondaiy 
plane passing above and below n, and m order to find it we must 
iinagiiio the diaplnagin moved back fiom d to cl\ such that Q cV 
1)1 oduced pasbes through n , then, calling the diaphragm distance 
0) D', foi shoit, we have, if angle P cV Q = 6, 


v' Z 

tan 6 


U -D' 1 
U tan <t> 


mid (livicliug by I-)' we get 

1 1 U-D' D'U _ A 1_ 

;/2 tair7> W " U-D' 72 tan sf> 

1 fence the ie(piired EC is expiessed by Formula III, Section VI, 

D'U 

with the above value ol p-iTj)' iiise^ted, that is. 


tan'^ <!> 

iFV- 1) 



-H 



1 _J_ 

2 tan <j>, 
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which IS more coiivenieiitly expiessed as 

Then the lineai E G obtained by multiplying by - is 


(5) 

(C) 


Then the secondaiy diametei of the comatic llaio is obtained by niulti- 

2A 

,,, , apeiture in secondary plane ^ , — - 2^/ 1-a 

plying (6) by y — , that is, by s/2 oi - - ov 

V v*- “ 

So that we get 




IV 


lor the secondary axis of the comatic flare, which is ]ust two-tliiids of 
the value given by oui pievioiis Formula I foi the piimaiy axis of 
the flaie 

To tiace out mathematically what happens to the lays liom (J 
othei than those we have dealt with, and which aie iciiacted thiough 
the shaip edge oi belong to the same lens zone, is a iinu h moic 
difiicult task It has, however, been undertaken by Piofessoi Finstei- 
walder and others, and the lesults may be sboitly explained by Fig (>4 


Structure of Pure Coma 

We will now give a biief explanation ol the comatic llaie, while 
reserving until later the general proof that this theoioui of coma 
necessaiily implies the ratio of 3 to 1 toi the ECs in ])iiiiuuy and 
secondaiy planes lespectively 

Let the circle s' p' 5" of Fig 64 lepresent one of the concentiic 
zones ol a lens, the optic axis of such lens being perpeiidiculai to the 
paper Let C be the point in the distant focal plane where the xay ]><issing 
through the geometiic centre of the lens strikes , let P be the \)omi whcie 
the two rays in the primary plane, / P and p" P, come to iocus , 
and S be the point wlieie the two lays in the secondaiy plane, 5 ' kS and 
/' S, come to focus, C S being 3- ot C P About a point half-way 
between S and P draw the circle S K' P of diametei = S I' Tins 
circle we will call a comatic cilcle, on which stake all the rays 
refracted through the zone s' p^' s^' jp' of the lens, only the way in 

which the striking points are distributed around the comatic ciicdo is 
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a peculiai one Staitmg from in the piimary plane, the point 
towards which P (the point of the coinatic cncle most lemote lioni 
the centre lay C) lies, we may leckoii om rays by then aiigulai distance 
fioiii y measured along the zone The lay fiom a point fioni jp\ 
will strike the comatic cucle at K' at a point 90° from P , the lay fiom 
s', 90"' trom y, stiikes the comatic circle at S, 180^ fiom P , the lay j', 
1 15° fiom p', stiikes the comatic cncle at K", 270° from P, and so on 
That is, eveiy lay passing thiough the lens zone at an angle 6 lioin 
the neiitial point p' stiikes the comatic circle at a point situated by 
20 from the coiresponding neutial point P Thus all the sinking 
points ot lays are subjected to what may he teimed a degiee of toisional 
dis})lacement equal to 0 

In Fig 64 the comatic cncle, loi cleainess, is shown too laige 
111 pioportion to the si/e ot the lens /one Fig 65 shows the 
stiuctine of the comatic cncle fai moie tialy, ioi it is consti acted on 
the supposition that the lens zone is infinitely laige compaied to the 
comatic cncle, so that the inclination of all the lays sliowni theiein to 
the piimaiy plane P P' is the tiuo measiiie of then tiiigulai 
distiibution louiid the lens zone Also it is supposed that tlie diagiam 
65 leinesents a view of the comatic cucle as il looking along the 
oblique cential la}, so that the lens zone would, stiictly speaking, 
appeal as an ellipse Put the angle of ohlnputy is assumed to he 
small enough to allow us to tieat the lens zone as a circle, of miniense 
size compaied to the diagiam As a coiollaiy fiom tins toisional 
effect on all lays (except the nential pan stiiking the comatic cucle 
at 1\), it follows that eveiy point in the comatic cncle is the mutual 
striking point of two rays oiiginatmg fiom two points in the coiie- 
spoiidmg lens zone which aie 180° apart oi cliaiiietncally opposite 
So that each stiaight hue diawii acioss Fig 65 lepiesents two lays, 
one fiom one point in the lens zone, and the othei lioiii the opposite 
point A maiked fealuie of the case is that all the lays cut the 
stiaight line diawii fiom tlie lens ceiitie to the inteisectioii tf' of the 
two lays S S' and Sj S' in the secoiukny plane , hnt let it he noted 
that these niteisections aie at cliffeient distances fiom the ])laiiG of the 
diagram oi comatic cncle, so that the seeming niteisectiou of all the 
lays at S' is apparent only 

Fig 6 5a IS designed to elucidate these i)onits fuithei It is a 
peispective view of the comatic circle and the same rays coming fiom 
the lens zone as those shown in Fig 65, wheiein the lays aie 
numbeied —1, —2, +1, -f 2, etc The 4- sign means that the 
lay m question, aftei iiitei sec ting the comatic cncle, pioceeds to cut 
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the lay piojected thioiigh S' fioni the centre of the lens, at a point 
beyond the plane of the coinatic ciicle , while the — sign means that 
the ray in question cuts the piojected central line before it intersects 
the comatic circle Thus rajs of the same sign and iiumbei cut the 
axis of mteisection at the same point, and those of equal nuineiical 
values, but opposite signs, cut the axis of mteisection at points 
equidistant from, but on opposite sides of, the plane of the comatic 
circle The two rays niaiked s and in the secondaiy plane cut the 
comatic ciicle at one point S', also shown in Fig 65« Foi the sake of 
clearness, each lay is drawn as a solid line up to its mteisection with 
the comatic ciicle, and as a dotted line after its mteisection Also 
each lay is marked vith the same numbeis and signs as in Fig 65, so 
that each ray may be identified in both diagiains The relative 
apeituie of the lens zone is assumed to be very large 


The Distribution of the Comatic Circles formed by Different 

Lens Zones 

The next Figuie, G6, shows a senes of comatic circles and their 

relative distribution for a soiies of lens zones of seini-apei tures = 

1,2, and 3, from which it will be easily seen that the two tangents to 

the senes of comatic ciicles emhiace an angle of GO"’, and niteisect at 

the point 0 where the central lay cuts the focal plane Foi we 

• have seen tioiii Fonnula III that the distance C B, fioin the cential 

lay 0 to the point B where the two rays in the secondaiy plane 

Outline of the com- mteisect, IS ^ of C D Therefore, assuming the comatic circle 

atic flare defined ^ ^ 

if' B f D, With its centie at e, to exist, we have ,, = ?> 

= sm C d) = bin 30°, theiefoie the angle between the two 

tangents is 60° Such an expanding senes of comatic circles makes 
the well-known balloon-shaped side-flaie oi coma instead of a point 
of light at 0 Then 0 is the end of the coma at which the greatest 
intensity of light concentiation occuis, while D, the opposite extremity, 
IS marked by the greatest diffusion of light We will call G the loot 
of the coma, and D its extremity It the extremity of a comatic 
flare lies towards the optic axis of a lens, then the coma is negative 
01 ™ , if it lies away horn the optic axis, then the coma is positive 
or + The signs preceding Formula} I, II, and III aie arranged 
to alwa}s give results m accordance with the above convention, bearing 
in miiid that no difference of sign is leqimed to be made in applying 
these foimulee to dispeisive lenses, of which instances will be given later 
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The student wishing to study the foimation of coma coiiesponding 
to any paiticulai lens zone cannot do bettei than take one-half of a 
Goeiz Double Anastigmat, with the stop to the fiont to leceive neaily 
parallel lays fiom a distant bright point of hght The lens may be 
lendeied opaque except foi a naiiow zone near the edge of its apeiture, 
and then, on examining the focus with an eye-piece, while tilting the 
lens to a certain degiee of obliquity, a veiy fine example of puie coma 
without much adnuxtuie of astigmatism may be obtained, and the 
duplex Glide of Fig 70 may be watched as it closes up to focus It 
IS paiticulai ly instinctive to covei up half the zone, when, at the focus, 
a complete iing of hght will still be obtained 


How pure coma may 
be exhibited 


A half lens zone 
shows an apparently 
complete comatic 
circle 


The Sine Condition 


By many optical authoiities, especially on the Continent, it has 
been asseited that it a lens fulfils what is called “ the Sine Condition,” 
it will then show no coma The late and much lamented Piofessoi 
Abbe, of Jena, was the fust to piove that if a lens L (see Fig 67) 
IS so shaped lelatively to the conjugate axnil foci T and p that 

= constant foi all values of L S oi y, then pencils lefiacted 


sin . 


obliquely but centrally thiougli the lens, such as pencils LQLi and 

will be free from coma It can be pioved that if the lens fulfils 

the sme condition, then, if we take a new point of oiigin Q to one side 

ot the axis, but in the same focal plane as P, the length of path 

Q L-f L 2 = the length of path Q Lj + Li q, and theiefoie two 

elements of a wave of light starting togelbei Ironi Q meet again at g 

simultaneously upon a common point situated on the central oblique 

lay, there being, therefore, no lateial displacement But to plan a 

lens that will fulfil the sme condition in any paiticulai case by 

tiigonoinetiic methods is fai moie laboiious than ainving at a diiect 

lesult l)y a simple algebiaic lormula, and it may easily be pioved that 

oiii formula loi eliminating coma, (2)a+ l)(yx— l)a -h (/ 4 + 1)> =0, can 

he deduced directly fiom Professor Abbe’s sine condition, and is the 

algebraic expiessioii ot that condition Let us consider an} pan of 

conjugate lays such as V n and n p (Fig 67), <ind suppose they aie 

each produced into the lens until they meet at v?, then the pei- 

pendiculai oi S is common to the two tiiangles and npH, and 

sine np& n P , 

^ simply 

sme n p ^ ^ 

Then let us considei a pan of conjugate lays refiacted extremely 
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implies equal opti 
cal lengths ” for ex 
treme rays of an 
oblique pencil 


The sme condition 
made the basis for 
our formula for no 
coma 



204 A SYSTEM OF APPLIED OPTICS sroi 


closely to the lens axis (see enlarged diagram of the centie ot the lens, 
Fig 67a) If the two conjugate lays P 6 and p d pioduced in- 
wards and meet at h, then in the extremely narrow triangle liM the base 
I d IS the course of the ray within the lens, the angle hhd is the angle 
of deviation at the first surface, and the angle lulh is the angle* ol 
deviation at the second surface, but at such extremely small angles, 
the angles of incidence oi emeigence and angles ot deviation beai the 
constant lelation /x //;—!, and we may say that the angle ol inciden(*e 
of the lay P & is to the angle of emergence of the lay d p as li d 
IS to A so that ultimately when A is brought down to the axis 

it will be so placed as to divide the thickness t of the lens into two 
parts — A, coiiesponding to I h, and B conesponding to h d Then 

A angle of emeigence oi d p 

B angle of incidence of P b 

Let P L and L in Fig 67 be another pair ot conjugate lays 
retracted by the extreme thin edge of the lens , then it is obvious that 
the sine condition demands that 


P L P P A , P (P J) + (i 

V ~ 7 ) but y , y \ / 7 

p )i p !P 11 p {cl p) + (d 

h) U i- A 

/i)“ V4-B’ 

theietoie p 

(S) 

L j?"V + E 

Now let perpendiciilai L S = ^, then 



(')) 


(10) 

Eeveitmg to Formula (7), giving the ratio between A and !>, it is 

obvious that the ultimate angle of emeigence of lay d 

+ and the ultimate angle of incidence of lay 

^ fl \\ 

expressed by + Theiefoie putting t foi the 

p IS ex])i(‘Ssod by 

P h IS sinnlaily 

central thic*kn(*ss 

of the lens we have 


1 1 1 

1 


A = j{- 




and B = t 




n i\ n i\ ■/! i\’ 

C'^u) Vs'^v) (t '■ u) s v) 


theiefoie Foimula (8) becomes 
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U + 


T + 


'May 

2\Y sJ 


V + i 


Y + i 


1 1 
V 




1 1 

J ■*'U 


/I lN^/1 1\ 


m wliicli we may put 


so that (11) becomes 


U + ' 
V + ’ 





v4(U') 


2\7 s/ 

Vu »/ 


(1 1) 



' iy-i / 1 1 \ 

\ \ S/ 





(-:7)'a7) 


- 1- 


u 


(11) 


(1^) 


Gn‘^G7) 

On lesortmg to the loiinei device ot making 

1 1 1 ft 1 ^ 1 ^ 1 -ivk/I 4*llrten*i 1 1\ t-Urt 


1 + <■ I TS J 4. 

==- , Reductions 


and "2/"“V’ substituting these ui the 


2/(/i-l) 2/ 

smallei teims, then (12) becomes 

T “*1 jUfX- ,)l<‘ - - ■)'' - “>l 

Vi (/I , _ IVI , ..\1 

V + ~ S — 77 Tw ” / ' 


Kh- - ' )/ 


ifKp- 


_i)[(i ^ ')-(i«-i)(i I «); 


(15) 


Fiom (1 3) we deiivc 

lU/(;4-l) + V®{(l hi) r(/i-l)(l ( a)} _i\!J - t) l-v“!(l “ <) + (m “ 1)(1 - «)l _ 
lV}(Al-l)^ ’/{(I - 0 “ tV/M(/*- 1) h '/!(!+ ()H (/*-!)(’ H 0)1’ 

fiom which we get, on icduciiig to a coiinuon (leiioiiiniatoi and leaving 
out the Idttei, 

16UV/V(i« - 1)' + lv'V/(/i - 1)1( I - 7) ^ (,. - 1)(1 - ft)} 

+ 4i/U//x(/ft- 1)1(1 -0^ l)(l-ft)l + '/'[(! -^) + (/^-l)(l -«)l" 

- 16UV/M)“ - 1)' - If'V/K/^ - 1 )1(1 + 7) I- (;i - 1)(1 + ft)| 

-47/U/(/1-1)|(1+7!) + (j«- 1)(1 +ft)}-7/[(lH 7) !-(,l-l)(l +ft)l^=0 

Neglecting functions of >/*, which belong to a Ingliei order ot appioxi- 
matioii and aie small compared to the othei teims, we get 
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Conclusioa from ful 
filment of tlie sme 
condition 


Eeciprocal of the 
radius of the sme 
surface 


Two corollaries 


V|(l - x) + (/i- 1)(1 - a)} +U/i((l - a,) t- (/i- 1)(1 -a)]\_Q 
- Vju[(l +x) + (iM- 1)(1 + a)} - Ul(l +«) + (/*- 1)(1 + a)] / 

2f 2f 

Then on wiifcing toi XT, and foi V, and multiplying all 

terms by (1 — a) (1 + a), we get, 

(1 + 1)(^ “ a)} +/a( 1 -a)!(l -7) + (/X - 1)(1 “tt)l I ^ Q 

- /x(l -r a) [(1 + q;) + (/A — 1)(1 + a)} ~ (1 - a)[(l + x) + (fi - 1)(1 + a)] i ’ 

and this simplifies down to 

(2/x + l)(/x-l)a + (/x+ l)x = 0, (14) 

which, as we have alieady seen in Foimuhe I , II , and III , etc , is the 
condition of no coma, which we pievioiisly worked out from quite 
different premises 

It can also be shown that if, when the sme condition is fulfilled, 
the incident and emeigent rays are pioduced to inteisect within the 
lens, then the ladius E of the ciiculai cuive L S along which the 
pans of conjugate lays thus inteisect is given by the foimula — 

1 - - ^ 1 

K" U'^V 

Thus, when U is infinite E = V , when U = V, E is infinite, and the 
suiface L S Li is flat, hut when V > U, then the ciiive of ladius 
E IS reversed m sign <ind faces convex to the longer conjugate locus 
We may call this spherical suiface of ladius E the sine siulaco 
When a lens is free fiom coma, oi fulfils the sine condition, two 
impoitant coiollaiies can be deduced horn the conditions pievailiiig — 
and these are, firstly, that the point S, Fig 67, wheie the sme suilace 
cuts the optic axis, is always exactly in a straight line between 
any oiiginal radiant point Q and its image ? c^-nd secondly, this 
point S IS so situated with respect to the two principal points, 
and of the lens as to divide into two parts, such tlnit 

0^ s) (s u V 

Therefore S falls between the two principal points if both U 
and V are positive, as in Fig 68 , but if U and V are of different signs 
and the conjugate foci on the same side of the lens, as in Fig bSce, 
then the point S falls outside the principal points, and in this case 
behind them 
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Some Manifestations of Coma 

Ii etui mug now to the consideiation of the stiucture of coma, we 
have seen that, in the absence of othei abei rations, a lens manifesting 
coma foiins for each zone of the objective oi lens a duplex ciicle in 
the local plane, whose actual diametei is given by Formula lY, and 
its aiigulai diametei, as viewed fiom the lens centie, by two-thiids of 
Foimula II Thus for any given lens zone the diameter of the 
comatic circle varies as the tangent of the angle of oblujuity of the 
incident pencil , and for any given angle ol obliquity the diameteis of 
the comatic circles and the distances of their centres fiom the oblique 
central oi principal lay alike vary as the squaie of the diameters of 
the coiiesponding lens zones 

It now becomes interesting to inquire what soit of figures ^\lll be 
traced out by the rays going to form such comatic circles — fiist, 
when the focal plane is departed from either towards oi away from 
the lens , and second, when that usual accompaniment of coma, viz 
astigimitism, is also present 

We will fust of all deal with pure coma as projected upon planes 
near Cl to oi laithei from the lens than the focal plane in which the 
dujdev comatic ciicle is formed Here Fig G5 will at once help us to 
foini an idea of the hguie traced out by the rays on a plane somewhat 
neaiei to the lens Tins figure lepresents what would be seen by the 
eye placed m and looking in a direction parallel to the straight line 
]oining the centie oi the lens to the centie of the comatic ciicle 
Tlieicioie, since the inclinations of all the converging lays to the plane 
oi the diagiain axe equal, if we inaik off on each ray a point such as 
etc , such that the distances from all such points to the i)Oints 
wl](*re the same lays cut the comatic circle are equal, then the cui\e 
w, and etc, through all these points will be one of the 

out -oi- focus comatic curves The resemblance to a hypocycloid is 
<it once appaient In fact, it has been proved by Finsterwalder (what 
IS in (‘utiie conloiiiiity with the foimuhe we have worked out) that 
the conmtic cuive traced out by the lays from any one lens zone is 
su(‘h n cuive as would be tiaced out by a point m a uniformly 
lotating cade whose centie is simultaneously tiavelling at half the 
rate and in the same diieciioii aiouiid another fixed ciicle Fig 69, 
Plato XJV , illusticites this 

In all the figures r ? is the rotating circle, and / / the fixed 
cade tliat the centie oi the foimei travels round While the centre 
ol ? r travels once uniformly round f f the circle 7 t has rotated 


When the focal plane 
IS departed from 


In the case of pure 
coma 


Hypocycloidal 
nature of the curves 
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unifoinily on itself t'Wice Now 5 ? is the same size as the coiiiatic 

ciicle 111 the focal plane, and thus lepieseiits the amount ol toisioii to 
which the lajs aie subjected , vihile the hxed ciicle / f luaj be zeio oi 
of any size, lor it simply lepre&ents the ciicle traced by the hollow coned 
siuface of lays upon the selected plane ol piojectiou (supposing that 
the rays weie all leliacted accuiatelj to a point at the centie ot 
the comatic ciicle) Thus the size ot / / simply depends upon the 
distance of oui plane of piojection fioni the focal plane If the plane 
of piojection coincides with the focal plane, then / / vanishes to 

a point, and m that case we have to imagine the lotatmg ciicle i i 
lotating oil itself twice while its centie lemaiiis stationaiy, which hypo- 
thetical case explains the duplex coniatic iiiig It is leally a double 
loop in Its ultimate closed-up foiiii Fig 70 a and d show two phases 
ot the coinatic cuive at eiiual distances on eacli side of the focal plane 
in which the comatic circle O is foimed, followed by tliiee moie out-ot- 
fociis phases h, c, d All these and the following figuies have been 
tiaeed out by the employment ot a geometiic machine in accoidanco 
with the above law ot coma foiination 

Out -of focus coma Next, let us take a lens giving puie coma, and consider the tiacmgs 
for five concentric py of five conceiitiic zones of the lens 

lens zones ^ figuic 

like Fig 06, a senes of duplex comatic circles, but at a little distani'c 
on eithei side of the focus we shall get Fig 7 1 
The effect of adding Next we may considei the effect of the usual astigmatism being 
astigmatism fi.pg ePogt gt astigmatism is, at the focus foi i.iys 

111 the piiuiaiy plane, to substitute a slioit and iieaily stiaight focal 
line lor the point, and at the focus foi lays in the secondaiy plane to 
substitute aiiothei straight focal line of the same length as the foiinei 
foi the point, these two focal lines being at light angles to one aiiothci 
Consequently, the figiiie to he expected in the plane ot each focal hue 
is the hguie that will be tiaced by a point in the comatic ciicle 
lOtating on itself twice, while its centie tiavels with a haimoinc 
motion lip and down the whole length of the focal hue Fig COif 
illustiates this action, at O within the pnmaiy focus, at P the piimai> 
focus, at L the least circle, at S the secondaiy focus, and at O' beyond 
the lattei , while in Fig 72, P is the figuie thus tiaced at the locus 
for the two rays in the piimaiy plane which mutually iiiteisect at the 
point p Then, if the plane of piojection is tiansfeiied to a position 
half-way between the two focal lines or at the eiiole ot least coiilusion, 
we get the tracing L, and then, on tiansfeiring the plane of piojection 
to tiie secondary focal line where the two lays in the secondaiy plane 
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intersect, we get the tracing S, s being the intersection point foi the 
two lays from the zone which he in the secondary plane Tiacmg a 
IS taken within the piiniaiy focus 

Fig 73 IS a seiies of phases of astigmatic coma, all for the same 
lens zone, in a case where the degree of astigmatism bears a still 
gieatei propoition to the comatic cade a is within the piimary 
tocas, P is at the piimaiy focus, h half-way between the piimary focus 
and the least cade, L is at the least cade, c is half-way between the 
lattei and the secondary focus, s is at the secondary focus, and d 
beyond it 

Fig 74 IS the complete series of tiacmgs foi five-lens zones in a 
case of coma combined with ver} modeiate astigmatism, taken in the 
focus foi primary lays loi all zones, as the lens is supposed to be free 
from spheiical abei ration 

hig 75 P, Plate XV , is the complete comatic formation foi five- 
lens zones at the ])riinary focus, in a case where the astigmatism is 
moic pionounced than in Fig 74 

Fig 75 L IS the phase of the same which occuis at the least 
ciicle, and Fig 75 S the phase of the same which occurs at the 
sccondaiy locus 

Figs 76 P, L, and S show the phases, coaespondmg to the last, 
ol astigmatic coma m a case where the astigmatism is relatively still 
inoie violent 

Thioughout all cases of astigmatic coma it will be noticed that 
the foim of the loop is diffeient for each lens zone Foi it is obvious 
that the length of tlie focal line inci eases as the diametei of the 
coiiespondiiig lens zone, whereas the comatic circle, whose lotation and 
tiavel produce the loop, inci eases as the square ot the corresponding 
leas zone Hence foi the smaller lens zones the straight line foimation 
])iodotniuates, and loi the laiger lens zones the ciicnlai element or loop- 
likc cllect piedominates Figs 75 P and 76 P both show this featme 

The plnise ol coma indicated in Fig 76 S, when all the infinite 
senes of zones aie filled in, as in the actual case of leal coma foimed 
by an abeiiation-lree object glass, is perhaps the most beautiful, being 
a shcll-hke ioimatiou which at fiist sight looks complicated and puzzling 

The comatic formations yielded at the oblique foci produced by 
uiicorrocted lenses are still luithei complicated by the fact that the 
foci for each lens zone vary by spherical aberiation, but by the kind 
perniibsion of Professor Silvanus Thompson * we are enabled to here 
lepioduce some actual sketches taken by him at the oblique foci of a 
* And also by pei mission of the Royal Photogiaphic Society 


Phases of astigmatic 
coma from the same 
lens zone 


Astigmatic coma for 
five concentric lens 
zones, primary focus 


Astigmatism more 
pronounced, primary 
focus 


Same at least circle, 
and at secondary 
focus 


Same with astigma- 
tism stiU stronger 


Form of the astig- 
matic loop vanes for 
each lens zone 


Beautiful nature of 
the effects 


Sphencal aberration 
adds a further com 
phcation 

Prof S Thompson’s 
experiments 


P 



210 


siOl 


Varymg phases for 
different lens zones 


Our comatic loops 
Tended by Dr Stem 
hells tngonometn 
oal calculations 
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simple plano-convex lens whose face was divided up by annuli ol 
black vamisb into a senes of coneentnc tiansparent zones ol finite 
width Of course a good deal of colour liiiige whicli was actually 
present does not show m these lepioductious, which will bo seen to 
exhibit piactically the same charactei as the curves wo have just doalt 
with A full account of his expenuieiits was given in a most 

inteiestmg and instinctive papei punted in the Plwtogutflvic Jomnal 

for December 1901 , which should be caiefully studied by all 
inteiested in this bianch of optics Some of the paiadoxical con- 
sequences of coma theiein desciibed aie exceedingly intoiosting 

If Fig 78 E be carefully observed, it will be noticod that the 
tracing of light foi the outermost zone is at the focus for tlio lays in 
the piimaryVane, and the curve is in the same phase as any one ol 
the curves in Fig 76 P But the curves iii Fig 78 E loi the sm.dloi 
lens zones are more open loops, foi, owing to the spherical aboirutioii, 
the two primary rays of such zones focus beyond the plane in which 
the comatic curves were taken In short, the effect ol sphoiical 
aberration upon the comatic curves is to cause the lattei to assuine 
more or less different phases for tlie different lens zones 

The great broadening out of the outeiiiiost zone tracing so nuukiul 
in Fig 77 F IS of course due to the outer lens zone having a finite 
and appreciable width, the loops foi the outer edge and iiinci edge ol 
the zone being widely diffeient, owing in laige part to the spheiical 
aberration, while the zones between these two all contiibute then light 
to intermediate loops 

Fig 79a illustrates the hguies obtained l»y I)i Adolph Stoiiiluul 
by elaborate trigonometrical calculations applied to the case ol the 
6 -inch refracting telescope at Konigsbcig made by the colehiated 
Fiauenhofei He selected four zones ol the objective, as iii Kig K, 
and calculated the oblique foci for eight rays equally distributed round 
each of the said zones, and found where they impinged on the plane 
passing through the axial focus (see G and H) on a second plane 35 
of a millimetre nearer the objective (see I and J), and on a tliiid iilaiu* 
70 of a millimetre neaier the olijective (soe K and Jj) He thus 
arrived at the comatic foimations H, J, and L, whoso identity with oiii 
previous results is plainly evident He then, alter a few alterations 
in the curves of the objective, got it to give synuiietiical oblique 
refraction, the sine condition being fulfilled, and the resulting oblique 
foci shown in Fig 796, N, P, and II, then showed jnuc astignialiam 
only 
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General Proof of the Theorem of Coma 

Having now given a ceitain explanation of the foimation of coma 
and shown many figures synthetically foimed by way of illustration, 
and otheis either drawn from actual experiment or tiigonometiical 
calculation, all of which confirm one another, it will now be as well 
to give a general proof that oui theorem of coma will necessaiily lead 
to all comatic eccentricity collections in the piimaiy plane being three 
times as much as the simultaneous eccentricity collections in the 
secondary plane 

In Fig 79c let C be the centie of an abeiiation-fiee objective 
yielding coma, and let the eccentric ciicle c^ G Cg H lepresent 
the outline of a pencil of rays wheie it impinges upon the plane of 
the lens Then C / is the eccentiicity Let the radius oi semi- 
apeiture of the eccentric pencil / ox / Cj be o About C describe 
the circle E^ touchmg ciicle G H at G, another circle 
Eg Eg passing through and Cg at the uppei and lowei extiemities 
of the secondaiy diameter of the pencil, and another circle Ej E^ 
touching the ciicle c^ G Cg H at H Then G and H are the 
points where the two extieme rays m the piiinary plane aie refracted 
thiough the lens, while Cj and Cg are the points where the two extieme 
rays in the secondary plane axe retracted Turning oui attention to 
the oblique focus (Fig 79^Z) formed by light filling the whole apeiture 
Et_ Ex, we have the lens zone Ei E^ forming the duplex rmg It/, 
the lens zone E^ E 2 foxming the duplex iing E/, and the lens zone 
E^ E^ forming the duplex rmg E/ Here let it be boine in 
mind that Fig 79c^ is leally veiy small compaied with the lens 
aperture E^ E^ 

We will assume that the distance, such as 0 h, between the 
central ray 0 and the outermost point of any duplex ring is N tunes 
the radius of the duplex ring We have so far assumed this ratio to 
be 3 1, but as it is desirable to make this proof quite general in its 
bearing and be applicable also to comatic formations of a higher older, 
we will assume the outermost point of each comatic circle to be 
displaced from the cential ray by a distance equal to N times the 
radius of each comatic circle 

ij Plme 

fHere we may pioceed as follows — 

Fust we may express the xadii E^ and E^ of the two-lens zones 
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Eg Eg and E^ E^ in teims of E^, the radius of the outeimost zone, 
and of r, the ladius / of the eccentric pencil, thus 


Eadiusof second lens 
zone 

Radius of third lens 
zone 


Rg2 = (C = /)2+(C /)2 = ^2^(I^^^^)2^I>^2^2E,7+27 2, 

E2= VE7^;^2Err¥2 , (15) 

then we have 

Eg = El -27 (16) 

Along the lens zone Eg Eg mark off the aic h equal to d 
and join to 6 by the chord d I Also join a to h by stiaight line 
a &, and then from the centie c draw c e peipendiculai to a &, and 
bisecting the latter at e 

Then for the moment we will assume the circle Eg Eg to represent 
the comatic circle formed by lens zone Eg Eg, in which case we 
have the ray refracted through the lens zone at striking tlie 
comatic circle at I, Ci h being the torsion imparted to the ray in the 
comatic circle Then since Ci h = Ci d, therefore the choid i d 
IS bisected at n, and angle iCe^ = CiCd But angle iad = one -half of 
angle hcd^ theiefoie angle had = angle hCc^ But angle had is also 
equal to Cba Therefore angle C&a = angle hCcj Therefore a & is 
paiallel to C and e 6 is equal to C which latter obviously 
= C /so that we ha\ e 


Ratio betweenradius 
of second comatic 
circle and path of 
secondary rays pro- 
] ected on it 


a b=2{e &) = 2(C ») = 2(C f) = 2(B,^-t), 
from which we then derive 


a l_ _ 2(R^-») 

Ka " - 21V + 


(17) 


Turning now to the real comatic ciicle E/ m Tig *79d, which is 
foimed by lens zone E^ ® 2 . ’we have as the point where the lay 
from Cj stiikes the comatic ciicle, and A 2 k-^ is obviously paiallel to 
a 6 of Tig 79c Now we have alieady seen, from Tigs G5 and 65a, 
that the perpendicular to the diagram drawn through Ag is a sort of 
axis through which pass all rays fiom Eg E 2 which intersect the 
comatic circle Aj A 2 ^"2 Theiefore the two lays m the secondary 
plane fiom and Cj which strike the comatic circle at and 
lespectively, will inteisect one another at a point somewheie on the 
perpendicular thiough Aj. whose distance from the plane ol the 
diagiam can be expressed m terms of Aj k^ or A 2 k^ 

Now clearly 


Aj 


= E2'x 


a b 
E„ 


= R^ 


2 (R ,-0 

- iEjf + 2i^ 
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If now A^ ^2 IS multiplied by 


2(R, -0 

'/Ei2-2Ep + 2 j^ 
1 
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(18) 


tan f’ angle made with 

the central lay by any of the lays refracted through the lens zone 
^2 Ej, we shall then arrive at the distance within or beyond the 
plane of the diagram at which the two rays Aj and A^ 
uiteiseet, and tins is the requiied linear EC in the secondary plane 
Now if we wiite di foi the angle made with the central lay by the 
rs^>ys lefiacted through the outei lens zone Ej E^. then we have, if 
K = the focal length, 

tan 

and it we take tan di as the unit we have 


.ind 


tan0, = ^ = tane,g S = 


0 G 


,0 G 


tan (Jj - = tan ^ = tan5i^ 

Therefore the linear EC. m the secondary plane (fiom 18) 

_ , E^* 2(E,-0 1 

~ ‘^''1 ul 


(19) 

(20) 


7^r2E7TP 

= K ' 1 

^^1^ V + 2y^ 1^2 * 


ni which, as we have seen, 

1^2 = “ 2Ei? + 2? 2, 

MO that finally om linear EO 

- R ' ^ _ Y 

^ “ \ tan^i’ 

witli which we have yet to compaie the linear EC in the primary 
plane, winch we will now pioceed to formulate 

P'i'bTiiary Plane 

Here we have to deal with the two rays refracted through the 
lens at G and H The ray from G strikes the comatic circle Eg' at 


Lengtli of secondary 
ray as projected on 
second comatic 
circle 


Semi angle of cone 
of rays from outer 
lens zone 


Semi-angle of cone 
of rays from second 
lens zone 

Semi-angle of cone 
of rays from third 
lens zone 


Lmear EC m the 
secondary plane 
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the pointy, while the lay from H strikes the eomatic ciicle R, .it h, 
and we fiist leqiiire the hneai distance fj h 
Kow g h = NR/ - NR/ = 

, (Ri-20^1 




Distance between 
points where the 
two primary rays 
strike the plane of 
the coma 




+4)^ I 


g /t = N|Ri'(l- ' )'j 


( 21 ) 


In Fig 79« let jp h be the plane of the diagiam Fig 7 Of/, .iiul 
g F and /t F the two rays we are dealing with which intersect at 

F beyond the plane of the coma p k 

We have just obtained a formula for the distance g h, and now 
what we want is the lineai EC correction F p measuuHl paiallel to 
the ray through the centre c of the lens and peipendiciilai to the 
plane p h of the comatic rings Let r represent tins reiiinu'd 
distsiDC© p 

First we have the ray H k F making the angle 0, with the 
centre ray or with F p, the other lay G- F makes tlic angle 6, 
with F p (while each secondary ray oi d 'F makes the angle' 0^ 
with F p) Thus we have 


Distance behind 
comatic plane where 
the two primary 
rays intersect 


atan^j^-aitan = (<7 h) , 
ai(tan0i-tan0_j) = (e h) , 

^={9 A), ^ 


( 22 ) 


tan 6-^ - tan 6^ 

On substituting m this the values of g h and tan 6^ alicady woikod 
out in Formulae (21) and (20) we have 

therefore finally, 

M»rr ,2.^,1 


Linear EC m the 
primary plane 
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Tlnjs \\t‘ <i luuMi FO \\lnoh ik N times the coiiebpoiiduig E(J 
m tht* s(Moiiii,u\ ])l4nHs «i lesnlt <[uite inclcpeiidont of the value of 
N, \\ lu< li III tht‘ tomatic* foiiiialioiiH ul the second oidei that we have 
ilisding with, is » to I 

Lot It lu‘ supposed Ui«it N = 5 , Ihcii the soil of eoiiia that would 
he Inimod at th(‘ lo( us, sui)i)()sing coma ot the second oidei and otliei 
th* nations to In* ahsiuit, wouhl jiaitako ol the cliaiactoi ol Fig 79/, 
wluuem till* Imiuth A = live times the ladius of the outeimost 
cumatie i inle which toucht‘s at //, and so on 

Wlu*u wi* t*oiu(‘ to deal with the (‘uivatuie euois and ECs of the 
Hurd oidi‘r iii Section XI we slnill havt* ocuision to leveit to tins 
Kig 7i)A 

The Elimination of Coma from Combinations of Thin Lenses 

in Contact 

Ih'ion* IciMU'g the suhjci^t ot eonui it is (li*snal)le to deal with a 
piohhmi lelaiiiig to teleni^ope ol))(‘etivc« winch ollen (‘alls hn solution 
In the lust phie(% it is i Icai that snuu* tlu* leuses coiuposmg such 
oh}citi\(‘s aie iii contact, and gi‘nci«dly thin conqiaied to then l()c<il 
ItMigihs, thciclou* it may ht‘ said Unit points m tlu‘ image away liom 
the a\is lue itnmed by pencils ot lays which aic letiactcd ohlKpieh 
hut (umtially thiough the lenses, any diaiduagni collections due to 
ececMitauc ohh([iU‘ lelraction hcang so small couipaicd to the noiinal 
itu\atme einas as to he ncgligihh' , so that it cannot bo supposed that 
uu} one loiiii ol lelt‘scopc oh)e(‘ti\i‘ ])H\s(*ntH any suhstantial advantage 
(wei anolhei loiin, us i(‘gaidH tlu* llatuess ol its image, oi the amount 
ot Its astigmatism tin ohlupic toci It may he said tliat the ladius oi 
cuivatnie ioi the image loimcd h> lays m puinaiy ])laiies is somewhat 
les> than |\ ths ol the piincipal local l(*ngth, and Lh.it loi the image 
loMucd hy lays in si‘(*ondaiy plaiuss somewliat less than ^,ths ol the 
pi im ipal local length l>nt sinci* tlu* (‘\ient ol nmigc utilised in such 
(a*(*i seldom .nnounts to moic than two d(‘gu‘(*s liom the a\is, these 
(Ui\atui<‘ ciiois do iioif sciiously matU*i, so wc* h.ive the l.U't that the 
punci])al laitoi which dcLciiuin(‘s the supcuionty ol one ioiin ol 
oh|cctivc ovci anotli(*i as ic'giuds its d(*lnntion away lioiii the optic 
UMH iH simply the ])U\s(‘n(ui oi aliscmc ol coma Foi mstauce, a 
doulih* ai hromatu*^ ohn‘(*tiV(‘ with tlu* collective lens placed hist and of 
a m(‘nis(*UH or eonvt*\o-]>latu* Ibim wnll yudd a veiy consideiable 
amount ol inwmrd <*oma at its oblupie loci winch, at even five minutes 
ol ar< iroiu the axis, is eonsul(‘iable (*uongh to spoil dchiiitiou, while if 


Form of coma that 
will give ratio of 6 l 
between primary 
and secondary ECs 


Curvature of image 
scarcely vanes m 
telescope objectives 


But coma at oblique 
foci IS very vanahle 
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Coma causes sensi- 
tiveness to squaring 
on 


Coma quite avoid 
able 


Condition for elimi- 
nation of coma from 
a two lens combina- 
tion 


Eelation between 
the O/’s for no coma 


the collective lens is plano-convex and still placed first, the opposite soit 
of coma will pie vail, although it will not be quite so bad as in the 
foimei case 

It IS also obvious that forms of objectives characterised by stiong 
coma will be very sensitive to being slightly thrown out of squaie, 
a highly undesirable condition, for the mischief caused to definition 
by such coma may fai exceed the mischief caused by the inevitable 
astigmatism 

We cannot get rid of the normal curvature of the images nor the 
astigmatism in thin contact combinations, but we can get rid ot the 
coma, and theiefore it is of the highest importance in the case ol 
telescope objectives, especially when designed for photographic purposes, 
that they should be designed free from coma, and to that end we may 
proceed as follows — 

Eormula II of this Section gives us the angulai value of the coma 
yielded by any lens, so that in the case of the two lenses constituting 
a telescope objective that is to be free from coma, we have 


■ 4^^^) + i)(ft - IK + (ft + 1)*.}' 


V-o 


VII 


Let Fi = + 1 and F 2 = the collective lens l)emg 

placed fiist Then 

so that 02 = +2J 


Let /xi = 1 5 and / 1.2 = 1 6 Then, leaving out common factors, 
we have 

r^/ IN. 2 5 -1 /3\2r4 2,^,, 2 6 l ^ 

115^ ^ (Y5)(5)®i} ( 5 / if (1 6X6^4°“^’ 

fiom which finally we derive 


^^2= - 3 -I- 474 

We may now insert this value of in oui formulcC foi spheiical 
aberration for the two lenses and equate them to 0, thus — 


8(75)1 


(7 a 


10a;i + 3 25 + 6 
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— Qj di 

' S) *8(^) ( ^ + 10 4( - 3 43^'+ 474)(2}) 


+ 4 08(2j)2+ 6 83j =0, 


liom which we get 

[ (70 19 Dx^ + 1 35)1 

12^1+ If - 028 ( -83 23ai-f 11 502) Uo, 


winch 1 educes to 


I 


+ 22 21 + 6 83 


'j 


- 81a:i2+ 1 2lx^+ 493 = 0, 

+ - 1 5a: = + 608, 

a,;^ - 1 5a + ( 76)2= eo8 + 5625, 
^ - 75 = + JfTT^ = ± 1 082 , 


75 ± 1 082 
= - 332 01 + 1 832 


Tho hist lesult is the most convenient, as it implies radii in the latio 
which case we have 

= - 3 43(-i)+ 474= + 1 617, 


1 2 

to 1 . 01 2 to 1, in which case we have 

o o 


or radii in about the ratio of ^ oi + 1 — 4-^, which implies a 
concavo-convex dispersive lens 

Among useful loirnulcB is one for the spheiical aberiation of a 
single lens fiee (lom coma 

In oidei to he fiee fiom coma we must have 




(rom which 


X = 


1)(/x-1) 

(/i+l) 


VIII 


Thou, on substituliiig this value of a, in the foimula for spherical 
iilu'n’atioii, WG get 


yi 1 I 2 (2/x t 1)V“ 

8b’>/>i(/i- 1)V -1 "(/*hl)' 


- + 1 ) 


(2/4 T 1)(/1 - 1) 2 

(/--I) 


+ (3/i4+2)(/4-l)a2 



Aftei adding together the thiee functions of a® and reducing, we get 


Relation between t 
and a in smgle lens 
free from coma 



spherical aherration 
oi simple lens free 
from coma 


Condition of least 
spherical aherration 


Difference between 
conditions of least 
spherical aberration 
and no coma 


Differential of sphen 
cal aberration with 
respect to a 

Condition of con- 
stancy of aberra- 
tion when vergency 
varies 


Difference between 
condition of vergency 
insensitiveness and 
of no coma 
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which IS d simple expiession foi the spheiical aheiratiou of a lens lit'c 
from coma We have seen befoie that a simple lens gives the least 
possible spherical abeiiation when 


_ _ n(/4+ 1)(/X.- 1), 


a" = - 2 


L 4- 2 


Then 


(/*+!)(/. + 2) 

a;" v_ ^ 


XI 


If a = — 1 and /i = 1 5, then the above 


75 


,(-!)=- 


75 


01 “ 086, 


(2 5)(3 5)^ ^ 8 75 Ilf 

so that the difference between the two values of requiied to tulhl 
the conditions of freedom from coma and minimum abeuation is only 
a small one 

Let us now consider the lens fiom another point of view Ruppost* 
we wish the lens to satisfy the condition that if a ■vanes oi the 
vergency of the enteimg rays alteis, then the spliciical ciboiiation 
shall remain constant, or, at any rate, vaiy m the least })()flsil)le 
degiee We must then differentiate the spheiical aberiatiou loi inula 
with respect to a, and we have 

+ 1)« + 2(3/t + 2)(/i - XII 


which equates to 0 when 

(3fi+2)(fi-l) 

X — JTT —Tv a 


Xlll 


2(/i+ 1) 

Here agam it is instructive to compaie this formula with VIII 
and X Foi mstauce, we find that 

XIII — VIII = ~ (3/t + 2)(^ - 1) + 2(2/x h l)(/t - 1 ) _ /i(/i 1) 

%+i) " 2 (/;hi)“’ 


i(/x+l) 


XIV 


75 

If = — 1 and 1 5, the above — — = — 15, and again we 



Ill 


COMA BY EEFLEOTIOW EEOM MIEEOE 


219 


ind theie is not a veiy gieat difference between the values of x for 
nlfilling the two conditions of constancy of aberration when a vanes, 
-nd fieedom fiom coma Of course, the same methods may he ex- 
cnded to compound lenses such as telescope objectives, and it will be 
ound that the foiin of ob]ective which we woiked out as free fioin 
:oma with = — 332 will also not diffei veiy seriously fiom the foiiu 
d objective necessary to give the least possible change in the spheiical 
ibeiiatioii when a varies, as, for instance, w’hen the enteiing lays 
lecoine slightly diveigent instead of paiallel To fulfil this condition 
vould have to be about — 40 Thus theie is not such a laige discrej)- 
Liicy between the two conditions as has been asseitcd by some wiiteis 


Spherical and Parabolic Reflectors at Open Aperture 


We have already had several instances befoie us ol the convexsion 
)t any foimula relating to lefi action into the coriesponding one 
: elating to leflection by simi)ly inseiting the value —1 foi In 
ihis case, also, it will be found that the toi inula loi coma at the 
)bli(iiie focus of a spbeiical reflectox at ojien apeituic may be obUmed 
foin the Formula II for the angular value of the coma foi a lens of 
}pen apeiture The lattei foimula was 


- -“f Mm - 

Here there need be no ambiguity about the meaning of oo in the 
lase of the above formula, since (/x. + 1) becomes — 0, while a is — 1, as 
.11 the case of the lens when the cnteimg rays aie paiallel, while it is 0 
it the lays are diverging liom the centie of cuivatiue, and+ 1 if they 
ire diverging from the piincipal focus Oui lonnula theiefoie becomes 


3 tan </) 1 1 
4F^ 2 1 
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Let it be supposed that the senn-apeituie A is 1 foot, and the 
pinicipal local length 20 feet, and enteiing lays panillel as usual, so 
that — 1 , then the coma will be -f and outwaid and its angulai 

amount tan 6 r If tan 6 = then at 2 4 inches lioni the axis 

we shall have coma whose angulai value at the iiiiiior centie will be 

16o!ooO’ 160,000 = 26^6^^* ^ 2-22“^ 

pait of an inch, a very small quantity 


Discrepancy between 
above conditions not 
very great 


Angular coma in 
case of central ob- 
iKlue reflection 


Central oblique 
refraction excep- 
tional 


Two sorts of coma 


Direct axial pencil 
limited by eccentric 
stop 


SECTION VIIlA 

COMA AT THE FOCI OF ECCENTRIC OBLIQUE PENCILS 

So fai we have got the universal Formula II, giving the anguUi 
diameter of the longer axis of the comatic flare (as subtended at the 
centre of the lens) on the assumption that the principal ray of the 
oblique pencil passes through the centre of the lens 

But ill the numerous cases of systems of more or less sepaiated 
lenses it is the exception rather than the lule for central oblique 
lefi action to take place, in most cases the principal lays of such 
pencils aie lefiacted through the lenses at consideiable distances from 
their centres, and as it is highly impoitant to be in a position to 
eliminate coma at the oblique foci of such lens systems, we must 
theiefore work out the formulae appropriate to the eccentric oblique 
pencils refi acted through them 

In the fiist place, a very little consideration will show that there 
are two sorts of coma, oi rathei coma caused in two difierent ways, to 
be dealt with in the case under consideration First, there is coma 
which IS simply part of the general coma already dealt with, which 
may be present in the lens and show at full symmetrical apeiture 
Second, there is coma resulting from the presence of spherical aberration 
in the centi al oblique pencil Indeed, tins sort of coma may manifest 
itself in the case of a diiect axial pencil limited by an ecceiitiically 
placed stop For instance, let Figs 80 and 80 a repiesent an uncoi- 
rected lens with an axial pencil, refracted eccentncally through it, owing 
to the presence of the ciicular but eccentrically placed stop Then 
let Figs 81 and 81 a represent cases in which the pencil is obliquely 
refiacted by the lens, but the stop is cential and of an aperture 
allowing of the same aperture of the pencil wheie tiaversing the lens, 
as in Figs 80 and 80 a Then such oblique pencil is subject to 
the same spherical aberiation as the axial pencil of the same apeiture , 
but we will suppose that there is no coma of the sort that we have yet 
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dealt with , in other woids, we will assume that the lens gives 
symmetrical oblique letraction Ot couise, it will also give con- 
sideiable astigmatism, but loi the sake of simplicity we will assume 
the astigmatism to be absent and the focus to be exactly the same as 
for the axial pencil 

It is at once obvious from the Diagrams 80 and 81 that theie will 
ensue an eccentric formation at the focus whose structure in the 
piimaiy plane is perhaps moie clearly shown m Figs 80& and 816 

Suppose we ariange our stop s s so as to pass the central lay at 
one extreme of its apeitiire, and the outei ray at the other extieme of 
its apertuie, as shown in Iig 8 1, and that we place a giound glass scieen 
peipendicular to the optic axis at the point J wheie the extieine outei 
lay passed by the stop intersects the centie lay Let Fig 82 
lepiesent a view of this screen when looking towaids the centre of the 
lens, ale the peiiplieiy of the lens, and d e f the outline of the 
eccentric pencil wheie it tiaveises the lens We can then plot out the 
figuie thiown on the scieen oi plane of the diagiain by the lays which aie 
letiacted thiough the lens at points m the zone d e f ol the eccentric 
pencil, in the following mannei Fiom /, which is the point wheie 
both the centie ray Q J and the lay liom y (the other extremity of 
the eccentiic pencil) stiike the scieen, ladial hues may be drawn to as 
many points in the ciicumference or zone ^ / as may be desiied, 
say points eveiy ten degiees apait as measuied horn / Then the 
lengths of these lines fiom / to the points wheie they cut the eccentiic 
zone defy will give the values of the -y’s oi the distances from the 
lens centie of the points in the lens wheie each ray is refracted, fiom 
which the relative longitudinal spherical abeiiatioiis of such lays may 
be calculated, and liom those the distances fiom the cential lay / to 
the points wheie each lay cuts the scieen or the plane of the diagram 
It IS obvious that all such displacements on the scieen must take place 
along the ladial lines diawn iioin /, all rays, except the extieme one, 
cut the cential lay thiough J at points on the lattei situated faithei 
fiom the lens in calculable degiees, that is, at points nearer to the 
obsoiver Having woiked out the point on each radial line where the 
conespondmg ray fiom the zone d e f rj cuts the plane of the diagiam, 
and joining all such points togethei, wc obtain the curve shown, which 
IS exactly the same soit ol cuive as m Fig *76 P, resulting fiom coma 
combined with astigmatism Foi it is evident that while we aie at 
the focus for the two extreme rays from the zone contained m the 
piimaiy plane, yet we should have to letieat farther fiom the lens 
before we ai lived at the focus foi the two rays fiom and on the 


Symmetncal oblique 
refraction assumed 


Fow the comatic 
loop IS denyed 


The result is an 
astigmatic comatic 
loop 
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The same loop de- 
rivable from the 
axial pencil with 
eccentric stop 


Construction 


zone which aie contained m the secondaiy plane and stiike the comatic 
loop at and Hence there is astigmatism introduced by the 

selective action of the stop We have already seen fiom Formula 
VI , Section VI , for EC s, that if we place a diaphragm in front of 
a collective lens having positive spherical abeiiation, so as to cause a 
pencil to tiaveise the lens eccentrically, then the E 0 consequent on 
spheiical abeuation will always be positive , that is, the intersection 
point foi lays both in primary and secondaiy planes will be brought 
much nearer to the lens, and by thiee times as much m primary planes 
as in secondaiy planes, which last condition implies the existence of 
the astigmatism which we have independently aiiived at in Fig 82 
It IS obvious, also, that the comatic curve obtained in Fig 82 may be 
derived also from the case of Figs 80 and 80a, but of course the 
combination of an axial pencil limited by an eccentiic stop does not 
occur in practice Now let 0 be the point on the screen where the 
principal lay Q li, oi the lay through the centre of the stop or of the 
eccentric zone oi circle d e f, cuts the plane of the diagram , then the 
line 0 / will be the length of the whole comatic formation m the 
primary plane, for any comatic curves traced out by lays from smaller 
zones than d e f q will all be found to he between 0 and /, as 
in Fig 76 P 

Investigation of the Oonia due to General Spherical Aberration 

We may now proceed to woik out a formula for the length of 
such a comatic foimation in the piimaiy plane in the following mannei 
Let Figs 83 and 83a represent a case of an oblique and eccentric* 
pencil, limited by the stop s &, ref incited tliiough a lens at a The 
oxigm 01 focus of the oblique pencil is Q, and its focus for lays 
ultimately close to the oblique axis Q a is at a^ Let the lay 
Q h grazing the lower edge of the stop focus at h on the oblique a\3s, 
the puncipal lay Q c passing thiongh the centre of the stop locus 
at Cj, and the othei extreme ray Q t focus at d, so that &, 
and ai d are the longitudinal spherical abeirations, being therefore 
piopoitional to (a If, (a cf, and (a tf respectively Let the 

angle of obliquity P a Q oi </> be measured at tire lens oi element 
centie as usual 

Let J be the point wlieie the two extreme rays (J t and Q A 
passing the stop intersect, and through / draw e / g peipendiculai 
to the optic axis P a Then the size of the comatic foimation is 
evidently at a minimum in e f g, wlieie the two extreme rays in 
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the piimary plane locus, and the total length of the coma is obviously 
given by e / 

Let V U, and a % lefeired to the optic axis be Y as usual 
Let the semi-apertuie of the stop be S and the semi-apeituie ot 
the pencil where it tiaveises the lens be A Let the veitical distance 
Iiom a to i\ wheie the pimcipal ray cuts the lens, be L,^ and let the 
distance ot the stop from the lens = D Let the foimula foi spherical 


alienation be stated shoitly as ^ (A'), in which / is the pimcipal focal 

length of the lens Eoi 2 / we shall have in turn to substitute various 
othei values Then we have the following expiessions foi the 
longitudinal spheiical abeirations — 


i'h = = 


Then we have the following lelations — 




«)-— 

= (/ a) 

= (<i 

,L + A 
v)-Y-> 

(24) 

which (d (j) = 

■.(h e)-(h 

d) = (b 

«)- 

-{(«i 

d)- 

-(«! h)} 

(d 

g) = (h e) 


, + - 

8X,(A')(L- 


3 


.L- 1 1 

«) -v- = 

■(» 

(A')((L 

+ Ay- 

-(L- 

-Ay 

'\~\L-rA (fiom 
ij Y ’ (24)) 

(!> 

,L - ^ ,, , L + ^ 

<3) -y- -(& «) V ■ 

y2 


2LA 

+ ^2_L2 

+ 2L^-.r-), 

(!> 

,/L-./ 

% - y- - 

^ A\ 

V / 

V3 L + ^ 

' V 

i^LA) 

= - 

Y 

{!> 

.--2A 

Y = 

-^(AO — 
2/^'' > V 

^LA, 






e)^yj,(A'){L + A)h 





(25) 


Also fiom ( 24 :) 

(/ g)^(b e)?5l^=^3(A')(L + ^)L-^ (from(25)), 

It IS deal that L is the same thing as the eccentncity 0 of Section ^ I 
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(/ 9) = |5(A0(L^-A^)L. (26) 

(, ,).(^ 4.{<* .)-(» «.)}^-{('' «>-(“. '>)+(»• ‘)}v- 

= ^^(A')V^[2(L^ + LJ) -L^ + L“ - 2LJ 

(« -7) = 3^,(A')(2L^ + A^)LV (27) 


Formula for the 
length of the aberra 
tioiL coma 

Its length vanes as 
the eccentncity 


How (e y ) = (<■’ <j) ~ (/ ' 7 ) ) 

(.e f)- - ^(A'Xy - '<%- 

(. ( 2 «) 

Hence e /. 01 the length of the coma, vanes diiectly as the 
eccentncity L Foimnla (28) may be put into moie geneial and 

convenient form by substituting foi V, and U tan ^ _ d 

tau rf) ^ ioi L, and then we get 

^ “ 1 2F 2P 

(« l-a> 


Generalisation of the 
formula 


(« f) = ^(A')tan<^.^^ ( 26 ) 

Now since the diaphiagm is iieaier the lens than Q, then 0 m the 
above Formula (20) will be of positive value and iniiuoiically gi eater 
than a , therefore /3 - a will be positive Also, since V is positive and 
real theiefoie 1 - a will also be positive Also A is positive, theie- 
foie' e f will be positive also But we shall find it coiivenient to tieat 
6 / as a negative quantity, for the coma is obviously inwaid coma, a 
flare lying towaids the optic axis , e is the position of the centre or 
principal lay ot the eccentiic pencil, and therefore e / is a diminution of 
the distance from the optic axis We must therefore leveise the 
sign of 6 /by writing 
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01 , m full, 

{e f) = tan ^ 


(. /) = _(A)tau^^ — , 

2/ + 4(/i + l)aa + (3/i + 2)(/4 - l)a^ + 

Jfiu 1_ _L 

/A— l/ a — /3 1— tt 


I XVI 


Full formula for 
length of the aber 
ration coma 


But the most convenient formula of all is one expressing the angular 
value of e /as viewed from the lens centre, which is of course obtained 

1 1 — a 

by multiplying the abo\e formula by y or by , by which we 
then get 


U niversal formula 
for the angular 
value of the ab- 
erration coma 

Fig S3a ciiid 6 illustrateh the analogous case of a dispcisive lens in 
which also /3 is + and numerically gieatei than a, so that a — ^ is again 
negative and therefore gives a minus value to Formula XVTT This is 
as it should be, foi it is plain fiom the diagiam that the coma 
produced is again inwaid oi towards the optic avis Since the formula 

IS a function of it is evident that the sign of / has no influence on 

the sign of the result , in fact, the sign of the lens is leally implied iii 
the value of a — /3 Thus it will be found that Poi inula XVII is 
umvei sally tiue of all cases We may now tuiu oui atteutioii to the 
case of the coma of eccentiic and oblniue pencils conse([ueiit upon 
coma piopei 


V 


f . A 
~ = tan 9 




''' V- 

lia- 


/3 


Investigation of the Coma Proper at the Foci of Eccentric 
Oblique Pencils 

Fig 84 lepieseuts a ca&c ol a oollactivo Ions giving pma luwaid 
coma at the locus ol a ccutial oblique pencil, splieucal abeiiation .ind 
ast/igrnatiain being supposed to be absent, while Fig 84« lepiesents 
the coriespouding c<i&o of a dispcisive lens Fig 845 shows on .i 
laiger scale the stinctuie of the foous foi the collective lens As 
in the last case, j:L is the seiiu-apeituie of the occeiitiic pencil wheie Constniction 
it stiikes the Ions /=the puncipal local length oi the lens, L = 
the eccentricity oi the height A C fioin the lens axis at which the 

Q 



226 


A SYSTEM OF APPLIED OPTICS 


SEOI 


principal ray strikes the lens Q A is the ceiitial obliyue lay 
passing thiough the lens centre at an angle of oblir^nity = ? & is the 

point wheie the extreme ray Q h h passing the stop s, and nearest 
the lens centre, inteisects oi focuses on the central oblique ray , c is 
the point where the principal ray Q C c focuses on the cential 
oblique lay , and d is the point where the extreme ray Q passed 
by the stop s s and most remote from the lens centre, intersects the 
central oblique ray Then the two extreme rays passed by the stop, 
Q and Q intersect one another at the point / Thiough / draw 
e f g perpendicular to the optic axis , then 6 / is the length of 
the coma at the focus of the eccentric oblique pencil as limited by the 
stop s s 

Eeferiing back to our method of finding the length of the coma 
yielded by the open lens (not shielded by any stop), we obtained a 
formula (4) having its application to Fig 61 This foimula expressed 


the eccentricity correction to be applied to ^ in order to convert it 

into — zr for any given semi-apeiture A of the lens, on the supposition 
6 h 

that the hypothetical stop was always so placed as to just pass the 
cential obhque lay and the other ray cutting the lens at the semi- 
aperture A fioni the lens centre We may apply that formula again 
m the present case of Fig 83 or 84 It was 


which we may write shortly as ^ 

In the piesent case it is obvious that the lineai distance a 6 is 

the above eccentricity correction with the senii-apeiture 

A i or L-A substituted for the former A, and the whole multiplied 
by V^ so that 


(a 6) = 1^(C')(L-A)W (30) 

Likewise ^ 

(a c)-=i^(0')(L)W (31) 

and 

(a i) = i^(C0(L + A)W (32) 


We may now proceed in a manner analogous to the last case 
We have 
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(b ff) = id (33) 

in which (tZ g) = (fi c) — (5 d) = (b <:)—{(« d) — (a 6)}, 

{d g) = (b fi)-|(L + .:^)-(L-.4)}^-^(C')V^ {33a) 

fiom(33)and(334(6 = «) _ (2^)i^(0')V^J?i^ , 

(b e)=pi^ -2AiL^A) -~^(C')V, 

^ind 

(b e) = {L + Ay^^^^\^{G')Y^ (34) 

Also, horn (33) 

(/ g) = {b 

(f i7) = ^-^p,^(O0(L^--i^)V (35) 

Also 

(e g) = (c 0y = {(5 e)-{b c )}^=((/2 e) - {a c),{u 

(^' i^) = ((L + A^) - L + (L - .1)] ® ^p/(0')V2(^) , 

(« 9) = (L)^^(G')VL = L^i^(0')V (36) 

Theietoie e y, the ie(j[uiied <|uautity, may now be aiiived at fiom 
(35) and (36), thus 

(« /) = (« < 7 )-(/ = 

(e y)=.4^?^V)V, 

or, m full, 

. .. A, 3tan<^ Ur vttttt I’ormula for the 

(e /) = - A-^ TvTl T\{ + l)(/>t - l)a + (jW- l)^ V XVIII length of the coma 

4:J? fx(fM - 1; V. J proper 

Now we have assumed the coma in oui diagram to be mwaid or 
towards the axis, the E.Os being positive or an addition to the value 
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for the angular 
value of the coma 
proper 


of ^ This would ceitamly be the case if, for instance, = + 1 and 

a = 0 or — 5 , but as we have laid down the rule that inward coma is 
to be consideied negative and outwaid coma positive, we must piehx 
the negative sign to the above formula as shown Next, if we divide 
by V we shall then obtain the angular value of the coma as viewed 
fiom the lens centie, getting finally 

On comparing this result with Eoimula II , foimeily ariived at 
for the angulai value of the coma foi the lens at open apeiture, we 
find that the two formulae are identical, although A is now ecceiitiic , 
that IS, for a given pair of conjugate focal planes and a given degree 
of obliquity the angular value of the coma is simply a function of the 
square of the semi-apeituie of the pencil where it is reft acted, and is 
quite independent of the degree of eccentricity of the pencil wheie it 
tiaveises the lens, and therefore of the distance of the stop from the 
lattei In this lespect it differs fiom the aberiation coma Thus 
the amount and character of the coma will not be affected if 
the stop IS moved across the optic axis in its own plane (hveu 
a fixed apeituie of the stop, then the only way in which the distance 
of the stop from the lens can affect the coma is by modifjing the 
semi-apeiture of the pencil wheie it cuts the lens, since the lattei 

U V 

IS equal to the semi-apeiture of the stop multiplied by jy/ 

as the case may be We may now combine PounulceXVlI and XfX 
foi the spherical abeiiation coma and the coma piopei lespectively loi 
an eccentric oblique pencil into one, thus — 


Formula for angu- 
lar value of both 
sorts of coma 



3 tan <f> 
4F^/x(/a - 1) 


+ 


1 

a — /5 

fj.- 1 


+ l)a'?/ + (Sfi + — l)(X“ 

j - (a - /5)|(2/x + l)(/x - l)a 4 (/A + l)^ j J 


kxx 


Thus the mteiioi functions m the formula aie closely <inalogous 
to those in the formula foi E Os, VIII, Section VI, only 4F" replaces 

2F, and ^ ^replaces , — while the comatic function is i educed to 
a half 

If the same processes aie followed in the similar case of the 
dispeisive lens, exactly the same formula will be aiiived at, piovided 
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that our convention is adhered to which makes inwaid coma oi flaie 
towaids the optic axis negative, and outward coma positive, iriespective 
of whether the lens in (luestion be collective oi dispeisive, foi, as we 
have seen, that niattei leally tells in the sign of a — ^ foi the lens in 
c|uestion 

A good test case toi the coriectness of signs in Foinmla XX m 
then application to collective and dispeisive lenses is one in which a 
plano-convex collective lens is placed in contact with a concavo-plane 
<lispeisive lens of the same ladius of cnivatiiie and of the same index of 
i ell action Thus it is cleai that, especially if cemented together, the 
two lenses will meiely foim a paiallel plate of glass, and act as such 
Then the FoimuLe XX foi the two lenses will in this case be found 
to ec^uate to 0 in all ciieumstances, since a2= —ai, “A* 

^2=^ — hi theiefoie (aj — /S2)= — (ai“/ 3 j) 


Coma in Eelation to E C s and Normal Curvature Errors, etc 
Some Interesting Corollaries 


Many impoitant deductions may lie diawii fioin the foimulae 
ai 1 ivcd <it in this and previous Sections 

1 Sui)posmg that in the case of eccentric oblique refiaction 
thiough a simple lens the ECs are eliminated, leaving the normal 
cuivatuie (uiors of the lens intact, then what will be the result as to 
the piesence oi absence of coma at the foci of oblique pencils ? 
Such a condition has often to be fulfilled or closely appioached in 
Cooke lenses 

Fust ol all wo have fui the elimination of ECs from a lens the 


condition 


tan^</)f 1_ 
■”2/ 



0 , 


liolu which we deiive 



XXa 


Condition of elimi 
nation of E C s 


On the* othoi hand wo have foi the elimination of coma fiom a lens 
undei the same ciicunistances the condition 


3^2 


tan (jjf 

IF i 


1 

(a-^) 


A'-O 


A 

J 


= 0 , 


XXa 




liom which 


XXb 


Condition of elinn- 
nation of coma 
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Formula for coma 
when £ C 8 are eh 
miuated 


Condition of elimina- 
tion of astigmatism 


Formula for angular 
coma when there is 
no astigmatism 


Case of a lens giving 
an astigmatic image 
free from coma 


Hence it is clear that when E 0 s aie eliminated theie will he a 
preponderance of spherical aheriation coma at the foci of eccentiic 
oblique pencils, foi which the formula will be 


3^2. 


tan (j> 

IF' 

= 3^2 




-X- 


X 




(a-ysr 2{a-pri 

tan^ 1 


4/2 2(a-/3) 


A 


XXo 


2 Let it be supposed that the E C s aie so airanged as to 
neutialise the normal obhque astigmatism of the lens, then what will 
be the condition of the oblique foci as to coma ^ 

For the elimination of astigmatism we have 


1 _ _ tan^ 

(a-/3r<~ / ’ 

from which we deiive 

A'-2(a-^)C'= -{a-j3f 

and 

2(a-/3) 


(37) 


XXd 


as the condition of no astigmatism 

If now we insert this value of C' into the above formula for coma, 
XXa , we get 


tan.^(- 1 

4/^ l(a-/3) 


A'- 


A' + (a_-/3)2-, 

2(a-|8) J 


.a tan <t> f A'-(a-^y ) 
4/n 2(a-/i) P 


XXe 


which expresses the angular value of the coma when theie is no 
astigmatism Then it is clear that if A' = (a— /3)^ theie will he no 
coma at the foci of eccentric oblique pencils 

Fig 85a illustrates an example of this case which will be 
already familiar to many readeis It is the case of a plano-convex 
lens of crown glass receiving parallel rays passed thiough a stop 

F 

fixed at a distance D' = — in fiont of it Here, the refiactive index 

o 

being 1 5, it is clear that aftei refraction by the fiist plane surface 

the centre point c of the stop s will be transfeired to which 

IS then the centre of curvature of the second suiface, and therefore 
the principal lays will all impinge upon the second surface as if 
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iiverging from the centre of curvature, and will consequently meet 
with perfectly symmetrical refraction, and theie will be neithei astig- 
matism nor coma at the oblique focus f 

Here we have a-=— 1, a=— 1, /3=-f-5, and (a — ^)= —6 
A' works out to 


-l{7 + 10 + 3 25 + 6 75] =^(27) = 36 

C' wolks out to 

i(2(-l) + (2 5)(-l)) = -6 


Therefore if we inseit these values ot A^ and 0^ in above Formula 
XXe , we then have 




tan (f>j 

4r^ I 


36 -( 

2(-6) J 


= 0 


Formula for coma 
=0 


But it IS evident that other conditions may be found, leading to 
no astigmatism, which will yet peimit of the presence of coma, 
especially when u is less than F and « negative, and theiefoie a greater 
than -+• 1 

We may now inquire what will be the foimula for ECs when 
coma IS eliminated The formula for E 0 s in the primary plane is 


3 tan^ ( 1 

"2r"Ua->p 



and if for C' we substitute its value from XXb , which holds good when 
coma IS eliminated, we then have 


3 tan® <!>( _1 


A ' _ 2 ^ A'\ . 


and therefore the E 0 s 


_ 3 tan®<;()|' 

~~W~y 


1 

(a-^y 


A'"' 


XXif 


Formula for E 0 s 
when coma is elunin 
ated 


Lastly, we have the formula toi astigmatism, 

ill which we may substitute the value ot which holds good when 
there is no coma, and we then have 


tan® <j>f 1 

/ 


2 


1 

{a-^y 


A'+ 1 


} 


> 
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foi astig 
matism when there 
IS no coina 


which finally tan^ ^ ((a - /3)^ - A''! 

■— I (-«> I 

In the course of the pielimmary planning out of optical systems, 
such generalisations as the above aie often useful 


Application of the Formulae to a Series of Separated Lenses 


We saw that the foimulae foi eccentiicity coirections were functions 
ot tan^ <j)j and had to be multiplied by V’ or F” in cider to leduce 
them to their longitudinal value as conections to the focal length, 
and that in adding togethei the functions foi a series of sepaiated 
lenses no notice need be taken of the successive modifications of the 
angle <jb foi the different lenses, all that was requiied being the simple 
algebraic sum of the conections for all the lenses, so, in the case 
of a senes of sepaiated lenses we may in the same way apply the 
Formula XIX for coma directly to each lens in turn, for the foiniula 
IS a function of tan <j> simply, and the lineai amount of coma yielded by 
each lens is obtained by multiplying by V Fig 85 shows a lens L 
giving a ceitain length of coma e / It obviously makes no diffeience 
to the linear value ot e / whethei we assume it to be lefeiied to the 
point 0 at the centie of the lens and in teims of tan <j>^, oi to the 

point D and iii teims of tan <)[>2 Foi supposing Foimula XIX gives 

us a ceitain value M tan <f>i foi the angular value of the coma as 

viewed fiom 0, then, supposing C F = V, the lineai value ol the 

coma IS simply MV tan <l>i If, on the othei hand, we assume that 1 ) 
IS the position of the back lens of the combination and that V oi 

V 

C F = F), or D ^ obviously tan ^2 = 

and theiefore the length L of the coma referied to the point 1) is 
given by 

V 

L = (M tan = M (w tan <l>^) ~ = (M tan F), 

which is the same result But it is clear that the semi-apeituie A 
of the oblique eccentiic pencil where it tiaveises each lens 111 turn 
must be caiefully inserted 

For brevity let us wiite Foimula XX as simply 


3 tan <l> 

“IF" 


__L 
a — 13 




then foi two lenses oi elements in succession, wliethei separated oi 
not, the formula will take the form 
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ti t.iii </) I [ ij \/i A I i 

liV "1 ' 


■* IF/ J 


XXI 


«iii(l loi tlnc(‘ c'leuu'utH oi louses in succession, whethei separated 
<)1 u<>t, 


11'', «i - /«,(■'''> ■ 

i tin </) 1 

' II 


tin </) 1 I A' - - /3 ^ 2 f 


XXII 


,111(1 so on \\\) to <iny niimlun ot lenses oi eleiuents m succebsion , the 
s(‘nu-,HKntuH‘ oi th(‘ pinu il vvlune it tiaveises each lens oi element 
iKnuL* (‘\in(*sse(l in tinins ol the senii-apeituie ot the pencil at 
th(‘ lust l(‘ns oi (dement plane ol the senes 


Coma produced by Obhque Refraction through a Parallel 

Plane Plate 

Howevt‘ 1 , oiu lonuula loi coma is not yet quite complete, for m 
th<‘ ( «iH(* Cf thick louses wi‘ have to deal with two elements and a 
|«nnll(‘l plate, and wt‘ must now woik out a loimula foi the coma 
piodueiMl when ,i jununl ol conveiomg oi diveiging rays is lefiacted 
i)l>h(iut‘ly tluough a iiauillel ])lanG plate That spheiical alienation 
(Mmia iH pio(In(‘e(l ni such a case is evident Iroiii the inspection ot 
Kil»s and 8(j/i, and also lioni expciiment 

L(‘l, X h 1)(‘ the S(‘cond suilace ol a juece ol paiallel plane glass of 

thn kiiess -/ and nd'iactive ui(le\-/xr Let & K and (Z H be the 

tA\o <‘\tM‘m(‘ lays ol the oblKpie jiencil, and c It the middle oi 

piineipal lay of the same Let (( be the local point for the lays 
iiltimaLdj (dos(‘ to the* noiimil t») A, whicdi, it the pencil weie in- 
<h*linit<‘Iy (‘\t<‘n(l(‘{h would be a lay peipcmdiculai to the plane siiitaces 
Thim \vt» must imagine that tlu‘ oiigm ol the pencil oi the point liom 
wliudi all tlu‘ tajH otigiually stall is at a point Q on A a pi educed 

La(d<wmdH and at <i distancu* to the left ot a equal to , and the 

ihagiamM ehielly lojnestmt the coiuse of the lays aftci emergence from 
t.h(* second suiface Then, as we have seen in Section IV , page 79, 


Formulse for coma 
for two lenses in 
succession 


Formulse for coma 
for three lenses in 
succession 


Construction 
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the lays are subjected to a negative aberration which, as a correction to 
i or 1 , was found to be J ah in which was the distance 

% La 2fji^'ir ^ 

of each ray, where it cut the second surface, from the normal lay 
A Q 

On multiplying the above foimula by we then get the longi- 
tudinal aberiation for any ray, so that we have 


(A 

b)-. 


ly, 

(38) 

(A 

c)- 

■ 2/4V '' 

Ey, 

(39) 

(A 

d): 


hy 

(40) 


Let the angle of obliquity enclosed between the principal lay 
c E and the noimal ray A Q be and let A E = L and E h 
= E A (the semi-aperture of the pencil) 

It is evident that the length of the coma is e /, /* being the point 
at the e\tremity of the coma wheie the two extreme lays of the 
pencil inteisect, which, as is always the case wheie theie is coma, lies 
to one side of the piincipal raj 

We may now follow a line of leasomng analogous to that we 
puisued in the case of working out the spheiical abeiiation coma 
produced by a lens on an eccentric pencil , as follows — 


(6 = 9) = {d 9)^1^, (41) 

m which 

{d g) = (J g)- {b d) = {b g)- ((a d) - {a &)j , 
id 9) =(b 9)- (L + Jy - (L - Ay] =ib g)- , 

fioin(41) (6 9)'^-^={ib 9)Jf^(iLA)]^, 

^ » » J 2^V V ’ 

+ (42) 

Also 


if 9) = ib 



V 



vnu COMA BY OBLIQUE EEFEACTION THEOUGH PLATE 235 




(43) 

Also 



{e </) = {c 

= ®)j^={(* 9) -{O' 0 + (fl 




(44) 

Thou 


(" /) = C 


-*4»-), 



(45) 

in which toimula L = -y tan ;y;, so that 



{e f) = ZUnx\^J 

(46) 

ami then the angulai value of the coma subtended at A is given by 


V ^ 2fjLh^ 

(47) 


We have now got the numexical value of the coma, but its sign How the sign of the 
(leiuands very special consideiation, chiefly for the reason that the ® 
c)])tic axis of the glass plate is mdeteinimate, oi maybe any straight parallel plane 
line peipendicular to the siufaces But the optic axis of the lens plate has no axis 
isyntom, of which the plate is a part, is always definable 

111 Fig 86a let it be supposed that the optic axis of the system 
IS Oi-O), then obviously the coma e /is inwards or towaids the optic 
<i\is , l)ut if the optic axis is at Og 0^ oi 0^ O3 the same coma 

becomes outwaid or fiom the optic axis In the same way if, in Fig 865, 

the optic axis is at 0^ Oj the coma is inward, and if at O^-O^, then it 
IS outwaid We theietoie require a sign deteiminaut, and the following A sign determinant 
coiiveiitioii will answer our put pose in all cases in which no element 
occuis at the second suiface of the plate Let the distance A a 01 
V 1)0 consideied a positive quantity when the rays emerging fiom the 
glass plate aie diveiging, as in Fig 8Ca, and a negative quantity when 
the emergent rays are conveigmg, as 111 Fig 865 Also, if the principal 
lay ol the oblique pencil is diveiging from the point where it crosses 
the optic axis, then let the distance D" from such point on the left to 
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Case wherein an 
element occurs at 
the second surface 


the second suiface be also considered a positive quantity But if 
point, when the principal ray cuts the optic axis, is to the light hand 
of the second suiface, so that the principal ray emeiges conveigiiig to 
the optic axis, then let the distance D” in question be considered 
negative 

On lefeirmg back to Foimula (47) it will be seen that we 

have ^ on the left-hand side of the equation and ~ on the othei, so 

that it V is negative, then both sides become negative Thereloie wo 
must legard the Formula (47) for the angular value of the coma as in 
itself always a positive quantity, as is the case with Formula (46), and 
the sign must be settled by a sign deteiminant in the form of (v — D") 
We will now show how this device works out In Fig 86nf let the 
optic axis be Oj 0^ , then the point wheie the principal lay rf 
cuts the axis 0^ 0^ is away to the left at at a -f distance D" fiuni 
the second suiface, which is greater than A a or v , therefore -y-T)" is 
negative, and gives a negative sign to the angulai coma, which is inwaid 
Then let 0^ 0^ be the optic axis , then becomes the ciossing point 

foi the principal lays, while v lemaiiis as before, and t;—!-)" is now 
positive, while the coma is outward 

Next let the optic axis be considered to be at 0 — Oj , then 
becomes the crossing point foi principal rays, and D" is now 
minus, so that i;-I)" is still positive, as is the coma, which is cdeaily 
outw aid 

Taming to Fig 865, if the optic axis is at 0^ 0], then .Si is the 

crossing point foi pimcipal rays, and D" is positive, while v is negative, 
so that y-D" is negative and the coma is inward But it the optic 
axis IS at 0^ 0^, then both v and D" are negative , but D" is gieatei 

than y, so that v D" is positive, and the coma has become positne 

This device covers the case of the parallel glass plate, supposing it 
IS eithei a detached and independent unit m a lens system with an aii- 
space on either side of it, oi if it foims pait of a convexo-plaiie oi 
concavo-plane lens, m which case no element occurs at the second 
suiface 

But if, as IS usual, an element does occur at tlie second suiface, 
then we have only to lefer to those data which have had to be worked 
out for the various elements m ordei to find a simj)le sign deteiminant 
m the foim of (ic-D^)f foi that element which occuis at the second 
surface If the element is a collective one, then / is eiiteied as positive, 
but if a dispersive one, then f must be entered negative, while the u and 
the D' must be entered with those signs piefixed which have been 
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aheady assigned m accordance with the conventions laid down on 
pages 148 and 149, Section VI 

Thus, then, when no element occurs at the second plane suiface we 
have the loinmla — 


^ 3 tan X with (/-D") as sign determinant XXIIIa 

<)i il Iheie IS an element at the second plane suiface, then 

= 3 tan X with {h - Dy as sign determinant XXIIIb 


Tlie abeiiations in the diagiam aie much exaggerated, foi clearness, 
and the ciossiiig points lor principal lays are of course detei mined by 
toimuLe of the hrst appioMinatioii only, all aberrations being ignoied 
In this way the point wheie the piincipal lays of pencils enteiing 
a lens system cioss the axis (geiieially the stop centre oi its image) 
is dettn mined *111 the hist instance, and supposing, as usual, that 
the angle made by the pimcipal lay with the optic axis at the fust 
(dmmmt is ^fr, then the angle ^ which the same piincipal lay makes 
with any jiaiticular paiallel plane plate may be obtained in the way 
(hsseubed on page 179, Section VII, where it was shown that it n 
(dements piecede any given paiallel glass plate, then 

D 'B ' D ' 

= etc , 

while the semi-apeituie ^ ot the pencil w^heie it cuts the second 
Huilaee ot .such parallel glass plate may be obtained in the mannei 
(l(‘sciil)ed on page 10 A, toi it is the same thing as the semi-apeituie 
ff ioi the a\i<d poiieil Supposing theie is an element at the second 
suiltU'e ot any given paiallel glass plate, and it is the ?ith element of 
the smics, then 


(V. "-Yj.i 

^ v„- / ^ 


(48) 


II tluiie IS no element at the second suiface, then the focal distance v 
ot tb(‘ tmieigeni pencil may he specially assessed with respect to the 
siMtond buiiaeo of the paiallel plate, as also the focal distance (oi D") 
Itu the j)imcii)al lays in accoidaiice with roimula XXIIIa 


Application of the Formulae for Coma to two Actual Lens Systems 

We will now conclude tins Section with two examides of the 
a(‘tu«il tiiiplicaiion of the loimuLn foi coma to two of the photographic 
kmses that we dealt with m Section VII 


Parallel Plane 
Plate 

Formula for angular 
coma with no 
element at second 
surface 


Same when element 
occurs at second 
surface 



stellar Cooke lens 
of 43 -in focus 


First element 


Second element 


Third element 


Fourth element 


Fifth element 


Sixth element 
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Fust vve will take the Senes lo Stellar Cooke Lens whose cuiyes 
and all other data weie given on page 182, Section VII 
lating, we have the formula for ECs m the abiidged foim (in 

secondary planes) — 

■ ( 49 ) 




2/ (a - 

while we have seen that the formula foi coma is 



fiom which it IS seen that if we take the function 20^ already worked 
out for the ECs, and divide by two, and multiply the whole 

formula by and substitute tan ^ tor tau^ 4>, then wo shall 

arrive at the angular comatic corrections for each lens oi element in 
turn Pioceedmg m this way we get, taking each element in succes- 
sion (the actual sign of a — 0 being indicated over each) — 


El 

4- 

(+ 00784- + 


02129 tan ^ 


E2 

+ 

(+ 002597+ = H 02775 Un.^, 

2 1 

(+ 0002383+ 0025376)^^“^^J-^^^^i^('‘^’J'*)“= - 07709 tan </> 

_E4 

(+ 0000437- 0007269)^t>-f'-"W(-^-‘*“^y= + 02863 Unc^, 


_E5 

(+ 00046162 + 00157827) - 006145 tan </> 

2/5 ' %V3®4 ' 


E„ 


(+ 011511 - 013396) ^^°^ . ^ ^ 00533 tan. 

2/g 1 \ > 
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El + 02129 tdiKj!) 
E, 4- 02775 „ 

El + 02863 „ 
E^ +_^33 „ 

+ 08300 tail (f) 


E3 - 07709 tan <j> 
Eg - 00614 „ 

- 08323 tan </> 
+ 08300 „ 


- 00023 tan cj> = total for all elements 


Tins lesult implies a minute amount of inward coma at the 
obli([ue focus , but we have yet to work out and add in the paiallel 
plate comatic corrections 


(51) 


Fust Plate 

Foi the first parallel plate we have the angular coma 

With (itj — as sign determinant, which 

A\hcieiu tan •>/r = tan <jS>, as the oiigmal object plane is infinitely 
distant This formula gives — 00007617 tan ejE), (u^ — D/)/^ being 
(-)( + ) 

Second Plate 

For the second parallel plate we have the angular coma 

with (?4| — l)/)y 4 as sign deteiminant, which 

- 3 tan <i ~ s/VAV ( 52) 

- 3 tan D^'D/D/ V Wa/ ’ ^ 

(which gives the lesult — 000005878Ai^ tan (m^ — D 4')/4 being 
^ + ){ ■" ) 

Tlmd Plaie 

Poi the third paiallel plate we have the angular coma 
- ^ tan xs ’ 

with (Mfl — JOeVe ®tgn determinant, which 
o ^ Di'D/Da'D^D,^ 


Total angular coma 
for SIX elements 


2 
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which gives the lesult + 


00000 072 15Ax“j (^ii D(,)/t, 


So vre ha've 


- 000076175^x2 for Lj 

- 000005878^x2 foi Lg 


being ( + )( + ) 


- 000082053 ^x 2 foi Lx + L^ 
+ 0000007 22 Ax^ foi L 3 


Total parallel plate 
cojrections for three 
lenses 


Final total 


Total = - 000081331^x2 tan 


Add pievious total 
fiom the SIX elements 


= - 00023Ax" (j> 

- 000311^x^ tan <l> 


Total angulai v.iluo of the 
coma at hn.il focus 


On multiplying this result by (E F L ) tan <f) we shall got the 
lineal value of the mwaid coma at any angle ^ liom the axis 

Let tan ^ ^ foi about 5 degiees, ^x = •’ “‘< 2^03 (the lull ap('itine 
was 6^ inches), wMe the EFL is 43 inches, then 0111 multipliei is 

Lengti of the coma (43)(^)(9) = 32^, and (- 00031)(32i) = - 01 inch This is more 
^degreesfromthe sensibly iiiwaid actually measiuod , indeed, at 

about 7 degiees fioin the axis there was no coma at all The cxishMiee 
ot just peiceptible mwaid coma at fiom 1 to fi degiees lioiu the axis, its 
absence at about 7 degiees, to be supeiseded by moie and nioie out- 
waid coma as 10 to 12 degiees was api^ioached, was a (‘haia(»teiisti<* 
winch manifests itself m the final image of many Huch eomhniationH, 
and IS explained in exactly the same way as we explained the 
Positive coma of a existence of zones of aheriation !Foi besides the eouiiitic coiie(*tionH 
higher order present YfhiGlii we have worked out the loumtlcn, tluue 

exist comatic corrections ot highei oideis whose foiimila will be more 
complex in inverse ratio to then lelative numeiical uupoitanec‘ Htaiecs 
if we refei back to Fig 39 and let the cuives lepiesent two oideis ol 
comatic collections which aie left over at the final l()(*al jdane untl aio 
equal and opposite at any gi\en distance from the axis, ho as to bring 
about absence of coma at that point, then at a ])oint soinewluuc 
between that neutial point and the axis theie will occur a nmxinuini 
of coma of the same chaiacter as the lowei and most iiupoitant oidci 
of coma foi which we have woiked out the foimuho, while outside oi 
the neutial point the coma of the Inghei oidei will moie find mote 
pievail In tins case we have slight lesidual negative coma ol the 
order tan pitted against lesidual positive coma of the highei onlei 
tan^ </), so that inside the neutial point slight mwaul coma pievaiLs, and 
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outside of it outward coma prevails, and would show up much moie 
stiongly were not the effective apertuie of the combination for oblique 
pencils largely reduced by the obliquity 

Foi our second illustration we will fall back upon the process 
lens, Fig 59, whose radii, etc, and ECs are all given on pp 185 
and 186 Heie again, m older to convert the eccentricity corrections 
for each element into comatic coriections, we must fiist halve the inside 
comatic ECs, and then multiply the whole abeiiation ECs plus half 
dAHa - B) 

the comatic E C s by \ r , and substitute tan (f> foi tan^ <j > , we 

then obtain the following comatic corrections foi each element 
in turn — 


(+ 0063848- 0005360) tan .^= + 051125^1^ tan <#> 


_ E 2 

(+ 0018885+ 0082405)-^"^ ~ = " 15590^iHan<^ 


(+ 0000786- 00l7803)^^y-^*^^i2("*“^)%an - 088849^inan 

*v 3 12 

_ E, 

(+ 3032244- 3826785)-^“^ tan + 81219^iHan^ 

"74 


(+ 3120633 - 383254)?fcA)^XWi!55ytan<^== - 71453^1^ tan ^ 


Eo 


( + 


0022287 - 0122244)^^“''- . 2^Vj’‘#r,W(,y t^n 

' 2/0 


<!> = 

+ 080489^]^^ tan 


Ej + 051125 
+ 81219 
Eo + 080489 


Eg - 15590 
E 3 - 088849 
Eg - 71453 


- 95928 
+ 94380 


+ 943804 


- 96928 Total = - 01548^^2 ta,n<^. 


We have yet to add the three parallel plate corrections In this 

E 


The Cooke Pro- 
cess Lens 


First element 


Second element 


Third element 


Fourth element 


Fifth element 


Sixth element 


Total angular coma 
for BIX elements 
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Total parallel plate 
correctioiis fortliree 
lenses 

Final total 


Length of the coma 
at 14 degrees from 
the ams 


case we supposed the rays constituting the pencils enteiing the first 
lens to he paiallel , theiefore tan 'xjr = tan <f) 


Fi'ist Plate 

The loimula for the fust parallel plate is theiefoie 
3 tan<i— - 


(54) 


with (2^2 "" Sign determinant, which gives us — 007877^ / t<iu <f> 


Second Plate 


! tan Wi)' (5r>) 


with ( — 1 ^ 40/4 sign determinant, which gives us + 002820-.!/'^ tan 


TImd Plate 


3 tan ^ 


D/D/D/D/D,' 


2/X^ttg2 1 V-^V^V^V^Vr, / 


(!■>(>) 


(with u^ — D^)f^ as sign determinant = + 0000327^1-* tan </> 
Summing up we have — 

foi second plate + 002329 foi first plate ~ 007877 

for third plate + 000033 for second and third plate 4 002362 

+ 002362 Total plate corrections - tan </> 

Total from elements - 01548 ,, 

Final total - 02100^^-^ tail </> 


Supposing Ai the semi-aperture = -Jth inch, and tan <^=25 (loi 
about 14 degiees), and the E F L =85 inches, then the lineai amount 
of the inwaid coma at 14 degrees from the optic axis will be given by 

(— 5) = — 00178, a very mmute amount of inwaid 

coma As a matter of fact, there was a just perceptible mwaid coma at 
that angle of obliquity visible with a high-power eye-piece, while tlic 
lens showed unubually free from comatic aberration of higher oideis 
It will be noticed that the parallel plate in the fiist lens gives a 
comatic effect about 3 5 times as stiong as the much thickoi 
second plate, owing to the fact that the lays are conveiging moie 
stiongly through the first plate than they aie through the second plate 



^ UIa 


APPLICATIONS OF COMA FOEMUL-® 


243 


These particulai instances do not show relatively very stiong 
<i<nnatic coirections for the parallel plates, and these might legitimately 
he neglected , hut cases of much thicker lenses may sometimes occui, 
01 cases in which the diveigence oi conveigence of the lays thiough 
tlu' plates IS relatively very much stronger, leading to veiy serious 
(‘oniabic collections which cannot be neglected Such cases aie, 
poihaps, the most likely to happen in micioscope objectives, so that 
oiu loimuLc for coma of the order tan ^ would be incomplete without 
those applying to parallel plates 

Coma at the Foci of Eccentric Oblique Pencils Reflected from 
a Spherical Mirror 

In the case of the spheiical reflector, we may occasionally have to 
(Iccil with the eccentric oblique leliactioii of pencils, as occurs off the 
sniall concave oi convex spherical miiioi ot the Gregoiiaii oi Cassegrain 
ictlectiiig telescopes Heie again if we take Foimula XX and 
substitute — 1 toi fjb, we then arrive at the formula — 

'rp-- 

w Inch IS the xiniveisal expiession foi the angulai value of the comatic 
ll.ue sxibtendecl at the veitex of the minor, the veigeucy chaiacteiistics 
rt and y8 being assessed in accordance with the usual conventions, and 
^ / being, as usual, the semi-apeituie of the pencil wheie it impinges 
U]>on the innioi 


Coma for parallel 
plates may often be 
Ignored 


Angular coma at 
foci of eccentric 
oblique reflected 
pencils 
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distortion and rectilinbarity of images— von SEIDEL^S FIl^TH 

CONDITION 


The sunplest c£ise of 
image projection by 
a pinhole 


The pinhole replaced 
by a thin lens 


We now have to consider auothei veiy important condition wlmdi 
has to he falfiUed by any optical combiiiatioiis that aio dosiguctl 
to project on to a plane surface images ol exteiioi obiects which 
extend to many degrees from the optic axis, and aie at the same 
tune required to resemble the original iii the sense that the lme<ir 
distances of image points from the axis point shall ho strictly pio- 
poitional to the tangents of the angles that the coiiesponding points 
in the original subtend at the front apex ol the lens oi at ,iiiy otlici 
point on 'the axis of the same Fig 87, Plate XIX., ilhmtrntc.s the 
ideally simple case of the projection ol <ui image of the ongitial Hat 
object B C on to a fiat screen i o by means of a pinhole 1’ 

Let A a be the straight line drawn through the pmholc P 
perpendicular to both planes B 0 and & c, and. we may legaid it as 
the optic axis , let C, D, and B be three points iii the original whoso 
images are projected, in straight lines, to c, <1, and h, thou rcHjw'ctivc 

image points , then we have ® g = ^ and also the tangents 

^ a c A a , iii 

, so that we not only hav(» 


D ^ a c A 
P a P A 


a P~A ra P“A P A P' 

a constant ratio between all ladial distances in the image and all radial 
distances in the original, but also a coiivStant 0(j[uahty bc^twi^en the 
tangents of angles subtended by points lu the oiiginal and tin* huigents 
of angles subtended by the coiresponding imag(i points And it m 
clear that these relations will continue to hold good wliat(W(‘r may 
be the latio between what we may teim tin* focal (listaiuiOH A P 
and P a 

Next we may suppose the pinhole to be enlaiged, and a small and 
very thin collective lens to be inseited in it, aftei whudi w(i shall h<ive 
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the relationship p most distinct image is to be 

pi ejected on to & e But we are passing oui nariow pencils of rays 
through the centie of the lens in this case, and, as we have seen in 
Section I, lectilmear piojection ensues with reasonable accuracy 
tliioughout a very large angle of view But let us go furthei and 
suppose that we have two sepaiated lenses, as in Fig 88, which we 
will suppose to be plano-convex with their convexities turned towards 
one anothei, and of equal poweis 

Let there be a screen oi stop placed half-way between them to 
compel the effective pencils to cross the axis at S, the geometiic centie of 
the system, and let the two conjugate focal distances A and L, a 
be equal, so that the image is equal to the original Let B C S I) E 
be the course of an oblique principal lay from B Let be the fiist 
principal point, being the image of the stop centre S as formed by 
the lens L^, and presented to outward view, and let ^2 the second 
principal point or the image of the stop centie, similarly formed by 
the lens We are now going further than we did in Section I, 
and must therefore take notice of the spherical aberiation of the two 


A T> 

lenses, for we are supposing the angle of obliquity j to be consider- 

able, so that the ray B 0 traverses L^ and L 2 at a substantial distance 
fiom their centres Under these circumstances it is clear that the 
linage ot S formed at or p 2 is subject to spherical aberration , the ray 
S C (tiacing it backwards) after refraction at C seems to proceed from 
, and not from , similarly, a lay S D aftei lefiaction at D proceeds 
lioin q^, and not from p 2 Now, under the ciicumstances of perfect 
symmetry jirevailmg in Fig 88, this aberration obviously does not 
intoitcic in the least with the peifect similarity and equality existing 
b(‘tween tlie image and the original , we have the ray B C entermg L^ 
as if proceeding to q -^ , aftei refraction at C it then proceeds through 
the stop centre S and cuts Lg at D at a height from the axis equal to 
that of C in Li , and after refraction there proceeds, as if from the 
point j/g, and strikes the screen at E, and E A is exactly equal to 
li A, since the two triangles AjjB and Eg^^a aie equal and similar 
But it IS clear that the piincipal lays entering L^ and the principal 
rays leaving Lg are neither converging to nor diveiging from the two 
dehnite and fixed principal points pi and p 2 , although that may be 
pi<ictically tiue for principal rays very little inclined to the axis 

Hence oui first important inference is that the radiation of 
principal rays from a definite principal point after passage, or their 
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Stop placed at^geo- 
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aberration 


The condition of 
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couveroence to a definite pimcipal point befoie passage, is not always 
a necessary condition foi lectilmeai projection But we shall soon see 
that definite principal points aie absolutely essential iL we aie to have 
the condition^of rectilinear projection foi all ratios ol conjugate focal 
Ltauces, and not merely for the one latio which involves syniineti^, 

and which m Pig 88 is also one of equality 

Let Fig 89 reproduce in exaggerated degree the case ot 
We have the oiigmal AB and its equal image E <uul aie 
the two principal points as fixed by formuliE of the lust appiovi- 
mation, q, and q, the same as they appear by spheiical aheri.ition 
B C S D E IS the actual course of the puiicipal lay, hut 

B I S d E IS the course which the lay would take woio theie no 
spheiical aberration affecting the principal points, lor before enteiing 
L, it would, if produced, pass through and aftei leaving La would, 
if produced backwards, pass through This ideal com so kn the 
principal ray is shown as a dotted line Let the actual com so o lo 

ray and the ideal course he produced away from the leiisos hoyoiul the 
object and image planes Then we have the two couises mtcrciossmg 
at B and at E, and there is no distortion with the conjugate local 
planes m that position But let the original plane object he lemoveil 
farther back to F Q, when the image will be foimed m a now and neuvei 
plane q f, and we have not only unequal conjugate focal distances, hut 
it is plain that we shall also have distoition Foi, supiiosing that (>, 
a point in the original, and its image point g, weie both u])on the 
dotted hue of the ideal ray, then we should have no distoition, for 
Gr 6 and if g are by hypothesis parallel, they make equal auglcH 
with the axis with equal tangents, and radiate to and from li\t‘d 
principal points But the actual lay cuts the object plane at Q, inside 
of G, while the actual ray aftei passage cuts the image plane" at q, 
outside of ^ To a smaller original F Q theie coirosjxincls a larger 
image q f Therefore if we suppose oui original point (J to be 
coincident with G instead of inside it, then its image point will bo 
transferred from g to ?, still farther outside of g, and g i will he the 
linear distortion or the deviation from the position of corioct piojectioii 
If on the plane F G- we have a series of line sqnaies, liko Fig 90, 
then the image will he distorted into the foim shown in Fig 90rr 

So we cleaily see that if any lens is to be univei sally free from 
distortion, and not merely so under one condition of a ceit<\ni latio oi 
conjugate focal distances, then not merely must there he a constant 
ratio (not necessarily equality) between the tangent ol the angle made 
with the axis by the mcoming principal ray and the tangent of the 
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angle made with the axis by the same outgoing principal lay, but the ^onditiou^ toat tte 

incoming and the outgoing pnncipal rays must alike be conveiging to oi ai,erration free 

ladiating fiom fixed points on the axis And as such fixed points aie 

always eithei the centres of stops themselves oi else images of stop 

centies, as in Figs 88 and 89, theiefoie we must have the images of 

such stop centies foiined fiee fiom sphencal abeiiation In Figs 88 

and 89 the stop actually coincides with the geometric centie of the 

combination, and its two images 2h i ’2 theiefoie pnncipal p)oiut& , 

but as often as not the stop m a combination is not placed at the 

geometric centre, and theiefoie its images aie not pnncipal points, but pomta 

are usually by Continental optical wnteis spoken of as pupil points, 

foi they are points at the centres of apertures or then images to which 

01 horn which the principal lays of the pencils converge 01 diveige 

But oui above condition of fieedoin fiom distoition applies lust as tnily 

to such pupil points as to pnncipal points, we must have abeiratioii- 

fiee images of the stop, 01 pupil points, combined with a constant i<itio 

of tangents of the angles made with the axis by the entenng pnncipal 

lays and the same pnncipal lays when emergent If the stop happen*' 

to coincide with the geoinetiic ceiitie, as m Fig 89, then we have not 

merely a constant ratio of tangents, but equality of tangents diul 

parallelism between the incoming and outgoing principal lays, so long 

as the two lenses, as 111 Fig 89, aie synimetiically shaped with icsiu'ct 

to the point S 

The latio of the tangents of the angles made with the axis by the 
entering principal rays to the tangents of the angles made with the axis 
by the same outgoing pnncipal rays, is a matter which can bo 
legitimately considered on the supposition that there is no spherical 
abeiiation 01 that the foiinuhc of fiist appioxiniation only stiictly 
apply throughout the lens aperture 

Then the further effects of the sphencal abeiiation may be 
investigated afterwaids and the loimiihe accoidingly modified 


The Tangent Condition 

Up to a certain stage we cannot hcie do bettei than follow the Coddington’s 
method and the notation employed by Coddington in his before- 
mentioned work, pages 121 to i;>l, although we shall find that it is 
possible to cany the processes luithei than he did, thereby aiiivmg at 
results of greater simplicity and convenience in application Ills 
methods were leally founded upon 01 suggested by a ceitaiii papoi 011 
“The Spherical Abeiration of Eye-pieces,” published in the Uambndgo 
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Philosophical Tiansactions, by Sii George Airy, the leading pioneei of 
Biitish optical science Let Fig 91 represent an equiconvex lens 
under the condition of equal conjugate foci, spheiical abciiatioii being 
supposed absent It is clear that, under these ciicumstances the rays 
entei and leave the lens under precisely the same conditions, the 
angles of incidence and emeigence are equal, as aie the angles of 
refraction within the glass, so that the course of the rays within the 
glass IS parallel to the axis Therefore it follows that if the entering 
and emeigent lays are produced inwards, they must iiiteisect one 
another exactly half-way between the two surfaces , that is, every 
incident ray will cut the corresponding emergent lay on a stiaight line 
passing through the sharp edge of the lens and peipendicular to the 
axis, cuttmg the lattei at d, the centre of the lens Cleaily, then, tau 
aQd = tan aqdj tan hQd = tan hqd, and tan ci^d = tan cc[(f, and a 
constant latio, here equal to umty, prevails between the tangent of the 
angle made with the axis by the incoming ray and the angh^ made with 
the axis by the corresponding outgoing ray That the locus of the 
inteisection points of entering and emergent rays produced is a stiaight 
hue passing through the sharp edge of the lens and pcrjiendicular to the 
optic axis is cleaily the necessary condition loi this constancy of 
tangent latios But it is by no means always fulfilled Foi instance, 
let it be supposed that the point Q is moved a veiy gieat distance away 
along the axis to the left, so that the entering rays become {)iacticullv 
paiallel, then we have the condition of things shown in Fig 92 The 
parallel enteimg lays after refiaction at the (list suxtace conveige 
within the glass to a point distant horn tlie first voitex by Ihiee 
times the radius (il fjb=l 5), and then aftei lefiaction at the second 
surface converge to q, the final focus If now we jiroducii these 
exterior rays to intersect, we shall find they no longer intersect on a 
straight Ime, but on a circulai curve a h c d, (‘on vex towaids the 
focus q Supposing the three enteimg rays stake the lens at heights 
1, 2, and 3 from the axis, then we may legard the minute angles they 
make with the axis to have their tangents in the pioiiortions 1,2, and 
3 , but not so for the emergent lays, foi we still have heights 1, 2, ami 
3 as the numerators in oui tangents foi angles egd^ hjd, and aqd, but the 
denominators aie respectively c' q, V q, and rd r/, which vaiy con- 


siderably, so that tan cqd is 


c d 
d-q^ 


and consideiably m excess of 


one-third of tan aqd, which is ^ 

a q 

We will now investigate the formuhe expressing the lelationship 
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between the tangents of the angles of the rays enteimg and the same 
rays leaving a lens Fig 93 illustrates the case of a collective lens and 
Fig 93ci the corresponding case of a dispersive lens, both cuives and 
thicknesses being exaggerated foi clearness The same notation and 
the same line of leasoning apply to both cases 


LetX A = 6 B Y = c 
A B = < A v = h' 
Radius of first surface = », 


H M = y( = K N approximately) 
Angle HX A = e Angle KYB = i; 

Radius of second surface = s 


Then we have tan 



tan _ K 
tan € N 


N 

Y’ 

N 

Y 


, , H M 

and tan e = ^ ^ , 

M X 

M X_K N M X 
H Ai H M N V ’ 


vers (A M) = 


29 


vers N B = 


r 

2s 


Also 


K N a N 
H"M a M 


J'-f + 


I'-j- 

2 ? 


26 h' 2ib' 2 »\/// 


in which we may neglect functions of the thickness t (which is 
mdopendent of y), especially as we shall eventually apply oui foimulai 
to elements of no thickness and parallel plates in the case of having 
to deal with very thick lenses Theiefoie we may wiite — 


next 


M 


K N_ <il(\ INl 

H M" 2V9^A7f/’ 


N Y = r + 


M X 
N Y 


= ^ 2t)K’ - tc) \Qi - 


0 ) 

( 2 ) 

( 3 ) 

(4) 


Notation 


The tangent ratio 


The thickness may 
he neglected 



igent ratio 


agent ratio m 
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K N M X 


H M N 


_ri . 

Y“r 


i/A^ sJ J ( [ 2\b7 csJ j 

tan € r\ 2 VK'i sJ 2 \Z>? csJ j 

=-:[-?{rG4)-ie-^))] 


have 


K N M X 
H M N y 

Heie it IS desirable to express i' in terms of /i, ?, and 6 


1 

h'~~i 


J)' jj/> fjh fx/ih 


1 2 _ + 6(ja - 1) - ? _ (jU, - 1)> + (/i — l)&_yn - 1 A 1\ 
6 h' fj/il) fi.ib jj, \? ^ &/ 

Relatively to c and the second suiface we also have 

1 s-r(/i- 1) 


(5) 

We 

( 6 ) 


^ = = and = “ 

b c s cs h 




1 )__ /!><?- S + ('(/A - 1)__2A- 1 /I 1\ 

< 0 //.cs ixCh fx \c sJ ^ 


therefoie on substituting ^^e get 




(7) 


(«) 


llemeinbeiing that the so-called lays that we aie dealing with aie 
pimcipal lays, each of which is supposed to be the cential lay ot a 
pencil 01 cone ot rays which is limited by an apeiture ot which X is 
the centie, we may now adopt the device described on page 149, 

Section VI , and use the characteiistic substituting foi i and 

1 , 1 . . _ _ 2/ 


2 y assessing the signs of h and c according to the conventions 

there laid down, and we will also adopt the characteristic n foi the 
shape of the lens, so that 


I +x 


= - and 


1 


2(/x-l)y-. -- 2(/.-l)/“s 

On substituting these values we find that Formula (8) woiks 
out to 

tan ' 


tan 




which we may biiefly write ~fl + 

C 1. 4:J^ J 
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When (/^+ l).t+ (//,— l)a= 0, then the intersection points of lays 
entering the lens and the same lays leaving the lens all lie on a plane 
passing thiongh the sharp edge of the lens, and the tangent condition 
IS fulfilled 


The Effect of Spherical Aberration upon the Distortion 


We may now consider the furthei addition to oui formulae 
consequent upon the in ti eduction of the spheiical abeiration of the lens 
Figs 94 and 94a, Plate XX , illustiate the case The principal rays 
fiom 01 to X, instead of conveiging to oi diveiging fiom Z, as supposed 
befoie, leally converge to or diveige fiom blowing to spherical aheiiation 
Thus z Z IS the lineai spheiical abeiiation whose value is expiessed 

shoitly as if ?/ = H M as befoie, and if, in the full value of 

A', ^ is sul)stituted foi a Theiefoie the true value of B z oi d is 
2 

r — j(r/)c", wilting B' instead of A', because we are dealing with the 

(pu'stioii of the spheiical abeiiation of ^vnovpal rays , and so the true 

v<iliio of \ 01 ^ IS a which may be written in the form 

^ B ^ 6 8/'^ 

whicli may be expressed as ^ 


,'~or I- 


On substituting this value of \ coriected in accoi dance with the 

6 

si)heiieal aberiation rn Formula I, we then get 


which 111 full IS 


tan V _ 

Un € ( L 


I 

4/n 


r+ 


1 

1-^ 



(9) 


bill ?/ 
t<Ul € 




r 


4 P 1)({ ^ 1 - i8 

+ 4(/i + -1 (3/t + 2)(/4 - 1)^^ + 


II 


lu which 6 and c aie the conjugate focal distances by first approximation, 

so that r + - = 7 simply 
h c j 

This is Coddington’s foimula foi the relationships of tan 77 and 
tan e for one lens We shall, however, soon see that it is not an 
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pal rays 
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universal formula, and will not interpret itself in all ciicimistanceR 
In the case of Figs 94 and 94a we have supposed X to he the point 
wheie the principal lays cross the optic axis, and the spherical ahei - 

ration only affects the value of c by reducing it, theiefoie is 

increased in value by the aberration 

But let us suppose that the point where the piiiioipal lays cross 
the optic axis is defined afte^ passage through the lens , let there b«‘ a 
stop at Z in the case of the collective lens instead of at X , then it will 
be A X or & that will be reduced by spherical abenatioii, and 

should obviously suffer a decrease from the normal But it is 
tan « '' 

deal that the value of j8, if the stop weie at Z, miglit be anything 

between - 1 and + 1, so that would still be of positive value, 

while we want a negative value in ordei to make ^ less by tlio 

spherical aberration 

Coddington showed that in any case in which the ciossing pouit 

of the principal rays is defined after passage, then " | ^ uinst bo 

substituted foi — ^ in Foimula II, and this woiks out quite conectly 

He then proceeded to adapt the above Foimula II to tlic cases oi two 
or more lenses in succession In Fig 95 let the iirst Ions bo 
receuing principal rays diverging from a point X-, on the axis to tbo 
left, then alter refiaction they aie subject to spheiical aberration, and 
the ray figured above crosses the axis at instead of at the 
ultimate focus, and passes on to the second lens It is clear tluit 
while Zi Zi is a deciement to it is an mciement to A., Zj or 

Therefore the statement of for the second lens needs niodificatiou 

tan cg 

in ordei to cover the variation of consequent on the vaiiatiou of 
Coddington made the necessary conection, and thereby obtained the 
Formula Ha which is applicable to two lenses in succession, such as 
a Huygenian or Eamsden eye-piece, but in extending the application 
to the case of a foiu-lens oi erecting eye-picce, which was one of 
the mam objects in view throughout his investigation of distortion, ho 
made a strange omission 

Foi in his series of formula, while carrymg the spheiical aberiation 
of Li through to Lg, that of Lg thiough to L^, and that of tlirongli 
to L^, he omitted to carry the aberration of through on to 
and , nor did he cairy the aberiation of through on to 
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But the omitted operations can be shown to he as impoitant and 
sometimes much moie impoitant than the processes which he letamed 
Eig 96 repiesents a case which furnishes a capital illustration of the 
necessity for cairying the abeiiation of any one lens light through to 
the following lenses Let theie be four lenses, Li, L^, L^, and L^, all of 
equal focal lengths and equal sepaiations, the latter being foui times 
the focal length of any one of the lenses Let it be supposed that a 
set of piincipal lays is ladiating fiom a fixed point 0 at a distance in 
fiont of Li equal to twice its focal length Let 0 be one of these 
pnncipal lays forming an angle €i with the axis Let it be supposed 
that all foul lenses are quite free from abei ration, and also that the 
tangent condition is fulfilled, so that the ref i actions all take place in 
one plane peipendicular to the optic axis and passing through the 
lens centres (equiconvex lenses aie here implied) Then it is obvious 
that the comse of the pnncipal lay through the series is 0 

Qs ^4 ^4’ what takes place at one lens is a 

lepetition of what takes place at any other, and the emergent ray 
makes an angle with the axis equal to €i Next, let it be supposed 
that a veiy slight spheiical abenation is introduced in L^, so that the 
pnncipal lay 0 P^, instead of being refiacted accurately to Q^, is 

lefracted to so that ji lineai abenation Supposmg this 

to bo a small quantity, say 1 pei cent of Lj Q^, then we have the 
lay stnkmg the second lens plane at a height Lg P2 which will be 
2 pel cent gieatei than L2 P2 Then the image point of qi thiown 
by Lg will obviously be q^, and Qg qz will be very nearly equal to 
Hi Qi, as the conjugate focal distances are equal and the variation 
veiy small Let 0 Lj^ 5= 'iCi^ Lj^ Lj^ ^ i) Hi ^2 ~ 

Li 22 = ^ i, Lg Pg = ?/g, and Lg jig == y\ 

Then the inclement to L^ P^ will be 4 pei cent, and that of 
L^ P^ will be G per cent But it is not oiu purpose to take notice 
of the variations in the y’s m oui functions of T' and B', because they 
involve coriections of a highei oidex, namely, of the ordei What 
we aie chiefly concerned with aie the new functions of B' and y- which 
hiive to be introduced in older to express the cumulative increment to 
tan 97, foi evidently 


tan 

1 

*2 h 'h.- 

Y !*1_ ^ 


01«A 

/«,+ 01«A 

tan q 


v\ v\ 

- oi®Y 

\«)2- 01 V 

W3 - oil!,/ 

OlvJ' 


and on writing 9^ = v = 1, the above becomes 


( 1 + 01 ){( 1 + 01 )( 1 + 01 )}{( 1 + 01 )( 1 + 01 )}{( 1 + 01 )( 1 + 01 )}, 


Four lenses m sue 
cession 


AU four lenses first 
supposed free from 
aberration 


Effect of introducing 
spherical aberration 
m first lens 


Cumulative effect of 
the aberration of 
first lens 
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or we may say 


that 


^^=(1 + 
tan fij ' 


07), 


tan = 



y(,(l + 06) _ y 

®6(1 - Oi) ' 0 ^ 


Hence Coddington’s omission to transfer all the aberrations thiough 
the senes is fatal to the accuiacy of his formula! for moie than two 
lenses in succession It will be as well, however, to repeat here his 
foimula for two separated lenses in succession, which is quite collect 
although very unwieldy — 


Coddington’s dis 
tortion formula for 
two lenses m suc- 
cession 


tan^^&Ari + |T^ 1 (l 

tan e L v 1 - Pj \ 


+ 2' 


/l 1+^2 


/2 (1 






IlA 


Fomaulee for three or 
more lenses highly 
complicated 


Application of 
Formula IIA to a 
Huygenianeye piece 


Emergent rays par- 
allel 


The student will find his formulse tor lenses in senes dealt with 
on pages 162 to 172 of his woik, and, after perusing the same, will 
be obliged to concede that, even as they stand, they aie veiy complex 
and ill adapted foi practical purposes, especially when any variations 
in the position of the hmitmg stop always lender ceitain modifications 
necessary If, however, the omitted functions for the traiisleiied 
aberrations were also taken into account, then Coddiugton’s forinulcC 
for three or four lenses, when completed, would become unmanageably 
complex, 01 at any rate full of pitfalls for the unwary This is 
essentially the case in a method which seeks to interpret distortion 
only in terms oi the lelationship between the tangents foi finally 
emergent pimcipal rays and the tangents for the same lays befoie 
entermg 

Let Eig 9 7 represent a Huygenian eye piece, for which 
Coddington’s two-lens formula is quite correct Let it be supposed 
that an objective away to the left is projecting a truly rectilineal 
image on to the plane P P (if L-i weie not iiitei posed) Let two 
piincipal lays from the centie of the objective be considcued, 
one Jj aiming for a point in the outskirts of the image, 
and one aiming foi a point in the image veiy near the 

optic axis After these two rays are refracted by Lj they proceed, 
thiough a new and imperfect image foimed atji pm the principal 
local plane of L„ on to L^, by which they aie again lefi acted, -ij to 
cross the axis at A, and ’s at /^ , F /g being the linear spherical 
abeiiation But the rays constituting the emergent pencils represented 
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by these principal lays emeige in a veiy neaily parallel state, as if 
coming from an infinitely distant object, that being the state of the 
lays best adapted loi distinct vision by the noimal human eye 
Therefore so long as tan rji bears the same latio to tan €i as tangent 
rj^ beais to tan e„ the eye will notice no distortion, and straight lines in 
the distant object will appeal to the eye thiough the telescope as straight 
lines wheievei they may occur in the field of view That is what 
takes place when the functions of 'if in Coddington’s Foimula 11a equate 
to 0 But let us consider what will happen, supposing we no longei 
confine ourselves to leceiving the emergent rays into the eye, but draw 
out the eye-piece with a view to throwing a real image of the ob]ect 
(tlie sun foi instance) onto a white screen H S at a little distance 
behind the eye-piece It is clear that such an image will no longei be 
free fiom distortion P^oi the piincipal lays, although emerging in the 

light direction, as implied in the constancy of \ will be subject to 

a lateral dis])Licenient conseipieiit on the alienation F If they 

all radiated from F there would be no distortion on the screen S S, and 
the ray i y would strike the screen at (i, but instead of that it 
strikes the screen at and () the lineai distortion oi displace- 

ment of the image point q iioui the correct position () Tlie linear 
amount of this distoitioir (i q vanes as the cube of the distance fiom 
the axis On an infinitely big image, eithei viitiial oi leal, the 
absolute disjdacemeiit (i q is lelatively a vanishing quantity, but 
relatively to the image foinied on S S it may be a very large 
quantity 

Now the amount of liueai spheiical abeiialion of piincipal lays 
taking place in the case of a foiii-lens eye-piece is veiy much greater 
than in the case before us, and the student will find, what as well known 
to many opticians, that if he takes an erecting telescope free fiom 
distoition and diiects it to an object containing stiaight lines, and 
then pulls out the eye-piece until it thiows an imago onto a giound 
glass screen a few inches behind the eye lens, he will then sec that 
the positive distortion of the straight lines, or pincushion distoitiou as 
it IS often called, is very marked 

On the other liarrd, let an extremely short-sighted xioison use the 
same telescope on the same object He lequiies a virtual image a 
few inches from his eye to be foimed, and theiefoie pushes the eye- 
piece nearer to the objective than its noiinal position , when he will 
see nil the straight lines distorted in the opiaosite sense, loi thoie will 
be stiongly maiked negative or baiiel-shaped distoition 


Lateral displace 
ment of emergent 
principal rays 


An experiment with 
a four lens eye piece 
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Formulss of greater 
scope required 


Relatiouship be- 
tween the sizes of 
tbe images 


It IS quite plain, then, that Codding ton’s foimiilce aie quite inade- 
quate to deal with cases in which leal oi viitual images are formed at 
finite distances, instead ol at infinite distances We therefore lequiie 
formulae of perfectly general apphcation, and the following lines of 
reasoning will guide us to what we want, as well as lead to much 
greater simplicity So fai, all that has been taken into account is, first, 
that the rajs constituting pencils finally emeiging shall be parallel as 
though emanating from an infinitely distant image, and, second, the 

constancy or otherwise of foi piincipal lays traversing the system 

at varying heights from the optic axis, and therefoie traversing the 
several lenses at varying degrees of obliquity 


Extension of the Inquiry 

As yet the positions of the planes where the various leal or viitual 
images are formed have not been properly considered Let Eig 98 
represent a collective lens L, placed behmd a real image 0 0^, such 

real image being projected without any distortion from X, which point 
may perhaps mark the centre of a telescope objective, and is thus the 
point on the optic axis from which the principal rays of the pencils 
going to form the image 0 0^ radiate Let the distance from 0 to 

the lens be greater than the PEL of the lens, so that it projects 
another real image of 0 0^ at I Then as X N is greater than 

0 ET, therefore the focal point Z conjugate to X will be nearer 
to the lens than I / Supposing Z is the ultimate point by fiist 
approximation, then z is the real pomt where the principal ray XM;? 
crosses the axis before proceeding to and Z 2 is the linear 
aberration 

Let Eig 98a represent the coriesponding case of a dispersive lens, 
exactly the same notation applying It is best always to choose for 
oui typical examples cases in which all the quantities are conventionally 
positive What we now want is a formula expressing the relationship 
between the size of the image I and the size of the original image 
O 0' presented to the lens That is, we want to find out by how 
much the ratio between the ladial dimensions of the two images as 
painted by the eccentric principal ray X M departs from con- 
stancy or from the ideal or normal relationship expressed by - 

Here we are assuming that the conjugate focal distances h and c 
for principal rays aie measured from the point X, the axial point of 
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the tangent siiiface M, N We must next inqmre, from what point 
must the conjugate focal distances u and 'd he measured, if abeiration- 
free lefi action of the principal lays at M in the tangent surface is to 
lead to rectihnear projection or an image of 0 O' that is fiee fiom 
distortion ? Is N the required centre of projection ^ 

The theorem that a lens through which are lefi acted a system of 
eccentric pencils, which fulfils the tangent condition and is free from 
spheiical aberration, also fulfils the condition of central projection 
thiough the point N, may be pioved algebiaically thus — 

In Fig 99& let N M be a lens fulfilling the tangent condition for 
a system of piincipal rays ladiating fiom Q That being the case, 
then all lefractions of such principal rays will viitually take place 
in the plane M N Let the lens also be abeiration free for all 
distances, so that the law of conjugate focal distances by fiist approxi- 
mation will strictly hold good 

Let F = the luincipal focal length of the lens L Let Q N 
= &, and let c[ be the focus conjugate to (i, so that 

1 1^11 
N 3 “ c “ F h 

Let p cl be a plane image or object placed anywhere between Q 
and L, and perpendicular to the axis Then let jo be a point m such 
plane image which also lies upon the piincipal ray Q M From p 
draw the straight line p N thiough the centie N of the tangent 
surface, and produce it onwards until it intcisects the lefiacted piincipal 
lay M 2' 9 0 From g draw g f peipendicular to the axis 

Let the distance N / be -y, and d N be Assuming N to be 
the centie of projection, then the question is, what must be the 
relationship between v and u ^ 

Since the point g is on the line of piojection fiom the oiigmal p 
through the centre N of the tangent surface, 


If/ w 

f q also = {v - 6)-, if Y = M N 
6 

Theiefoie we get 

0- = («; - , m which Y = 0,- , 

u ^ ' 0 h-u’ 


0~ 

. b-u 

O- = 0v- c) , 

u ^ ' c ’ 


( 10 ) 

s 


Must u and v be 
measured from N ‘> 


If Formulae 1 and II 
equate to 0, then is 
central projection 
implied ? 


Construction 
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V 

lb 


V- c h 
h-u c ’ 


and 




V - c 
h-u 


b 

c 




vhu cbu 
^ ~ c(6 - y) c{b - u) ^ 

v{c{b - u) -bu}= - chu, 

cbu , 1 __ c{b - u) - ba 

^ ~ c(b -u) -bu^ V chu 


( 11 ) 


in which expression we may put 


and then we have 


1 b¥ 
F 6 


6P /7 . j 

- -u) + lu 


6F 


b-F 


bu 


N IB proved to be the 
common reference 
point for conjugate 
distances u and ^ as 
■well as b and c 


Effect of the separa 
tion between the 
principal points 


^b^F + h^u_b\u-Y) 


bh¥ bhi¥ ^ 

1 = 1 i 

V ”"F u 


( 12 ) 


So that the simple law ot conjugate focal distances, connecting 
Q N and IT ? (or 5 and c) for the principal rays, co-operating with 
lectilmeai cential projection through IT for the coiresponding image 
points p and g, also satisfies the same simple law of conjugate focal 
distances for the two image distances u and v , that is, a distoition- 
free lens foims its image in stiict confoimity with the condition of 
rectilinear projection through the centre of the tangent surface 

We have now to inquire whethei the above line of reasoning will 
apply to a lens having appieciable central thickness, that is, will the 
above theorem apply when the lens thickness is such as to lead to very 
appreciable separation between the two principal points ? In order to 
answer this question we must know how the point IT is situated with 
respect to the principal points 

Fig 99c represents a thick collective lens The tangent surface is 
of course the plane containing the sharp edge M of the lens, and IT is 
the axial point of the same C is the geometiic centie of the lens, 
and Pi and are the two principal points, while and are the two 
veitices, the ladii being o and s as usual 
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Forniulse IV and V, page 14, fix the positions pi and oi the 
distances pj and p^, as respectively 


_ A 

/x(? + s) - i{fx. - 1) + s) - 

Now as t(/iju — 1) IS geiieially a very small quantity compared to 
/jl (7 + 5 ), representing as it does the very small effect upon the positions 
of p^ and p^ exeicised by the lefiaction of the two curved surfaces as 
compared to two plane surfaces, we may legitimately omit it and write 

t 1 ^ t s 

a. Pi = ~ — and a. Po = , 

Pi P%=i-{{ai Pi) + {^h ^’ 2 )} = !'-”^ 

r 

Then we have N obviously =t^ theiefoic 


and 


N)-(a2 2h) or N Pz = *^^-^ 


s 

'i +s' 


N 



1X1 - s 
^ 4 * 6 


N ^ fjD — S i(/i — 1 ) _ /t? — s 

Pi Pz P ‘‘■^S fj. ^-l)(?+i)’ 


(13) 

(14) 


which expresses the piopoition home by N to the separation 
Pi P 2 between the piincipal points 

This formula can be wiitten in a more convenient loim, in teiius of a, 


5^ 1)- (m+ 1)2' 

J^i Pz 2 (/a- 1 ) 


(Fi) 


Position of N with 
reference to the 
principal points 


Now let it be supposed that the two conjugate focal distances for 
piincipal rays 6 and c bear the same latio to one anothei as N to 
N p^, and theiefoie that 


so that 


' i>’2_ 

h + c 2>1 Pz 


1_-|^ _ (/t - 1) -_(/i + 1)< 

“2 ■ 2(,;;i) 


from this we get 


0 _ (//,- 1) - (/X + 1)) ^ 

p - 1 
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and therefore 


IL-l 


( 16 ) 


Point N distant from 
the principal points 
m proportion to h 
and 6 


Above theorems 
therefore apply to 
the two principal 
planes 


The thickness only 
alters value of F 


Formula for tangent 
condition fairly ac 
curate for thick 
lenses 


But we have seen that the tangent condition is fulfilled when 
{fx - l)y3 + (//.+ l)x = 0, which is the same thing 

The conclusion is, then, that when the tangent condition is fulfilled 
the tangent suiface cuts the ojptic axis so as to divide the distance 
between the principal points into two portions N and N 
lespectively, propoitional to & and c Theiefore if two piincipal planes 
aie drawn through the two principal points (Fig 99&) paiallel to 
M N they will obviously be cut by Q. M and M ^ at equal 
heights Also, by the law of principal points, the ray (J thiough 
the second piincipal point is paiallel to the rayj^^^ p^ thiough the first 
piincipal point Therefoie the conjugate distances h and u on the one 
hand and c and v on the other hand will be measured from the 
piincipal planes So that if we suppose the gap between the two 
principal planes to be closed up by shdmg the two halves of the 
diagram into one another, as it were, we then aiiive at the state of 
things first assumed in our inquiry, for p^ and p^ will become merged 
in N, while and will be simultaneously merged in a common 
point M The only difference made by the thickness, if not excessive, 

IS in the value of :=, but the equation = i + l of course always 
^ 0 c U V 

holds good, and we still have the equivalent of central projection of 
the image thiough the point IT Thus in Fig 995 the dotted lines 
and accented letters indicate the state of things when the separation 
between the two piincipal points is allowed for, and the full lines and 
unaccented letters the state of things when the gap between the 
principal planes is closed up 

It will now be seen that, with regard to the fulfilment of the 
tangent condition or any departures from it, it is scarcely necessary to 
the attainment of accuracy to treat a thick lens by elements, although 
it becomes desuable to do so when the thickness becomes excessive, for 
the refractive effect of the curved surfaces (as compared with flat 
surfaces) upon the hnear positions of the principal pomts grows as the 
square of the thickness, and leads to the above theorems becoming 
inapplicable 

Let us now revert to Figs 98 and 98a, and, as usual, let 


X I:T = 5and]Sr Z = c, 
M 0 N = w, and IT 

Z.MXIT=:€ andZ.MsN = 97, 
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aud let 

Then we have 


wheiein 


X 0 = and c I = ^^2 

I %'^d 2 tan and 0 O' = tan e ^ 

I tan 7) 

O O' tan e * 


y 

d 2 =^v-c + and d^ = b-u, 


I I _ \ 8/^ / t an t] 

0 0'~ h — u tan e 

= _^/i - U^ L_ 

h-u\ A 1-/3 4/Vi tan £* 


h- iL tan € 


in wluch we may next insert the value of already worked out, and 
which was expiessed shortly in Formula (9) as 




SO that Foimiila (18) amplifies to 

A'o-AA 1 -/')}' ("> 

111 which we may now, following Ooddington’s useful device, substitute 

iTa if^ 1 -yS 

becomes aud | becomes | " 

(l-a)(tt-^) V 1-/3 

On substituting these values lu Equation (19) we then get 

1 l' (l + a)(l-^)//. \/l a 2/V+ 2'^ ^ B'l 

0-0" (1 - “ i-y * (1 - xx® v4t ' * iT‘^ * j/n - ; 

(1 + ‘<')(i ~ P) (^ ~ , 1 — a Ti' y“ L ®' ~ ^ rp/ ^ ® ^ i tr/\ 

“ (l-a)(«-/3)U - y8 ^ (1 - ISy ^f-*l-/34p'- '^l-p4fn- IT J ’ 


which, if wo neglect functions ot 

_(! + «) n-p\fa-0a-IB (l-^)g,j/ 

~ ■ a) \a-~B)\l -13 ^ ~ ~ ' 


(i - a) \( 


j 3 1 - /3 if {1 - isy ip 


1 4. 2 /! rrv , _ 1 _ r>>jt \ 

^ a-^ ipr 



Universal formula 
for distortion of 
image 


Two separated 
lenses 
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IE which 


1 + a /l + a\/ 2/ \ D 


so that the foimiila finally becomes 
I l V 


0 


which in full IS 


O' tti V 


( 20 ) 


+ 4(/. + l)lix + (3;. + 2)(/. - l )/32 + 


II r 


Thus we find that the change required in the formula loi in 

® ^ tan € 

order to convert it into a statement of the ratio between the radial 

dimensions of the two conjugate images is an unexpected!)' simple one, 

mvolvmg the smiple substitution of -^—5 for “—5 in the spherical 

^ j a- p 1-/3 ^ 

abenation function, and - for - If the leader will puisne the same 

process in the case of X being neaier the lens than 0 0 ^, the case ol 

the stop being placed behind the lens, 01 any other case he likes to 
choose, he will airi've at the same foimula , in fact, it is quite univcisal 
and mteipiets itself m all cases 


Applications of Fornaula III to Combinations of Lenses 

We will now show how this formula simplifies the pioblem of 
arnvmg at the distortion produced by a senes of sepaiated 01 non- 
separated lenses in succession, even when employed for projecting real 
images on to plane surfaces at finite distances 

Let Fig 99 represent two lenses in succession placed m alignment 
behind either a real plane object 0 Oj or an image pio]ected by 
another lens Let it be supposed that the lenses are very thin, and 
that the principal rays cross the axis somewhere about 21, and then 
proceed to luteisect the conjugate focal plane I where an image 
(in this case inveited) of 0 0^ is formed From 0 ^ diaw 0 ^ L^ 7 

straight through the lens centre, then ^ m the plane I will be 

the correct place foi the image of the point 0^ to be formed if there 
is no distortion , but owing to the operation of distortion the image 
of the point Oj is really formed at and % is the linear 

distoition, which, for example, may be 10 per cent of the correct 
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icidial dimension I which latter, of course, = (0 Oi)- 


This 


exaggerated radial dimension 


I is then piesented as an image to the 
lens L2 It IS deal that if is so ciicumstanced as to foim an 

image of I without m itself exeicising any distorting effect, then 
if we draw a straight Ime from the centre of L2 through to cut the 
conjugate focal plane J f at ji', then f becomes the image point of 
the point whereas the image of the true point i would be thrown 
to j , therefoie j f is the coriect projection 01 image of the linear 
distortion % ^ that is, the lens Lg will simply form a correct image 

of what IS piesented to it if it is free fioni distortion, while if it does 
exeicise any distortion itself, it is obvious that it will add its own 
distortion, f 7^, for instance, to that which is already piesented to it 
If the two distortions are of opposite signs and equal, then the final 
image will, of course, be a tine imago of the oiiginal 

Out Foimula III simply repiesents an inclement 01 dcciement to 
the ideal ladial distance fioni the optic axis of any image point located 
01 defined by a piincipal lay passing through the lens at a given height 
y horn the axis, and is therefoie (pute independent of the sign of the 

lens , in fact, is always positive, and the sign of the lens is really 
' 1 

always implied in the term ^ ^ m the spheiical aberiation function, 

and ill yQ in the function of the tangent condition Theiefore the 
di&toition functions involving 'if foi a senes of lenses will be the 
simple Slim of the distortion functions loi the individual lenses In 
the case of two lenses, we have the image to object ratio foi the first 
lens 


I 

O 




(t/- 


and the image to ob]oct latio for the .second lens is given by 

'\±^' 


T ' + ' 


On multiplying these two foriuuhe togothei we get 






Simple siumnatioii 
of the distortion 
formulae for a senes 
of lenses 


0 O WiMjt ^ ^ 




A 




>Kh_ 


Distortion formulae 
two lenses in 
' succession 


from which the function of 2 ^ coriection 

of the order f Therefore the total distoition of the senes is the 
sum of the distortions of the individual lenses But it is obvious 
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Distortion for- 
rnnlse for three or 
more lenses m 
succession 


An objection to the 
validity of the above 
formnlse 


First case E C s of 
l»2 assumed to neu- 
tralise the normal 
curvature errors 


that y will have to be inserted at its piopei value loi each lens , and 
all the y’s may he expressed in terms of for 

y2=yi7>ys=‘!/zf=yiTr.’ 

h . ‘’2 ^1^ 

So that the formulae foi a series of n lenses or elements must ho 
wntten m abbreviated form, 



In such cases for the fiist lens may be taken to be tan <f>, 
which connects the functions with the angle of obliquity of the 
pencil of lays in question 

It will be as well to now consider an objection that may bo 
raised to this senes of formula, and at first sight a very plausible 
objection It may be urged against it that it does not allow foi 
eurvatuie of image 

Let Lj, Fig 99a, be a coRective lens which by cential oblique pencils 
forms an image qi which foi rays m primary planes is curved as usual 

to aiadius equal to about or 4 If so, then will not 

the primary focal point at and not its piojectiou on the local 
plane, form an object, as it were, fiom the pomt of view of a second 
lens placed at Let L^ be a dispersive lens of the same powei and 
material as L^, and let it project an eiilaiged image of Oj F^ 01 

Fi on to anothei plane 0^ F^, which image, if L, is free from 

E C s, wdl be a flat one 

Now the pnmaiy focal line q^ is foiined on the oblique principal 
ray ^ Oj (unless there is coma, but that is dealt with by separate 
rormulae), and assummg L^ free from distortion and coma, and at the 
same time to have no curvature of image, in the sense that the E 0 s 
balance the normal curvature errors and therefore the lens projects 
a flat primary image of a flat object, then the image of the point q, 
wiU be projected to q^ on the refracted prmcipal ray and on q^ 

produced, so that the versme or curvature error will be 
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times §1 Also the focal plane will m this case he con- 

jugate to q^ /i in exactly the same sense that 0^ is conjugate 
to Oi Fi The curvatuie of image would m this case be copied 
through from one image to the other, without the point 0^ being 
disturbed Foi would then be the centie of an out-of-focus oval, 
being a section of the eccentiic pencil of lays whose axis is V q^ 

But now it may be uiged that supposing the ECs of L,^ aie 
eliminated so that its normal cuivatuie eriois become equal and 
opposite to those of Li, then it will thiow upon F^ 0^ a flat image, 
and if we still assume the line of cential pi ejection to be 

pioduced to cut the focal plane F^ at q^, then should not we 
expect a focused image to be foinied at q^ instead of the previous out- 
of-focus image at 0^, so that we now have a distortion of lineai value 
Og ^ 3 , where befoie we had none, due to a change in the cuivature 
conections of ^ 

Assunimg that to bo the case, yet theie us nothing essentially 
inconsistent with oui distoition formulm, loi we must lemeinbei that 
the foimulm foi ECs and those foi distortion have some functions oix 
in common, and it cannot therefoie be expected that changes can be 
made in the cinvatiue corrections of without changes also taking 
place m the distortion collections, unless peihaps is a compound lens 
First, we have assumed to have its cuivatuie enois neutralised 
by ECs and to form an image of the oiiguial q^, the image q^ being 
Xirojeoted to Og in an out-of-focus condition , and, secondly, we have 
assiuned ECs to he eliminated and the iioimal cuivatuie eriois to 
have fiee play in L 2 , countei acting those in L^, so that it must be 
assumed to pioject an image of at 01 theieal)outs But the 
change m the .? 01 x’s in the foimuhc foi ECs loi U, il it is a simple 
lens, necessary to do this will also bimg about plus inciements m the 
distoition conections, which will now indicate <i new path V foi 
the lefracted pimcipal lay, shown dotted m Fig 99a, and this new 
path will icsult, not only from a variation in the tangent condition in 
L 2 , but also liom the increase in its spheiical aberiation 

But supposing we could assume vaiiations in the curvature errors 
of the diffeient lenses to occur without at all affecting their distoition 
corrections, then it is cleai that such variations in the curvntine errors 
would simply cause the foci for rays in pi unary planes to slide to and 
fio along the path of the principal lay, as, for instance, q^ might be 
supposed to shde to and fro along q^ O 2 Thus 0^ may be 
regarded as the image in two dimensions of q^ Oi 

Thus oiu foimula need not concern itself with anything but the 


Second case ECs 
of Lj eliminated, 
leaving the normal 
curvature errors free 
play 


Foimulse for ECs 
and for distortion 
interconnected 


A plus increment to 
the ECs m L2 im< 
plies a pins mcre- 
ment to the distor- 
tion 


If distortion is con- 
stant, changes m 
image curvature 
cause image pomts 
to slide along the 
principal rays 
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txons of a 
order 


conjugate focal planes, and it is the point 0^ on the first focal plane 
Oi Fi which it IS the business of the lens Lg to project coiiectly, for 
although Oi may be somewheie inside an on t-of- focus patch of light, 
yet it IS wheie the piincipal lay strikes the focal plane, and as long as 
Oi IS coriectly pi ejected it cannot be said that there exists any 
distortion, however bad the image may be in other respects 

Thus a system of formulae which only takes note oi the paths of 
the piincipal rays and of the points wheie they intersect the successive 
conjugate image planes and foimulates the deviation of those points 
from then true and piopei positions in such image planes, is none the 
less accurate because some or all of the images may be moie oi less 
curved The interconnection between the distoition ioimula iii such a 
case as this and the formula for ECs, together with the foimuhe foi 
coma and spherical abei ration, is highly interesting, but exceedingly 
involved , and it can be shown that the last tliiee loimuhe all have an 
mdirect beaiing upon the couise of the piincipal lay as piesciibcd 
by the distoition formula 

correc- In the couise of a pievious discussion m Section IV of the intlueiice 

higher spheiical abeiiation oi laigc separations between the lenses, wo 

found that then tendency was to set up lelatively stioiig abcnations oi 
the highei orders and etc, and it is clear that the spheiical 
aberration functions in oui distoition loimuhe aie liable to piccisely 
the same modifications, a matter to which we shall lelei again when 
we come to consider the case of the well-known four-lens ei'ccting 
eye-piece 


The Distortion produced by a Parallel Plane Plate 

But before we aie exactly in a position to apply our foimuho to 
very thick lenses by the method of elements, we must Gist woik out 
the formula foi the distoition produced by a parallel plane plate of 
glass, 01 othei transparent substance 

That distortion is produced in such a case is rendered evident l)y 
inspection of Fig 100, lepresenting an oblique couveiging pencil whose 
piincipal ray is 11 B c enieigmg from the second suil<ice of a 
parallel glass plate, and Fig 100a, a diveigent pencil emeigmg in the 
same maniiei As we are studying the effect of the plate only, we 
must assume that before enteimg the ^date the rays of the pencil are 
converging to or diverging from a true point — for instance, the \iomi 
Qi Let stiaight lines Q P be diawn through Qi perpendicular to 
the plane sm faces Such peipendiculais will, of course, pass through 



PLATE XXI 







DISTORTION OT PARALLEL PLANE PLATE 267 




the ultimate focus A after lefractioii, accoidmg to the fiist appioxima- 
tion Thiough A draw the focal plane A E parallel to the suifaees 
It IS obvious that if the focus were formed at A, as it would be by a 
thin perpendicular pencil, there would be no distoition , but the oblique 
rays are subject to aberiatioii, the ray K h intersects the noimal raj 
P A at &, the principal lay R c intersects it at c, and the ray 
H d d, and the longitudinal aberrations A &, A c, and A d 
are piopoitional respectively to (P (P R)^j and (P But 

the principal ray E c, when pioduced, cuts the focal plane A F 
at B to one side of the tiue point A A B is then the hnear 
or absolute value of the distoition, and oui pioblem is to expiess it 
in teims of the radial dimensions of the image, which, of course, 
necessitates our knowing the wheieabouts ot the optic axis of the 
system, of which the paiallel plate forms a pait 

In the first place, we aie supposed to know the angle of obliquity 
PAR or we lequired and ascertained it befoie for othei paiallel 
plate coi reckons 

Then we also have the formula foi the linear abeiiation c A 
from page 80, Section IV, which was 


2/xV 




whereiu in this case a, the senu-apeiture of the laigei direct pencil, is 
P E, which we will call li, while v = P A It is cleai that 


A = i; tan % , 




also 

A B = (c A) tan x= tan x)^ tan x (23) 


But so fdi there is nothmg to deteinnne the sign ot the distoition 

Let Oi Oi, Og O 2 , and O 3 O 3 lepiesent thiee possible and 
different positions of the optic axis Then A 0/, A O 2 , and A Og' 
are the lespective ladial dimensions of the image, in teims of which we 
want to express the displacement A B Let D^, Dg, and Dg be the 
points where the piincipal lay cuts the optic axes Oi 0 ^, O 2 Oo, and 

Og O3 

Then, in pursuance of the conventions previously adopted, the 
distance fiom Dj to the second surface is + m both cases, foi the 
principal lay is diveiging from D^ on emeigence The distance from 
Dg to the second surface is — in Fig 100, as the piincipal lay is 


Formula for the 
linear distortion 
yielded by paraUel 
plane plate 
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converging to D 2 , but is shown to be + in Fig as the piincipal 

lay IS diverging fiom Dg aftei eineigence 

The distance from D 3 to the second siiiface is shown — in both cases, 
as the principal ray is converging to D 3 after emeigence Let these 
distances be Cg, and respectively 

In Fig 100 the distance A P 01 is and in Fig 100a- is + 
Then, if the above conventions are adhered to, we have 

A 0/ = (y - Cj) tan x ^.nd is - in both cases , 

A O 2 ' = (^ - C 2 ) tan X and IS - in Fig 100 and +mFig 100a, 

A - cj) tan x Q-i^d is + in both cases 

A P 

Evidently, then, , gives the distortion as a fraction of the 
’ (v-c) tan X 

ladial dimension of the image Then A B in the numerator, having 
no sign, may always be consideied + , but (y — c) in the denominatoi 
acts as a sign deteimmant 

In full, then, the fractional distortion is 


- c) 


tan^ 


X 


(24) 


Formula for the 
fractional distor- 
tion yielded by 
parallel plane 
plate 


Normally the latio between the sizes of the two conjugate images 
in the case of a paiallel plate is simply unity, theiefore we find the 
coi rented ratio to be 

In the case of an optical combination containing thick lenses the 
quantities fiom which we can pick out v and c have to be assessed at 
the outset, as we have seen befoie But we must remember in this 
case that while v and 0 may be known quantitatively, yet then signs 
must not necessarily be taken 111 connection with or with lespect to 
the element following the parallel plate, but must be assessed with 
lespect to the parallel plate itself in strict conformity with the above 
convention Should any paiallel plate not be followed by an element, 
still the quantities v and c are easily inferred from the values v and c 
or V and D" of the piecedmg element Under these circumstances 
Formula V will be found to interpiet itself m all cases, and give a 
positive lesult when the displacement A B is from the optic axis, and 
a minus result when it is towards the optic axis 
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Some Concrete Examples of the Apphcation of the 
Distortion Formulae 


We will now take the process lens whose curves and other data Process lens 
were given on page 185, Section VII , and work out its total distortion 
by the Formula IV we have arrived at, taking the quantities a and 
^ and /, etc , as before arrived at Then we get the f ollowmg quantities 

for each element, the values of the function of and those of being 
stated separately, or shortly as /T' and /B', and assuming to be 
05 inch — 

/T/= - 00113275 ^ /B/= + 0095122 

^ Total - + 0083795 


/T/= + 0008095 


/B;= - 0062888 
Total - 0054792 


- 00018385 


/B3'= I- 00127723 
Total H 00109338 


/T/= + 0007870 


/T/= - 0006549 


/T,,'= + 000C872 


Total for + 0083795 
„ <>, + 0010931 

„ fig + 0104459 . 


+ 0199188 


Final total 


jB/= - 0130917 
Total - 0123017 


yB,'= H 0111008 
ToUl + 0104459 


/!)/= - 0048517 
Total - 0041675 

Total foi - 0054792 
„ - 0123017 

„ q, - 0041675 

- 0219514 
+ 0199188 

six olomonts = — 0020326 


Distortion for six 
elements 


indicating a slight negative or baircl-shaped distoition But we have 
yet to add the parallel plate collections 

For the first plate Pj we have tan %i = ^ ^ tan <f>, in which 
tan^ = |l = in this case = formula for Pi is 



Distortion of second 
parallel plane plate 


Distortion of third 
parallel plane plate 


Total distortion 
plates 
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while m the ease hefoie us % and aie the same q^uantitatively as Kj 
and 5, of the second elements , and as the lays of the pencils emeiging 
fioin the plate aie conveigmg, % must be put - 2 0059, also the 
piincipal ra}s aie conveigent, so that becomes — ( - 1676) 

= + 1676 , so that Di-Cj becomes — 1 8383, and the distoition is — 
It woiks out to — 01383 tan^ ^ 


In this case tan xa = tan <#. and and are quantitatively the same 

as and of the fourth element The rays of the emeigent pencils aio 

divergent, and _ , „ ^ 

»2= + 5 123 =tt4, 

and the principal rays also are divergent, 

C2=(+ 2735) = ip 

1^2 “ ^2= +4 8485, 

and the distortion is therefore positive, and it woiks out to 

+ 01596 Un2</, 

Ps 

In this case tan v,=tani^i^®^^^*^'\ and and Cj aio quantitatively the 

same as and 5^, of the sixth element The lays of the emeigont pencils 
aie diveigent, and 

+ 14 1046 

and the piincipal lays are divergent, 

C3 = ( + ) 35 77 = 5u, 

^ = + 13 7 469, 

and the distortion is therefoie positive, and works out to 

+ 015976 tan2</, 

We then get a distortion foi P 2 =+ 01596 tan^ c/> 

Pj + 01598tan2(if> 

+ 03194 tan2</> 

Pi - 01383tanV 

Total foi paiallel plates = + 01811 tan^ 

/ 05 

On multiplying by tan^ which we saw was 

a total distortion for the three plates = + 00498 
to which we have to add the distortion 

foi SIX elements = - 00203 

and oui grand total is 


Final total for whole 
lens 


+ 00295 
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The EFL was 8 55" and (EFL) tan <^ = 163 inches, so that 
a distance horn the optic axis=163 inches, coirespondmg to an 
angle of 10" 47', the linear distortion is (+ 00295)(1 63) = aboiit 
4“ 005 inches, an amount baiely perceptible by any but veiy delicate 
tests As a matter of fact, this lens was very carefully corrected 
foi lectilincaiity, and at much gieatei angles from the axis verj' slight 
negative distoitioii was just perceptible Having now dealt with a 
tMbc in which the iclative separations are not large, it will be as well 
te) apply the same formultC to the well-known cases of the Huygeman 
oyo-picec, and the foui-lens erecting eye-piece, in which the sepaiations 
iue vciy consideiable 


Huygeman Eye-piece 


Let this be the usual combination of two convexo-plane lenses of 
focal lengths «> inches and 1 inch separated by a distance s = 2 inches 
Th(‘U as the image is loimed in the pimcipal focal plane of L 2 , or 
1 inch lu liont ot it, it falls therefore half-way between the two 
lenses The EEL ol the eye-piece =15 inches 


W(» may assume the principal lays entering L^ to be parallel 
if the foc<il length of the object glass forming the image 
ih leLitivcly voiy long, so that 

Also the lays aie converging into L^ as if to form an image 
1 5 inch l)ohind L^ therefore 

The principal rays aio converging into L 2 to a point 1 inch 
hohiiul it, thorofoio 


<x^ - — — 4, 

Also //2 = yx 3 

The distoition foi L^ woiks out to 
,ind foi Ln works out to 


also 

and a 2 - ^ 

Let /X = 1 5 


A=-i 

= “ 5 

/ 32 =- 3 , 
0^2 — "t* 1, 


17 


' 108^^"’ 
IQ 1 

Tot^i^or^y^ 


which, if i/i = 2, gives a distoition of + This is at an angulai 
(hstanco tiom the centie of the apparent field of view, such that 
tan 9 - I 7 5 * 

Hupposiug we substituted a single convexo-plane lens of the same 
pow(‘i loi this eye-piece, it would have to be 1 5 m focal length, 


The charactenstics 
and other data 


Final result 


The distortion 
yielded by an equi- 
valent convexo plane 
lens 
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■while y would he the same as the y-^ of the eye-piece = 2, and ^ would 
then become —1 In that case the distortion would work out to 

+ or nearly five times as much as the eye-pieee The 

Causes of the m diffeience is partly due to the fact that m the eye-piece the pnncipal 
fenontyofthesmgie strongly conveigent into the eye lens instead of parallel, 

which causes a much closet approach to the fulfilment of the 
tangent condition (winch leq^uires ^2 to tie — 5) than in the 
case of the simple equivalent lens, but principally because of the 
relative leduction in y^ Foi supposing an equivalent simple lens 
IS substituted foi the eye-piece, then its y would necessarily be 

equal to the y-^ of the above eye-piece, and if — -th of /i (and 

then = ^th of /a), it is clear that yi would be ^ths of / the 

focal length of the equivalent lens Thus the pnncipal lays are 
caused to he refracted through the eye lens of a Huygenian eye- 
piece tliiee times as close to the axis as in the case of the equivalent 

lens, while the powei of the eye lens is ^ of the equivalent lens, so 

that the relative distortion of the eye lens, other things being equal, 

may be expected on that account alone to he reduced to 

= ^th 

When the distortion The formula foi distortion for the Huygenian eye-piece will bo 
found to work out to about a minimum, when Ki = 0 and ag = -h 1, in 
which case the field lens is equiconvex, and the eye lens convexo- 

plane, when the total distortion is -1- ^^^ 1 ^ combmatioii 

has certain other disadvantages 

Sometimes Huygenian eye-pieces are constructed with a ratio 
of focal lengths between the field lens and eye lens of 2 to 1, 
which enables a flatter field of view to he obtained than with the 
ratio 3 to 1 , but with the ratio 2 to 1 the approach to freedom from 
distortion is not quite so good 


The Four-Lens Erecting Eye-piece 

Its inventor This well-known and useful optical device seems to have been 

arrived at quite empirically by the monk De Eheita, who evidently 
had been experimenting with various combmations of lenses in series in 
conjunction with a telescopic objective But the theory of it was not 
worked out until very many years later, by Sir George Airy and Henry 
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Coddington, and even then not in one sense completely Fig 101 
shows the course of a, couple of pencils of lays through such an eye- 
piece, from their points ot oiigin in the first object oi aeiial image 
^ ^ to their again concentiating into a second aeiial inverted image 

^2 in the piincipal focal plane of the eye lens L^, so that aftei 
emeigence fiom the lattei the lays constituting the pencils aie 
paiallel and fit for vision by the noimal eye placed behind it 
at P 

Since the objective of the telescope is supposed to be placed at a 
considerable distance to the left hand, and the principal lays of the 
vaiious pencils or cones of lays aie supposed to ladiate from the 
centie of the objective, therefoie such pmicipal lays aie biought to a 
focus at 0 at a distance behind equal to oi a little moio than its 
pimcipal focal length , not only so, but an image ot the ax)eituie of the 
objective is foimed at that position, whcie it is usual to place a stop 
with a ciiculai apeituie a little laigei than such image of the objective, 
A^hose ofhce it is to screen off stray light leflected fioni the mteiioi 
of the tubes 

Then a second image of the objective oi an inveited image of 0 
IS again foimed behind the eye lens at P, that is, the piiucipal lays 
again come to a focus oi cioss the axis at P, wheie the pupil of the 
eye is placed to receive them and the pencils of lays which they 
lepresent Put, as wo shall see latei, this second image of the objective, 
01 exit pupil, IS an exceedingly lough and impel feet one 

Fig 101 is a coirect drawing to scale of a foui-lcns eye-piece 
which was specially adjusted with great care to show an apparently 
lectilmeai image when used as a magnifiei on a set ot stiaight lines 
luled on a flat suiface placed at ^ the eyesight of the obseivei 
l)eing iioimal The object was to see wlietliei the sum of the foimuhe 
foi distoition for the loui lenses would in that case woik out to zeio 
The stop at 0 was at a distance = /j behind The data for this 
combination weie as follows, the lefiactive index being 1 loi 
all foul lenses - - 


A = 19" 

Separation 6, = 2 24" 

/2 = 2 26 " ~2 

5^ = 5 24" 




+ 1 

9" 

13, = 

- 

1 

76 

1>1 = 

- 1 

27 

(i,= 

+ 

4 




and 

“i “ ^1 ~ 

+ 

5 

34 

<2 = 


fO 


+ 

12 3 

51 


-t G 

35 

“2 = 

+ 

2 




and 

“2 - ^2 = 

- 

12 


T 


The course of^ the 
rays through four 
lens eye piece 


Position and func 
tion of first stop 
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/ 3 = 2 03'' ^3=+1 Z>j=+5 64 C3=+3 17 ^3'=" 


// ^^=--1115 


a 3 = - 4 6 i 


= and a, -^ 3 = - 4 36 

/^=141'' ^ 3 =+l 54=~104 ^ 4 = + 60 /54=-3 7 


W 4 = + 1 41 ^4 = 


<^4 = 4 - 1 


and a4 “ /54 ■= +47 


From which we get the following values of the distortion when 

yi= 20" — 


- - "‘"“L 

--OMOsI 


= + 00512 


4/3^1 ^ “ 3 -A VC1C2 


H 0235 


- 00203 


+ 0223 


The total result is a positive distortion of about 2 ^3 pei cent, which, 
although small 111 itself, is m excess of the distortion yielded by any 
one ot the foui lenses But 2 "*3 pei cent of distortion could scarcely 
go unperceived under a searching test How is it that tins apparent 
The personal eqna disciepancy between theory and piactice arises ^ It is partly due to 
the fact that a good deal ol the peisonal eq[uation aiises 111 the case ot 
a Ksenes of straight lines or chords viewed through a ciicular apertiiie 
The leal image foimed in the piincipal focal plane of the eye lens is 
bounded 01 limited by the field diaphragm within the ciiculai apeituie 
of which it IS formed 

Parallel straight Now, it can be shown that a senes of parallel straight lines viewed, 
a^c^cni^*^8^rtSe wliaUveo , thiough a circular apeituie do not appeal 

may appear dis- to be straight to all observers, to some, including the authoi, they 
mvariahly appeal somewhat ban el-shaped, as if by the presence ol 
negative distortion, while a square drawn with sides so curved 111 wards 
as to represent a case of 2 per cent of positive distortion at the coineis 
(and therefore 1 per cent at the middle of the sides) appears to he 
perfectly rectilinear when viewed through a ciicular aperture ^ust well 
dealing the corners The reader should try this experiment foi 
himself, and will then become convinced of the difficulty theie is in 
saying whether an eye-piece is leally free horn distortion or not 
Distortion of the Furthermore, in the four-lens eye-piece, consisting as it does of foiii 
third order Widely separated lenses, the distortion coriections of the higher oidei 


Parallel straight 
lines viewed through 
a circular aperture 
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m some cases may form a veiy appreciable fiaction of those which 

we have formulated of the ordei and this is chiefly tiue of the 

collections affecting the eye lens To be suie Cbddington, on 
pages 168 to 170 of his woik, m dealing with the four-lens eye-piece, 

makes it appeal that the distoition formulie of the oidei ^ foi the loui 


lenses may be leduced to zeio , but we have seen that he neglected in 
working out his formuhc to allow loi the spherical aberration of the 
fiist lens being carried thiough to the thud and fourth lenses, and that 
of the second to the touith, opeiations which, as we have already seen, 
aie really as vitally important in his scheme as canying loiwaid the 
abeiiations of each lens to the next following lens, which he did allow 
for Hence his conclusions on page 170 were eiioneous 

We have seen that the formula for distoitioii which we have 
worked out is quite independent of such accumulated vaiiations of 

iP' 

h and c m each lens, that is, so far as the loimulfe of the oidei p aie 


conceined P)ut Fig 102 will help us to see that the aberrations 

exerted by each lens upon the pimcipal lays must necessaiily have 

an effect upon the distortions of the following lenses which we cannot 

altogether neglect In Fig 102 the deviation of the principal ray Departure of the 

from its theoretical couise is a little exaggerated for the sake of from 

clearness The solid lines indicate the theoictical couise ol two the ideal path 

piincipal rays through the lenses according to the foimulfe of the fust 

approximation, hy which the values of b and c, and theieloie ^ foi 

each lens are assessed P>ut the dotted lines indicate the actual 

couise of the same piincipdl ray, which deviates laigely from the 

theoretical course, especially at the eye lens It is clear that oui 

nietliod ol expressing the y for each lens in turn in teims of y^ 

deviates more and more horn the truth as w^e work towards the eye 

lens, and this fact is just as impoiiant wliethei we work out our 

distortion completely by Clodding ton's scheme oi hy our own After 

allowing foi these inodificdtions of //g? Ve /3{> ^-ud it 

can 1)0 shown that oui principal ray, striking Lj at a height 2 / 1 = 20 

from the axis, is subject to a distortion of the older VA 1/^^ 

equal to J^tli part of the distortion of 2^^ per cent previously arrived at 

and of the opposite sign 

On page 91, Section IV (Fig 30), we showed liow, when two 
lenses aie seiraiated fiom one another on a common axis, the spherical 
abei ration of the fust lens gave use to a spherical ahei ration m the 
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second lens ot the oidei j/A smiilaily loi any subsequent lenses , 
and the same influences operate in the case of the foui-lens eye- 
piece Moieovei, theie exists for each lens the intimsic abeiiations 
of the 01 del not only as regaids the spherical abeiiation, but also 
the abeiicitions fioni the tangent condition So that the distortion 
formulse for a foui-lens erecting eye-piece, supposing we take all of 
the ordei into account, as well as those of the oidei fj\ are of a highly 
complex nature 

The fact that the collections against distortion are geneially of a 
hybrid natuie, involving the opposition of these two oidei s ot 
collections, is made apparent by iigidly testing the lectilmeaiity of 
ail eye-piece which has an extra large field of view It will then bo 
found that theie exists a small amount of positive oi pincushion 
distoition of straight lines in the iniiei zones of the field of vie\^, 
while in the outeimost zone theie is quickly increasing negative oi 
ban el -shaped distortion of straight lines This is illustiated in 
exaggerated form m Eig 103 

The case is exactly illustrated by means of Iig 37, in which the 
left-hand cune may be taken to lepiesent 4- distortion of the oidei 
and the right-hand ciuve — distoition of the oidei y'^ These neutralise 
each othei at a ceitaiii distance D from the axis or centie of the held 

D 

of view , but at a distance equal to y-r from the axis there occius a 

s' I 

maximum of + distortion equal to :|th ot the distortion that occurs at 
D, and outside that a lapidly increasing — distoition 

In the case of certain forms of foui-lens electing eye-pieces largely 
favoured by Continental opticians, and consisting of foiu compound and 
achromatic lenses, this compound cuivatuie of straight lines, consequent 
upon a still greater degiee of distortion of the oidei y"^ opposed by 
distoition of the opposite sign of the order ?/, is still moie noticeable 
It IS clear that since the distortion of the order incieases as 
tail‘d ^ or the fonith powei of the semi-diametei of the apxiaient field 
of view, therefore the size of the latter cannot be very much increased 
without the hybiid distortion showing itself in an aggressive manner 
Doubling the size of the field of view will multiply the defect sixteen 
times 


Cooke Photographic Lenses 

These lenses, which aie composed of two simple collective lenses 
containing between them a simple dispersive lens, form good piactical 
examples of the embodiment of the formula — 
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( rp ' 

■ 


1 


+A 


J[»'^ 

A i 


f T ' + - i ^ B'l = 0, 

^ ^ a3-^3 I 


foi the two collective leii'pes ot focal lengths ami aie sepaiated 
fiom the disx^eisive lens by sepaiations Sj^ and s^, which aie proiDoitional 
tofi and ta, when the distances fiom the object to Lj^ and fiom 
Lj to the linage aie also piopoitional to and /, and and aie 
symmetiically shaped with lespect to one anothei, then clearly the 
conditions of veigency as well as ot shax)e ol the lenses and L aie 
all &}inmetncal it the principal lays aie supposed to cioss the optic 


axis at the centre of the len«i L, , so that ^ = — = 0 , also ai-/ 3 i = 

“2 ” Pi 

and A = - h = - ^ etc Theietoie the 

system is fiee fioni distoition, and piactically leinains so nndei all 
noimal conditions 


Magnification 

We have yet to considei the iinpoitant question ol the inagnitying 
X>uweis ol lens systems 

It IS quite obvious that il the eye views a distant fiat object and 
fixes itself upon some cential point 0, then vaiious othei points in the 
olgect will seem to l)e distant from G by certain angles <^3, etc , 
and tbeii appaient distances fiom C as ineasuied in the plane of the 
object will be ]}iop<ntional to tan (j>i, tan<jf)2, etc 

On ajiproaching to a distance equal to ~tli ol the fiist distance, the 

appaient distances ot the same points tiom G will be pioportional to 
tan <pij tan etc 

If, instead of appioacliing ih tunes neaier, an optical contiivance 
causes xniiicijial lays to make angles equal to 7z.tan</>i, ?itan<j(>2, etc, 
with the axial line thiough C, in place ot tan<^i and tan <1^2, etc, then 
deal ly the magnifying powei =n 

So that if, in the case ot the telescope, we wiite tan<^ for the 
tangent of the angle included between the ojptic axis and the piincipal 
lay fiom any x^oint in the distant object, and tan foi the angle 
made with the optic axis by the feaine p)iiiicipal lay attei emeiging 

from the instiument, then cleaily will expiess the magnifying 

u«in 

power 

This IS of couise ec^ui valent to the latio ^ in Any s and 
Ooddington’s T'ormuhe 11 for the distortion ot eye-pieces , in which 
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FormtOa for the 
magnrlcation of a 
telescope 


Use of the dynamo 
meter 


Proof of the accuracy 
of the dynamometer 


tan e= tail (j>, oi the original visual angle subtended at the object glasb, 
and tan 77 = tan <)E)', the angle foi the same piincipal ray on eiueigenc(^ 

The simplest way, however, of ei^piessing is in its equivalent 
foim j, m which l' = the equivalent focal length of the object ghiss, 
and / the E F L of the eye-piece 

Supposing neither F noi / are exactly known, tlieii the laniiliai 
device of ineasuiing the diametei of the image of the apeitiue of tlie 
object glass foimed just beyond the eye lens with a dynanu)nieU‘i, 
when the telescope is focused foi distant objects, and dividing the 
same into the apeiture ol the object glass, may always be lelunl iqx)!! 
to give laiily exact results Theoretically the method is quite exact, as 
the following leasoning will show 

When set foi noimal eyesight the first piincipal iioiiit oi tlie 
eye-piece IS distant from the second piincipal point ol the objective 
by a distance equal to F+y Now let F ==???/, so that oit is the 
magnifying power Then the two conjugate focal distances, with 
respect to the eye-piece, of the object glass and its image will 
clearly be 

{m + 1)/ and ^ ^ 


I i)y 

= {m + 1)/ and - - oi {m + 1)/ and - V , 

(m+ 1)/ 

and consequently the image ol the objective will be Hh oi the original 

size, and theiefore the latio 07 i expresses the magnifying power of tlie 
telescope 

The only thing which militates against the accuracy of this method 
IS the violent spheiical abeiiation to which the image of the object 
glass IS subject in many cases 

Also many cases arise m the case of three- oi four-lens eyc-])i(‘c*(‘s m 
which the image formed behind the eye-piece is not leally an nnag(‘ oi 
the objective at all, but is an image ol the stop between the lust and 
second lens oi the eye-piece, which is, either intentionally or not, m<ide 
too small to pass the full image of the object glass thiown into it liy 
the first lens 

In such cases the best plan is to place an artificial circulai apeitme 
of smallei size over the object glass and divide its apeiture by the 
diameter of the image of the same loimed by the eye-piece 
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The Simple Microscope 

Heie we have to deal with a somewhat diffeient state of things, 
foi the apparent size of the oiiginal objects, which aie close at hand in 
the fiist instance, is evidently quite aibitraiy , a shoit-sighted person 
may view an object with his naked eye 6 inches away, and see it 
magnitied thiee times relatively to a person who can only see it clearly 
with the naked eye at 18 inches away Therefore the convention has 
been adopted of accepting 10 inches as the standard distance at which 
the noimal naked eye can comtoitably view small objects, and thercfoie 
all micioscope magnifying powers aie estimated relatively to that 
conventional standaid 

Fust, It IS clear that in the case ot using lenses oi low magnifying 
power the short-sighted peison will cleaily ha\e an advantage, as he ^ 

can place his magnifier neaioi to the object and deal with more 
divergent lays than the long-sighted , and, again, the question is luithei 
complicated by the vdiiation occuiimg in the distance of the eye 
behind the lens 

Let / be the EFL of the lens, u its distance fiom the object, and 
U the distance ot the eye from the lens, all in inches Then the 

conjugate focal distance v will be ^ “,/!!/•’ distance of the 

/ n 

image fioin the eye will be 

.-D. 

-/ 

It the eye weie at the lens centre, then clearly the conventional 
magnifying power would be — quite independently ot the position of 

the second conjugate image, hut the eye is at a distance liom the 
image which is i educed by 1), theiofoie the magnitymg power 
liecomes 

Formula for thenxag 

10 V 10 u-l _ f ^ _ \T nificationof asimple 

w a fu -l){u microscope 

u-J 

As a general rule 'y is a minus quantity, since the enieigeut lays 
constituting the pencils aie diverging It they aie convuigmg, then oi 
course U gives a gam in magnifying powei instead of a loss 
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Formula for 
magnification 
compound x 
scope 


The Compound Microscope 


Heie theie is a ledl image ol the original foiined behind tlie 
objective, and this image is viewed through an eye-piece, which yields 
a fuithei magnifying power 

Let F = the EFL of the objective, and / that of the eye-])io(e, 
and U and V the conjugate focal distances of the object and iiinige 
lespectively, and let it be assumed that the rays emeige paiallel fioni 
the eye-piece 

If the eye weie placed at the first piincipal point of the objective 

it would see the object undei a magnification eipal to ^ , and it it 

could turn to the second principal point and look the other way it 
would see the conjugate image under exactly the same visual angle, 

and the magnifying powei would still be 


If the eje then views the conjugate image thiough the eyo-])iee(*, 

V 

the magnifying powei will be obviously incieased in the i<itio - , tlieie- 
foie the whole magnifying powei wnll be 


Now we may call V, oi the distance hoin the second j^inicipal 
point of the objective to the enlaiged image, the ellective length ol 
tube, which may also be wiitten as nV, so that we have 


1 ^ 1 _ ^ - 1 
U F /iF“ nF ’ 


so that oiu foinmla becomes 


the 
of a 




VII 


As in the compound microscope an image of the objective is fonued 
just behind the eye-piece, theiefoie the eye cannot befai removed horn 
the lattei if the whole field of vision is to be seen, iiox, in the case 
of high-powei eye-pieces at any late, will the state oi divcigenco ol the 
emergent rays veiy appieciably affect the truth of the above simple 
foimula 



SECTION X 

ACIIEOMATISM 


So tai as we have yet pioceeded, we have geneially tieated the lays 
iefi<)cted by any paiticnlar lens, element, oi paiallel idate as if the 
lefiactive indev fi were a hxed quantity 

Oui next task is to coiisidei what follows fioin the lefiactive 
index, varying, as it does, foi the diHeieutly ooloiiied lays usually 
constituting the pencils of light lefiacted thioiigh lenses 

It may fairly be assumed that the leadei will be quite familial 
with the siinplei foiinuhe leLiting to achromatism, yet foi the sake of 
completeness it is desiiable to lecapitulate the usual forinulm, and 
then pass on to the now theoiems and foiiiiulae contauied in this 
Section 

First of all from our faiuiliai formula ft>i a thin lens — 


wo deduce 


and since 




;+l(oi Jfoibievity)=^^-_-\^p. 





A/a 
H ^ 


1 

¥ 


I 


So that the variation of the powei of a lens consequent upon a 
variation Ayu. in the lefiactivo index is equal to the powei oi the lens 

multiplied by winch is the well-known expie&sion for the disper- 

sive powei of the glass for the range of rays dealt with 

281 


Elementaryformtilse 


Vaxiation of the 
power of a lens due 
to colour vanation 
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Linear value of 
chroiaatic aberra- 
tion 


Diameter of least 
circle of chromatic 
confusion 


Angular value of 
above subtended at 
objective 


Then from the foimula foi conjugate foci y = we cleiive, if 

U IS constant and F vanes, as in Foimula I, 

1 _ . A/x 1 
F’ 

so that 

Thus the linear chiomatie abeiratioii, as measuied along tlie optic' axis, 
vanes diiectly as the square ot V, the distance to which it is piojected 
by the lens, just as m the case ol splieiicnl abeiiation, only with tins 
diffeience, that the lineai chiomatic abeiiation is (juite indojiendcnt 
(except m the higher orders) of the apeiture oi tonn ot the lens and of 
the state of diveigence oi otheiwisc of tlie entering rays Tims the 
characteristics a and % do not as yet entei into the case at all, and 
the chromatic abeiration depends only upon the power of the lens <m(l 
the dispersive powei ot its inateiial 

But it IS quite clear that the apeituie of the lens must exeit a 
pioportional effect upon the size of the least circle of chioinatic 
aberration through which the lange of colouied lays will pass Tins 
least circle is obviously situated halt- way between the local poiuts 
for the two extreme colouis conceined, and its diametoi is ('(pial 
to half the hneai chiomatic aberration nmltiplied by the ratio of 

apertuie to the conjugate focal distance V, oi y, wlieieiii a is the 

semi-apeiture of the pencil oi lens So that the diaiuetei of the least 
circle of chiomatic abeiiation is expressed by 

F /V 



and its angulai diametei as subtended at the lens centie is 



which shows that, supposing the apeitiue is constant, the <uigular 
diameter of the least ciicle of chiomatic abeiiation vaiies luveisely as 
F, a fact which w^as leahsed in a veiy piactical mannei by astiononieis 
and opticians such as Huygens and Hcvelius in the eaily days ol the 
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simple objective, for they made a great point ot having the focal lengths 
ot then telescopes as long as possible, 120 feet being nothing niiiisual 

Wo have also seen m Section IV, page 110, that the least ciicle 
of confusion consequent upon spherical abeiration has an angular 
<liamet(*i which vanes inversely as the cube of the focal length when 
the tipeituic is constant 

It wo put two thin lenses in contact, with a view to pioducing an 
.iclnoniatic image in the con]ugate focal plane of the compound lens, 
then we must fulfil the equation 


i^/'i 1 + J_ = 0 

/*i“ 1 /^2“ ^ ^2 


Two lenses m con 
II tact Condition of 
axial acliromatism 


in which AyLti 01 lespective diffeiences in lefiactue 

ludites foi any two coloured lays of the spectium that may be fixed 
upon These aie geneially the orange-ied lay known as the 0 lay, 
and the bliic-gieen lay known as the F lay 

Since in all known glasses the lefractive index inci eases as we 
nscend the spectium fiom led to violet, and A//, is always of the same 
sign ioi (lilfoient lenses when it lefeis to the same spectium interval, 

tluiieforo it IS cle<u that and ^ must be of opposite signs, and 

Jell •1!2 

that 


Va _ _ 


Dispersive powers m 
proportion to focal 
lengths 


that IS, the dispeisive poweis of the glasses foiming the lenses must be 
m iiivcibc ]nopoition to then powers or in diiect pioportion to then 
focal lengths 

Also, feiiice the resultant iiowei of the contact combination is 

Hiiuply jjJ; + y , it IS deal that the fulfilment of Equation II 

doluauds that the Ions of the greatei powei shall be made out of glass 
ot the h^ist dispeisive powei, and then its powei will prevail ovei the 
othi ‘1 So that it the combination is to have positive power, then the 
coll(‘( tivc" lens must be made of the glass of the lower dispersive powei , 
and il tlu‘ combination is to have negative powei, then the dispeisive 
kills iiiust be made out of the glass ot the lowei dispeisive powei 


Thus il 


A/xg ^5 

/xg - 1 3 /xi - r 


then ^ will be 2ths and the power of the combination will be 
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The glasses usually 
used for achromatic 
objectives 


Two separated 
lexises Couditiou of 
axial achromatism 


Axial achromatism 
of two separated 
lenses not constant 


J _3 1 _2 _1 
Fi 5 “ 5 Fi 

This IS the latio ol clispeisive powers generally pievaihng in the 
glasses used for oidinary telescope obiectives, the collective lens 
being geneially made of a ciowii glass having a dispeisive power 

of — foi the spectiiim interval C to F, and the dispersive lens out 

of a dense flint glass having a dispeisive powei foi the same spectimn 

inteival equal to ^ It is cleai that any contact combinations of 

a collective with a dispeisive lens may be achromatic foi all degices of 
divergence oi convergence of the enter iiig lays 

Thin Lenses Separated by an Interval 

Should an interval s exist between the two lenses, Foimula 11 

will no longer apply Since ^ is the ohiomatic aberiatioii 

/h - 1 

of the fiist lens, and ^ is tbe longitudinal cbiomatic ah- 

'1 lh ~ ^ 

eiiation as measured along the axis, oi the chiouiatic vauatioii of 7>|, 
theiefoie fioni the centre of the second Ions as a icleionce point the 
chiomatic aberration of the fiist lens 

= 1 or - 

A Ml- IV Ami-i(«-V^’ 

which must be iieutialised by the chiomatic aberration oi the second 
lens Theiefoie the foimula foi achiomatism is 

1 A/. V+l A/i, 

Jl Ih ^ "*^‘2 /^2 ^ 

So that the gieatei is the separation nniltipliei the greater is the 

chiomatic aberration which the second lens has to counteract 

But, since can be made practically equal to unity by 

assuming Vi to be a very laige quantity compaied to 6, as when the 
rays leaving Lj are about parallel, the formula in such circumstances 
becomes practically the same as Pormula 11 

Hence it is clear that while Foimula III may be equated to 0 foi 
any given value of yet if varies considerably and thus causes 
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to vaiy, the condition of achromatism will no longei hold good 
Vif / 111 

Hence no sepaiated combination of a collective with a dispeisive lens 

can possibly be achiomatic for all degiees of diveigence oi conveig- 
ence of the enteiing lays While the ectuivalent focal length of the 
combination is constant, as we saw in Section III , yet the chiomatic 
abei ration vanes accoidiug to the ladiaiit distance % But it can be 
shown that undei ceitaiu circumstances a combination of thiee oi moie 


sepaiated thin lenses may yield a practically constant chiomatic 
abeiiation undei all ciicumstances likely to occui in practice 

We may now extend I'oiiiiula III to a laigei number of sepaiated 
lenses 

^xxpposing we have thiee lenses, then fioni the centie of the last 
lens as a lefeience point the chiomatic abeiiatioii of the fiist lens as 

a vaiiation of — is 


1 A/ii 

/i Ih-'^ 


h % 

II J 


Axial achromatism 
of three separated 
lenses may be prac 
tically constant 


and that of the second lens is 


1 


and that of the thud lens is 


h H'i *■ 

PiocGsdiiig in ill© ssiniG way foi iiiuii1)6i oi Igiisgs wc got tli6 
^eneial foimula A - 

A/., /V2 *’«-!)■* + ) TV 

winch IS sti icily applicahle also to a sciics of elements 


Condition of axial 
achromatism for a 
senes of separated 
lenses 


The Linear Chromatic Aberration of a Parallel Glass Plate 

But ill 01 del to apply tho foimuhc to thick lenses by the method 
of elements, wo must next woik out the toimulaj foi the chiomatic 

aberiatioii of a paiallel plate of glass 

Let Fig 104 lepieseut a case oi a diveigeiit pencil of white light 
originating from Q and passing peipeiidiculaily through the parallel 
plate of thickness A, A^ oi t, and Fig 1 04« the coiiespondiiig case 
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of a perpendiculai pencil of lays conveigmg to Q After lefiaction 
at the fiist surface the less lefrangible rays, such as the red, will be 
diveigent from or convergent to such that Ai'=yL6, (Q A^), 
while the moie lefiangible lays, such as the blue, will be di'^^ergent 
fiom or convergent to h^, such that A-^ = /a,/Q Aj), so that the 
distance between and will be Q Ai(/x^ — oi, shoitly, 

Then as a coriection to the recipiocal \alue of the distance A 2 in 


the case of Fig 104, the quantity becomes 


uAfx 


(h 

1_ _ __ 1 _ uA fjL __ I uAfjL 

1 


that IS, 


Aftei lefraction at the second surface 


01 -, which = 

f V ) 

^4 + — 


1 


-, and y 


uAfx 


2 


(/M, li + ty 


. becomes 

fJ.,U+ t 

becomes 

(j.,u + ty 


h 

/t,«+ I 


0 : 


Now supposing the other lay, oi the blue lay, wete also radiating 
fiom the same point ij as the led ray befoie lefraction at the secon(l 
suiface, then aftei lofiaction we should have the blue lays appnieiitly 
ladiatiiig fiom b^, such that the distance A, would be equal to 

JM} + Afl 


which = 




^ 01 r- , so that 


fjbi + Afjb 

1 __ i“-J + AjW, ^ jjb, 

(>2 A 2 fliU + t tfJLfU 


+ A/i 
/ + f 


Afjb 


1 Aim 

0 fMi\( + t 
1 


(3) 


SO that — ^ ^ IS the increment to ^ due to colour coubequont u])oii the 

second lefraction only Put we have seen that the chioinatic 
abei ration brought ovei horn the first suiface and leferied to the 

point A 2 was — so that the chiomatic aberiations of both 

(/z, (0 + ty 

sui faces aie 


AjM fMjUAlM ^ fM^U + t — fMfU ^ t 

fM)U + t (fM, \b + ^ (fMrU h ty {fM)U + tf ^ 


PaxaUel plane plate 
The chromatic van 

ation of - 

V 


But + t — fji^Vy so that the chiomatic abenation becomes 


+ 


tAfM 


cis a coirection to 

V 


V 



PLATE XX I 






PLATE XXII 
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and the linear value hi oi the abenation is simply 


YI 




The Imear chromatic 
variation of v 


If Afjb lefeis to a laige inteival of spectium and the glass is highly 
dispeisive, it is moie conect to wiite 


A/a 


or 


VIA 


The same line of reasoning applied to Fig 104a leads to the same 
result, piovided we considei v negative, so that in the case of hig 104 
we have 

1 ^ 4- l! 


hi A-g 


and in the case of Fig 104a we have 




I’i A^ 

In both cases we find the liiieai chioniatic abenation &2 The^ dMp^wn^ai^ 

left to light , a plus iiicienieut to fj, implies a traiisleience of the Local “ 

point 111 the same direction as tlie light is tiavelhng, and in this sense 
the elfeot of a parallel plate is similai to that of a dispersive lens — only 
with tins dll lereiice, that while the chiomatic abenation of a dispersive 

lens IS - j “ and thus mdependeiit ol u oi v, in the case of the 

parallel plate the ohioniatic abenation vanes inversely as and 

of oouise vanishes when o becomes luhnito and tbe rays parallel 

We might have aiiived at the same lesult more shortly in this way 
Since the linear tiausfeieiice of the focal point due to passage through 

a parallel plate is, as we have seen in Section 1, ^ , then in 

dilfcieutiatuig with respect to /r we get ^ ^ ^ t only we 

should have missed noting the eifeots taking place at each suiLace 


Chromatic Variation of the Spherical Aberration 

So lai we have studied the cllects ol jj, heing a van<il)le upon the 
foiuuilie of the first appioximation, and it is now desirable to 
investigate the effect of ya being a variable upon the spherical 
abenation of a lens It is a subject of considerable importance in the 
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Importance of two 
colours being free 
from sphencsd aber 
ration 


Differential of the 
spherical aberration 
with respect to ju. 


theoretical designing of acliiomatic object glasses of laiger apertuie, 
and especially when of lelatively short focal length Foi it is some- 
what futile to take elaboiate precautions to ensure any two colours 
being refracted exactly to the same focal point by foimulae applying 
to ultimate central rays, and also get the spherical abeiiatioii of the 
lays of the one coloui perfectly corrected and then allow the rays of 
the other colour to be subject to strong spherical aberration, thus to 
a large extent discounting the advantages of achiomatism 
If we take the foimula loi spherical abeiiation 

sy vci - 1 ) + 2)0* - IK + ) 'A W) 

and for ^ put (/a — ly, oi snnply , since y is a vaiiable 

depending on /a, we may then wiite it in the form 


1 f (/^+3)(;A -l) 4 (/a+1)(/a-1V (3/ah-2)(m-1)> , 

, . _ ^ -j- a^c + a*' 

\ fJL 




I 

On ditieientiating with le&pect to ix. we shall then hud that 
" ~ ^ ~ ^ ~ /i)“^ - 14 /a + 3 + 


(5) 



Supposing /L6 = 1 5 this works out to 

+ Q-a'i + 3 13a^ + 3 75|yV/x 

If “ = 1 {ioT a focal length of 2), ^ = + 1, and a = + 1, and = 

r 23 

the fomiula works out to +j— rf/A, and since 01 is a very 

allowance for d/j, for the brighter pait of the spectrum m the 
glasses of low lefractive index, we then get 


then 
liheial 
case ol 




But the spherical ahei ration in such a case would be 
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1 1 f 

8 (2)^ 76 I 


7 + 10 + 3 25 + 6 75 



27 

768 


28 ’ 


01 36 times the above vaiiation due to d/ju 

Such a small quantity as this might almost be neutiahsed by 
paiabolising the cuives of an object glass oi the leveise it theie weie 
only rays ot one coloui to be dealt \\ith, but it is cleai that if we have 
peifect conection for spherical abeiiation foi one coloui, whethei it 
be by a peifect balance ot cuives oi by figuiing, then a veiy minute 
amount of spherical abeiiation foi anothei coloui will be peicepti])le 
under high magnifying poweis, so that the coiiect l)alancing of 
the spheiical abenation foi all colon is as fai as possible assumes a 
gieat impoitance This means that in the case of a double achiomatic 
object glass it is desiiable to fulfil the condition 



01 if it does not oi cannot equate to 0, then we must intioduce anothei 
influence to effect it Tn the case of an oidmnry achiomatic objectue 
wnth the collective lens at the front and double convex, and the 
dispeisive lens double concave oi coucavo convex, but in close contact 
with the collects e lens, it will bo found that the chiomatic vaiiation ot 
the spheiical abeiiation as expiessed shoitly in (6), and in detail foi 
the collective lens in Foimula VII , is negative, that is, the dispeisive 
lens exeits the greatei influence, so that the moie xefiangilde lays aie 
ovei -collected foi spheiical abeiiation when the less lefiangilde lays 
aie accuiatelj^ collected 

Appaiently Gauss was the hist to point out that a sepaiatioii The sepaxation de 
between the two lenses could be made to iieutialise this defect aauss 

Let Phg 105 lepiesent two lenses sepauxted, L 2 being half the 
collective lens and 1/ L" hall the dispeisive lens, and L 2 F the optic 
axis 

Let F be the focal point by fust appioxiination foi the led lay 
(lay 0) and / the focal point foi the blue icxy (lay F) foi the collective 
lens, so that F /, ox shoitly 8, is the liiieai chioniatic abeiiation which 


= i ,, 2 
A ih-i ^ 

I^et the semi-ajjeiture ot Lj he Y aiul the senn-apertuie of Lg oi the 
height L" 7 be We will assume the led ray L, F to be the 

standaid ray which gives the values i and j 

Ji /a 
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Let Lg F be and L" F be and the separation Lj L" be s 
Let the height L" J to wheie the blue lay L^ / cuts the second 
lens be called Then our object is to express y^ m terms of i/i, 
allowing for the dispersive effect of the first lens 
Fu’st we have 




. y/!. I yj!) - ' 


( 7 ) 


Two separated 
lenses Value of ^2 
in terms of y-^ 


SO that 


= Y~ - Y— in which Y~ = 




A - A - «»<1 A ■ a{ ' - S 1 *) ' 

SO that finally 


,, 2 _ 2 f 1 _ ' 


( 8 ) 


VIII 


So that toi the second or dispersive lens the spherical abeiiatioii may 
be written shoitly 

,,2/i _2 !i _^s^J_A' 


and since /2 is negative, theietoie the abenation is negative, and the 
vaiiation 


( 


3?^ 

^2 /h ” ^ 



2 


Oblique images 
formed by a separ 
ated double objective 
cannot be acliroma 
tic 


comes out a positive one, and may be made to neutralise the negative 
result of Foimula (6) as applied to the same combination 

Unfortunately, howevei, the separation between the two lenses of a 
double objective exercises a most prejudicial effect on the images a 
little removed faom the axis , it is impossible to have the different 
coloiued oblique images of any given stai depicted at the same point 
on the focal plane, the blue images falhng farther from the axis than 
the led (if the collective lens is at the front), while theie is also a large 
amount of coma, so that the available field of good definition is veiy 
much restricted 
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OBLIQUE ACHROMATISM AND CHROMATIC IVLAGNIFICATION 


llie foiegoiDg lemarks about the double sepaiated objecti\e bungs 
iis to the question of the conditions which determine whethei an 
optical system forming an image of a leal object, distant oi otheiwise, 
sliall paint the said image on a dimensional scale which shall be 
independent of the colour oi lefrangibihty of the various ia}s makmg 
up the pencils of white or mixed light diverging from the oiiginal 
object 

We have just noticed that an achromatic objective consisting of 
two sepaiated lenses with the collective lens to the fiont is only 
achiomatic for the axial image, and that the oblique image of a stai 
IS not a true image, that it is drawn out into a minute spectium, the 
led end of which lies towaids the optic axis If the dispeisive lens 
weie at the front, then the opposite state of things would result, and 
the blue end of the spectrum would lie nearest to the optic axis 

It will be as well in the fiist instance to recapitulate the inquiiy 
in<ule l)y Sii (}eoige Any and Hemy Coddmgton into the conditions 
loi seem mg oldique achromatism oi equal magmfication foi the 
different coloins that have to be fulfilled in the case of two-lens 
Huygeniau oi llainsden eye-pieces oi three- oi foui-lens erecting eye- 
pieces 

Ft is assumed in all such cases that the oblique pencils of lays 
cineigmg liom such eye-])ieces are made up of parallel rays, that is, 
that they an* i)ioceednig troni an apparently very distant oi infinitely 
distant viitual and magnified image 

Such being the case, then it is clear that if the oblique image of 
any point of white light, such as a star, is to appear to the eye as 
one white image, then the vaiiou&ly colouied lays constituting the 
mixed oblique pencil must be emeiging parallel to one another, and 
wlu‘thei or not theie happens to be any lateral separation of such 
Vtiiiously colouied pencils of lays does not matter, provided that the 
vntual imago is minutely distant 

We saw 111 St‘ction IX , pages 247 to 254, that fieedom fiom distoi- 
tion in such <i case depended upon the latio of the tangent of the angle 
of omoigeuce ol the principal lays to the tangent of the angle of 
incidence being a constant thioiighout the field of view, and that 
Formula II \ was, foi two lenses m succession — 


Coloured constitu 
ents of prmcipal 
rays emerging separ 
ated but paraUel 
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Now if \^e diffeientiate tlie functions T' and P/ foi each lous with 
lespect to fjb, we shall find that the vaiiation in the lunctioiib coiie- 
sponding to djjL comes out veiy small compaied to the functions thoui- 
selves, we woiked out a case on pages 288 and 289, wheie the 

chromatic variation in latter, and 

in most cases likely to occur in piactice it would amount to still less 
Kow the function A' is almost exactly snnilai to 1/ And since the 
Chromatic vaxiation distoition functions ill eye-pieces laiely amount to moic than 5 ])ei 
of the distortion very ladial dimensions ol the image, it is not to he expected 

that -j\-th pait of that, oi less, would be at all noticeable 

So that we need not in oidinaiy piactice tioublc ouiselves about 
the chromatic vaiiation of the distortion tunctioiis 

J) 1) li 

It is in the ex tenor magnification function (loi n iuiml)ei 

2 ^ 

of lenses) that we must look foi the vastly moie impoitant chioinatic 
vaiiation , foi it is plain enough that all the teims with the exception 
of are vaiiahles, they depend upon focal lengths, and the focal 
lengths aie diffeient foi the diSeient colouis 

Conditions of oblique Let Fig 106 lepiesent two thin lenses Ljl and L2 in succession, ol 

pwSs^^for^ normal lengths fi and /g, of the same glass, and sopaiated hy an inU*i\al 
vision 5 (less than /i) Let piincipal lajs be diveigmg fioin an <i\ial ixnnt 

Q to the left, so that Q Li = &i If these two lenses aie used as an 
eye-piece lor a telescope 01 micioscope then (J will lejnesent the 
centie of the objective Also, in ordei to suit noniial vision, tlie lajs 
constituting the pencils of any one colour emeiging fioni Im must lie 
consideied parallel, so that 1/3= a In such case it is deal that it 
the vaiiously coloured images aie to appeal all of the same si/e, th(‘n 
a multi-colouied principal ray, which enteis the eye-ineco all as one, 
must, aftei being split up by the first lens into a fan of diversely colouied 
lays, emeige fiom the second lens with such vaiiously colouied 
constituent lays parallel to one anothei, when they will all appeal to 
oiigmate from one and the same point in the infinitely distant image 
Tan 7; not to vary Theiefoie foi all eye-pieces the condition fox achromatism ioi 
fx oblique pencils is that tan rj = constant foi different values ol fi , that 

is, that tan 77 = 0 

Theiefoie we fiist want to expiess tan tj in teims ol J,, /j, 

s, and ^2 
We have 




<•1 A h 1A ’ 
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)j -y ( _sYl 

1=1 + ^ = -i - + - _A + fa-^) 

*^2 ^2 /s ‘"i ~ ® /i AC^l ~ ®) 


A(a-) 


7 ; ^ 


tan« = "-2=V, -V;P-s LV,-^‘ / ;, A x 

' h ^ Vi ^ /A /-/AA 

^^A-A I* 


_ &jL-Ayn.AlLl_-£ 

-'/i /A /'i-AA A 


fi 1 1 /I iV) nu 

We now Iinve to cliffeientiate tins expiession with lespect to fi 
Leaving out , wluch is a constant, we have 

The ditfeieiitial ot J- is 1 , of 1 is 1 , and of ^ is ^ , 


, . , V Two lens eye piece 
Value of tan 7; 


theieloie we have 


ri+i _!!+ M = 0 , 

Vi U fifz ^ 

2i s 1,1 ><!_o 7 i_j ,f 


. Aj: A 

2 -A 

ii-, 


Two-lens eye piece 
IX A Separation neces 
sary to oblique 
achromatism 


If IS laige lelatively to A, then we ariive at the well-known 
lule of the sepaiatioii being half the sum of the focal lengths If & is 
lelatively small, then the lenses must he moie widely separated 

111 Older to secuie bettei coirections for astigmatism, distortion. 



Condition of oblique 
achromatism for a 
two lens eye piece 


Condition of oblique 
achromatism for a 
three lens eye-piece 
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01 coma, it IS sometimes desirable that the two lenses oi such «iu 
eye-piece shall be made of glasses of diffeient dispeisive i)Owcx 

Let =the dispersive powei of the fiist lens oi field lens, and 

A ■‘■YL 1 

--^ = the dispeisive powei of the second oi eye lens, and hd the dis- 
persive ratio 

AM 
M - 1 

V 

1 




then it can be shown that 


( 1 + 0 - 




IXl! 


fiom which it appeals that a strongei dispeisive powei iii the liold k+is 
leads to a smallei sepaiation, and a stioiigei dispeisive powei in tlio 
eye lens to a greatei separation 

It will scaicely be necessaiy heie to lecapitulato the much moic 
complex and lengthy piocesses of the same natiiio which liavc to he 
gone thiough in ordei to arrive at the condition loi ohlitpio ucliioina- 
tism for eye-pieces consisting of thiee and lour scpiuated loiisew 
Let it suffice to simply state the lesults The leader will liiul the 
investigation in full in Godding ton’s work, Pait I, pages tloi) to 208 


Condition of Oblique Achromatism for a Three-Lens Eye-piece 

and/j be the pimcipal local lengths oi the three lenses, 
all being made of the same soit of glass, and 6, and Sj the lust and 
second separations, and S, for the hist lens being assumed intimtc* oi 
lelatively large Then the achiomatic condition is 

/1/2 +/i/i +fJi - ^fih - 2/2H - ^ 3 V 2= 0 

Condition of Oblique Achromatism for a Four-Lens Eye-piece 

Let/i, fi) /s) and he the principal focal lengths of the loui 
lenses, all of the same soit of glass, and s,, s^, and Sj the tluec 
separations in ordei, and let be considered lutiuito 01 lelatively 
very large Then the achromatic condition is 
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- 2/2/3^! ~ 2/ /4S1 -^fif t®! ( 

Uo X 8 

+ 3/3S1S2 + 3/4S1S2 + ^f^lh + ^fAh + ^/l* 2®3 + ^/ 3 V 3 

The condition for a five-lens eye-piece works out to a veiy much 
more cumbersonae formula 

Fig 107 will help us to lealise the veiy restricted usefulness of 
all these formtilte It represents the last or eye lens of one of these 
eye-pieces, prefeiably that of a four-lens eye-piece 

Since the lenses aie all simple, theiefoie the chioinatic abenations 
all sum up together, so that at the position about P, where the piincipal 
lays cioss the optic axis and wheie a rough image of the object glass 
IS formed, the ciossing point 2> much neaiei 

the lens than the crossing point P for the red lays We Lave 
two oblique piincipal lays — one led, 0 P Q, and one blue, 
(JO]} 2 — which enteied the eye-piece as ooie lay, finally emeiging 

sepal ately but paiallel to one anotliei, and to the normal eye with its 
pupil placed at P 01 p the two rays seem as one 

But supposing we wish to use the eye-piece foi piojecting a leal 
image of what is seen m the telescope 01 microscope on to a screen 
G Q at a short distance to the light, and foi that purpose draw out 
the eye-piece It is perfectly clear that such an image cannot be 
achromatic, for the led lay will stiike the screen at Q and the blue 
ray at 2 > so the blue image of any extended object will be painted 

on a larger scale than the red image 

On the othei hand, let it be supposed that a veiy shoit-sighted 
person uses the eye-piece He will have to push the eye-piece faithei 
in towards the objective, in older that the emergent lays of pencils 
may be divergent as though pioceeding fioin a virtual image Qj 2 
8 or 1 0 inches to the left hand It is again cleai that such an image 
cannot appear achromatic, for the blue principal lay appeals to he 
coming fiom a point nearei to the axis than the point Qj for the 
coriesponding led ray , the red image is now painted on a laigei scale 
than the blue image 

Supposing we want to pioject leal or virtual images to or from 
finite distances, then what help oi enlightenment can we possibly obtain 
fiom foiinulai of the natuie 

tan 77 = 0 


Condition of oblique 
achromatism for a 
four lens eye piece 


Lateral displace- 
ment of coloured 
constituents of the 
principal ray 


Eeal image larger 
for the more re 
frangible rays 


Virtual image larger 
for the less refran- 
gible rays 


Constancy of tangent 
ratios useless where 
real images are 
formed 
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Such foimulce, howevei useful they may be foi eye-pieces, are absolutely 
useless for working out the oblique achiomatism of combinations, such 
as photographic lenses, which aie e\pected to form real images of real 
objects at finite distances 


Formulae of Perfectly General Application 

We must therefoie seek for a formula of perfectly general applica- 
tion, and in so doing may with advantage puisue the same method oi 
line of leasoning that we followed in arriving at oui geneial foimula 
for distortion in the last Section 

In Pig 108 let a piincipal lay radiate from Q and take the 
eccentric couise Q N P y through the lens M N We aie 
supposing the lens fiee fiom spheiical aberiation and the tangent 
condition fulfilled, since we aie discussing solely the effects of variations 
in the lefiactive index Let theie be an image foimed at o O 
whose radial dimension is o Fiom o draw o M through the centie 
of the lens, and pioduce it to cut the conjugate image plane I ^ at ^ 

Let it be assumed that the pimcipal lay K 7 is of the 

standaid colour, foi which the lefi active index jm applies, and that the 
conjugate images 0 0 and I j also apply to lays oi the same standaid 

coloiu It IS deal that another more lefiangiblc coloiued lay coincident 
with Q N" befoie lefraetiun will take a diffeient course p j aftci 
lefiactioii, and j will be the lineai dispeision between the two 

colours Now what we want is an expiessiou foi in teiins of 
I J, 01 the ladial dimension of the l)lue image in terms of the ladial 
dimension of the coiiespondirig led image, supposing we fix upon those 
two coloius Let I j he i, and I be ^ 1 , and 0 0 be 0 , (,) M 

be 0 M be Hj M P be c, M I be v, and M p he Ci 

Then we have ^ = 0 - , 
u 

alsoo * =]Vr N = « ‘ 
u- a v-c 


and 
so that 


h v-c h V ~ c V 

,zzO = 0 - 

u- 1 (, c 0 b - u 


1 Au „ 

&-« 1 Au. ’ 

6 - -7 62 

/ /*- 1 


(13) 
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b f 1 Ayu A/1 ^ 1 ^ 

~ [v — 0 -\r ~ ij 

^ /\c //x-l/ 


6 fV-6 

“ ^6 - c 


1 A/a f V 1 A/a I 

//A -1 


& — L ^'0 A/a 


= 0f 


C 7 /A-li 

--w C I "^^J-C/A-l/i’ 


111 which the outside function = 0—, from I^oimula (13) 

V { ^ cv 1 A/a 1 

^ it I 'U- t J fl-l) 

On adopting Coddmgton’s device we find that 

2 / 2 / 


(14) 


(V 
~ 6 


1-/3 1 - a ^ Jf 
2/ ^ 2/ a-'/3’ 

1-a 1-/3 

SO that finally we get 

h = lh + -l XI 

a very simple and convenient formula whicli can be applied with the 
cfieatest ease to any number of lenses oi elements in senes The 
term / has disappeared, but its value is really implied in a-/9, which 
terms are, ot course, assessed with regard to the ray of standard coloui 
On applying the same line of leasoniiig to the corresponding case of a 
dispeibive lens, ot any other cases whatever, exactly the same formula 
•will be arrived at 

An objection may be raised to the above formula on the ground 

tiiat a /3 w in itself a variable, for it vanes as /, which vanes 

inveisely as /t - 1 , but if we inseit the variation in a-^, we then 
get for our formula — 


!i = 4i 






_®ri , (A/i)® \\ 

~u\.^ a- B\fi- 1 


The correction involved is thus seen to be of the order or the 


Single lens Uni 
versal formula for 
ratio between object 
and coloured image 
of same 


An objection 
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Universal formula 
for ratio between 
object and final 
coloured image for a 
senes of lenses 


Senes of lenses Con- 
dition of oblique 
achromatism when 
all of same disper 
sive power 


Four “ lens erecting 
eye piece 


square of what is alieady a very small quantity Hence it may be 
legitimately neglected 

In applying Formula XI to a series of lenses in succession, it is 
clear that a lens will copy oi transfer forward any want of chiomatic 
conformity m the radial dimensions of any image piesented to it by 
the preceding lens or lenses, and at the same tune add its own 
chromatic error, and so on Theiefore the expression foi a series of 
n lenses is 


+ H XII 

0 ^ 1^1 ^ ^ rn H'ti ■“ 1 1 

Then, if all the lenses aie made of the same soit of glass, the condition 
of oblique achiomatism is simply 


1 1 
cq - ^1 «-2 ~ ^2 



XIII 


Let us apply this formula to the oidinary Huygeniaii eye-]nece 
wlieiem /i = 3, /o = 1, and which we have seen is aclnomatic when 
5 = 2, provided that \ = oz Then we have 


= cc and = - I = - 1 and /?2 = - 3 

= + 1 \ = -1 6 = - 5 ^2 = /2 ^^2 = ' * 

o-i - ^1 = - 4 and +4 

1 1 

«1 - A ^2- 

Axially, howevei, the Huygeman eye-piece is peiceptibly undei- 
coiiected for colour, for although the variously coloured images are of 
the same size on an infinitely distant plane for the standard coloui, yet 
they aie foimed m gieatest distinctness in diOeient planes 

Next let us take the case of a foui-lens electing cye-piece given on 
p 266, Part I, of Coddmgton’s woik, which fulfilled the condition 


A 


tan 7 ; 
^tan € 


= 0 


The focal lengths of the lenses weie 

/i=3 /3 = 4 

Si = 4 ^2 = 6 

From these data we get 


= 4 /, = 3 

= 5 13 


^tl = + 1 35 
'lAg = +6 44 
% = - 4 55 
% = +B 


^1 = - 2 44 
^^2= +10 55 
^3= + 2 13 

4/^-= oc 


tti = H 3 16 
a2 •= H 24 
a3= -2 75 

(*4 - + 1 
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1)^= u: 

6 ,= +1 
&;= + 7 i 
b ^= - 3 67 


= + 3 

^2= -U 
<3 = +88 
6,= +165 


/ 3 ,= -l 

^82= +7 
^3=+ 09 

^4= -2 63 

(a,-i8,)= +4 46,(a2-A)= - 6 76 , (a3 - /33) =- 2 84, (a^ - ^4) = + 3 63, 

1 1 . 1 4. 1 

“1 - / 8 l “2 - /^2 “3 ~ “4 — r 4 

1 1 /I 1_ \ 8 09 _ 9 6 

V6 76'*' 2 84/ 16 18 19 20 


A 46 '3 


= 0 


So that the final images ioiined by lays m different colouis are all of 
the same sme as tin own on the infinitely distant plane, although 
formed in diffeient planes, foi paiallel to the axis the eye-piece is veiy 
fai fiom being aehiomatie But this imperfection is geneially neutial- 
ised by giving to the object glass with which such an eye-piece is 
used an equal amouut of ovei -collected colour abeiration 

Of course, the axial coloui abeiiation of a foui-lens eye-piece is 
much moie seiious than that of a Huygenian or Itamsden eje-piiece 
Such eye-pieces aie thus only achioniatic in the sense that the variously 
colouied images appeal to be of the same si/e 


Oblique Chromatic Aberration of a Parallel Plane Plate 

As very thick lenses must be treated by the method of elements 
and paiallel plane plates befoie we can accuiately apply these foimulai, 
we must next work out the expression for the chromatic vaiiation 111 
the size of an image viewed thiongh 01 tbiown thiough a paiallel plane 

Eig 109 18 a case of inmcipal lays diverging thiough a paiallel 
plate and emanating from a 1 eal flat object 01 image I> F, and Fig 109 a 
the case of rays converging thiough the plate towards a flat image 
P P on the nght hand 

Let Q be the point from which the lays aie diveiging 01 to which 
they aie coiiveigmg, aftei passage through the plate Fioin Q diaw 
Q A peipcndiculai to the suifaces 

Then we have seen fioiii Foimula VI that the lineai dispersion 

Q 2 IS t-., 

Now if % IS the angle (as usual) made by the lay in question with 
the perpendicular to the plate, then it is cleai that the lateral 
ohiomatic displacement in the plane of the image is simply 
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LocatlOE of the optic 
axis 


Conventions 


Parallel plane plate 
Ratio between differ 
ently coloured 
images 


Illustrations of the 
conventions 


<%tanx = Q P, 

F* 

which must thea be expressed in terms of the ladial dimensions ot 
the image In oidei to express the ladial dimension of the imago wo 
must know where the optic axis of the system hes 

In Fig 109, if the optic axis is Bi Ci, then we have ]5i P 

= 1 , and Bj 0^ = 0, and the distance fiom Q to B^ oi A J)i is 
the ladial dimension of the image, which obviously equals (C — v) tan 
and IS + 

If is the optic axis, then B, V = v, and I>, I), = C), 

and B^ A is the ladial dimension of the image, which = (0 — y) tan 
and is — 

If B3 is the optic axis, then B^ and Ihj = 

and A B^ is the ladial dimension of the image, which = (( ^ — r) tan 
and IS — 

Thiee successive positions foi the optic axis aie likewise shown m 
Fig 109^if 

By oui convention for paiallel plates we have 

P or IS a plus quantity m Fig 109, 

and a minus quantity m Fig 1 ()9<r 
C IS plus m Fig 109, and minus m Fig 109^^ 

B2 D2 01 C is plus m Fig 109, and minus in Fig lOda 

Dg 01 C IS minus m Fig 109, and plus in Fig lOda 

With reference specially to the lowest optic axis B, Dj r,, all 
teims aie of the same sign, and we ha\e 


(A Bi)-(Q i^) = (C-«)tanx-i^tanx=((0-?;)-i-/*)tanx 

=}> <1, (I’V 

01 the 1 educed ladial dimension of image, due to the mcioment to jx 
On dividing this expiession by A B^ we have 


!P 


P 


(0 - -y) taii^ ^ 


XIV 


A Bi 

This formula will be found to inteipiet itself correctly in all cases 
if the signs of 0 and v are enteied in stiict accordance with our 
conventions 


In Fig 109, Case 1, 0 is + and laigest, and is + , 

^ ^ ladial dispel si on, is 1 datively minus 

In Case 2, 0 is + and smallest, and v is plus , 

0 - ® IS minus, and Q is lelatively plus 
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In Case 3, C is minus, and v is plus , 

0 - « IS minus, and Q pis relatively plus 
In Fis; 109a, Case 1 , C is minus, and v is minus, but numeiically smaller , 
C - D IS minus, and Q p plus 
Case 2 , C is plus, and v is minus, but greatei , 

C - « IS plus, and Q p is relatively minus 
Case 3 , C is plus, and v is minus, but smallei , 

C - IS plus, and Q ^ is relatively minus 


As an actual instance of the piaetical application of the foimuU- 
which \V0 have aiiived at for botli axial and obliq^ue acliiomatism, e can- process lens 

not do better than take the case of the pioeess lens of 8 -J in E F L , 

Fig 59, whose cunes and other data were given on pages 185 and 18b 
Fust we will deal with the axial achiomatisni by FoiniuLe III to 
VI of this Section 

The spectrum iiiteival is C to F, and the data aie 


so that 


Ij^^l 6103 foi the D ia>, and A/ii= 01080, C to F 
/X 2 = 15210 „ , and A/i 3 = 01028, „ 


Vi L 

66 5 


and 


A/ij _ 

/. 3 - 1"51 


The v’s and '«’& aie 


1 )^= + 2 071 
+ 1 1008 

«i = 

«,= +5 122 


•Bj= - 11 6067 
v] = + 14 032 
w' = + 2 006 
h"= +1 095 


+ 4 90 
r^= +8 603 
1 / 3 = + 11 375 
w,= + 14 105 


By Foimula IV we have foi the sum of the chromatic abeiiations 
of all the elements, all refer led to the last element. 


Axial 

errors 


chromatic 


i. ^ foi the first element = -t- 008675, 

A H'l - 

L for the second element = - 045520, 

1 A/xj the third element = - 004726, 

A 

I fo^jth element = + 01952, 

I I Hi - 

i Ati (h\^ foi the fifth element = - 019098, 

fij Hz ~ ^ 

and. i ^Hi fQj sixtli element = + 003670 

A - 1 


First element 

Second element 

Third element 

Fourth element 

Fifth element 

Sixth element 
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Totals 


Claromatio errors of 
the three parallel 
plates 


First plate 


Second plate 


Third plate 


Final total 


Oblique colour errors 
for the two collective 
lenses 


On ciddiiig togetUei Uio si\ roloni abenatioiivS wo 

00()<)1U7 
0017205 
() 10(){)8 

05077 I 


Ej + 008075 
010521 
E „ 1 003670 

h 0318(>() 
- 0 10774 




Total = h 001002 

We have now to add the cdu()m<iti(‘ iibmations ol tin* thua* 

plates Eoimula V gives ns foi tlu' lust i>la((‘, lu wlneli r is 

the same (puintity as k, ol the secoml (domoiit In onho to trimslei 
this chromatic corroctiou to the sixth chmient W(‘ must ol^viounly 

multiply by f “ ) just as we <IkI loi tlu‘ Ht*eoud olennmt , so tliat 

\il 

the chrouiatic ahorratiouK lor tho thu'u pamih'l i)1iiU'h must 1»(> stuted .is 
(f >1 I 

( >, I 


- 0010 . 51 !) 

(") 

0000 . 5 ()H 

0 >) 

() 0 () 0()2 1 

(0 


Ho, Inially, mu have 

Chionuitic .ihcn.itionB of tho thioo phitos OOIOt) 1 

Oliiomiitic .ilxnifitioiis of tho 8i\ olcnu'iits i OOlO't] 

ToUl ()()(){)().'$ 

Ou nmltiplyuifi tins final u'sult hy — (o,)-* lu tin* s<iuau' iil the 
hack local leiifftli, wo tlion a mnall losiduo ul ovoi-oorm tod diru- 
matic alxuiation oiju.il to about 00(122, which is a noj>ligildo <iuuntuy 
Taking no\t tho oMKjuo ohiumatic curri'Otious, \v<* havo loi tho 

m\ oloinonts, hy Koimula XII , also lor tlio .siHictrmu mtorval (' to F, 
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1 

11 

A//| 

2 
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(K) ““ /^Ji 
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> 
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_A/X| 

2 
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_ I = 1 

If I 1 \ = + 004277 

% 2_ ^[“ 16 974 29 119/51 

/‘S- 1 “6"A 

To these we must add the three parallel plate coriections by 
Eoimula XIV 

Foi the first plate we have 


Oblique colour error 
for the dispersive 
lens 


0 = &2 and IS therefore convergent and minus, 
® and IS therefore convergent and minus , 

so that 

C-v= - 16756 + 2 006= 1 838, 


- 0002379, 

Li — 'b 


being 105, Afju being 0108, and /jl being 1 6103 
For the second plate we have 


C = &4 and IS theiefoie diveigent and plus, 
-y = 1^4 and is therefore divergent and plus , 

so that 

C - = + 2735 - 5 132 = - 4 8485, 


and 

L= + 0003075, 

#2 being 358 

For the third plate we have 


so that 
and 


C = \ and IS therefore divergent and plus, 
« = \ and IS theiefoie divergent and plus , 

C - = + 3577 - 14 1046 = - 13 747, 
-k — + 000035417, 


being 110, A/Xj being 01028, and fi, being 1 524 
So that, finally, we have 


Oblique colour error 
of first plate 


Oblique colour error 
of second plate 


Oblique colour error 
of third plate 


The chiomatic eriois foi six elements = - 000193 
The chromatic eiiors for the thioe plates = + 000 105 

Final total =- 000088 

error for whole 

If we take a point 4- inches fiom the axis we have a chiomatic 
difference in the radial dimension of the image equal to 



Linear value of 
above, four mches 
from axis 


Distortion of each 
lens affected by the 
chromatic errors of 
precedmg lenses 
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4( - 000088) = - 000352 inch, 

which IS an impeiceptible amount, and as a mattei of fact no oblique 
colour abenation was noticeable in the image undei the most caieful 
tests 


Cooke Photographic Lenses 

Any of the widei-angled Cooke lenses of thiee simple lenses atfoid 
capital illustrations of the })iaciicdl embodiment of the condition 

2 A/t _ 2 _ AM_ _ 2_ 

^■1 "■ 1 ^ 2 " ^2 M - i ttg - ^3 “ 1 ’ 

foi the normal airangement of the combination implies two collective 
lenses of the same glass and of focal lengths/^ and enclosing between 
them a dispersive lens of focal length /g, the two separations and 5 , 
being propoitional tof^ and/^ lespectively, and also the distances fioiii 
the object to and from to the image are pioportional to andy^ 
lespectively , theiefoie eveiything is symmetiical with lespect to the 
centie of L^, where the principal rays are supposed to cross the optic 

axis Thus —^ = -^=0, and obviously -^= - , so that 

“2 - P2 “ “i “ A “a “ P, 

above equation is fulfilled, and the oblique image is achiomatic, and 
lemains practically so undei all conditions 

Oblique Chromatic Corrections of a Higher Order 

On levertmg to the effect of sepaiation between two lenses upon 
the spherical aberiations of the second lens for different colouis, which 
on page 289 we worked out with special reference to an object glass, 
arriving at Formula VIII, we can easily see that if the separation 
becomes large compared with the focal length of the first lens, then 
the variation in the second y, consequent upon dfjL^ may become veiy 
serious, possibly reducing it by a quarter or a third , so that for the 
blue rays may be, foi mstance, -^^^ths of the for the led rays, which 
would mean that yi for blue would be but a halt of 7 // foi led , and 
theiefore, roughly speaking, the spherical aberration of the second lens 
for the blue (principal) rays falling upon it would be only half of the 
spheiical abenation for the red rays 

This means that that part of the distoition foimula for the second 
lens depending on its spheiical aberration will be seriously modified 
m accoi dance with the colour vaiiation of the preceding lens , that 
is, 772 will be modified in accoidance with Formula VIII , and 
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[i. m a(‘<*oi(lanco with another, which we scaicely need work out, foi 
t-lu* main point is that these coloiu abeiiations affecting the spherical 
alunaution diHlortions toi each ot seveial lenses in succession, excepting 
the In Hi, uu‘ collections of the ordei y^, and it is cleai that they must 
into tor(‘e in the familiai case ot our four-lens eye-piece, and 
('Specially when the second sepaiation is laigely increased for the 
purpoHt* of gaining magnifying power But we have already seen that 
till* oblique cluoiuatic eirors of the second oidei of appioximation are 
of th(' form 

^ ~ ” 1 “n l^i} ~~ 1^ * 

M) that the absolute ladial colour abeiiations, if any, aie thus a constant 
p(‘r(*tmtcigt^ of the uulial dimensions of the tiiial image 

But the vaii.itions in tlie distoitions due to spheiical abeiiation of 
any lens in <i sep<ii<itcd seiies, caused by the coloui aberrations ot the 
]ut‘ci‘dnig l(*ns oi Itmses, aie of the ordei y^, as shown in Foimula VIII 


Hybrid Oblique Colour Aberrations 


% 


It IS tlien ot impoitaiice to inquire what will happen if in a four- 
leiiH (‘)e-pi(H‘e we have a icsidue of oblique colour aberration of the 
«<*coud ord(‘i, or of the oidei y, as we may conveniently term it, which 
IS (uthor accidentally or intentionally conected liy aberrations ot the 
ihiid oidei but of the opposite sign Fig 110 illustrates what we Effect of correcting a 
nhould c\]>cct to be the lesiilt Let B V be an axis of measurement chromatic error of 
HO that the hoii/.ontal distances tiom B P to the oblique straight line ^her ^of ^ the^ or^r 
B () sliall represent the oblKpie colour abeiiations ot the second order 
//, wlu(*h thus mciease directly as the veitical distances from B, which 
lulUu uq)U‘8(uit // us well as the ladial dimensions ot the image At 
tlui otlu'r skU' of B P we have the cuive B 1), its abscisscc mcieasing 
as tht‘ sipiaie oi the heights above the optic axis BE It is thus 
Hotm to h(* aiipioximately a ciicular curve, and lepresents the oblique 
chioinatK* (Uiois of the thud oidei if 

At th(‘ luught B A' we liave the abscissce A' O' and A' D' 
oquid and opiiosiU*, so tluit the cuive B A' A, which is the result- 
ant of Uu‘ two, will then eioss I> P at A' It will easily be seen 
that tlu' resultant (Uiivc B A' A is also a ciicular one While at 
A' have no colour abcuiation, yet at F, half-way between B and 
A', wi‘ gc^t a ma\uiium ol coloui abeiiation ot the same sign as the 
ouginal ah(‘i ration ot the second oidei, while at points in the image 

X 



306 


A SYSTEM OF APPLIED OPTICS 


SEP I 


Zones of oblique 
chromatic error 


A constant ratio of 
dispersions for dif 
ferent parts of the 
spectrum between 
two glasses hitherto 
assumed 


Irrationahty of dis- 
persion 


outside of a! 'we get a colour abenation of the opposite sign to that ot 
the original abeiiation of the second ordei, and increasing as the square 
ot the distance from A' Thus we may get a final image which in a 
middle zone of the field of view is achromatic, but halt-way between 
that zone and the centre shows slight colour aberration, the blue 
linage being, foi instance, the laigest, while lound the maigin of the 
field of view the red image is largest 

Such iirationalities between conections of two different ordeis are 
very liable to show themselves in very long eye-piece combinations, 
piesenting a large field ot view, not only with respect to coloui aber- 
rations and distoition, but also with respect to the coma and coirections 
for curvature of image 

It will now be seen that the optical theoiy of a foui-lens eye- 
piece IS very much moie complex than it appears to be at first sight 

The Secondary Spectrum 

So fai we have dealt with the diffeient eflects of lenses and systems 
of lenses upon rays of only two colours whose iefracti\e indices differ 
from one anothei by for one glass, and by A/i/g ioi anothci glass, 
and so on , and if we have consideied any lays inteimcdiate between 
such two selected lays, it has been on the tacit undeistandmg that if 
/Ml = the refractive index for one ray, and /mi -f A/m^ that foi the other, 
and again, if /ii -1- A^/mi = the refractive index for an intermediate r<iy 
for one glass, and + refractive index for the same miei- 

mediate ray for the othei glass, then we have assumed that 

01 that the dispeisive latio between the two glasses for one part ol the 
spectium inteival chosen is equal to the dispersive latio for the other 
part of the spectium interval 

Unfuitunately, however, there aie no two glasses diffeimg in 
dispersive powei sufficiently to be combined into an achromatic object 
glass which have a constant latio of dispersive power foi dillereiit 
regions of the spectrum, and it is this at%07iahty of cUbpei Bion^ as it 
IS called, which gives use to that residual colour abei ration at the 
axial focus which is well known as the “ Secondary Spectium ” 

The following table gives the difference of lefractive indices Ai/m, 
A^/m, Ag//., Ajm, etc, etc, for ordinary crown glass and ordinary dense 
flint glass respectively foi the spectrum intervals U to A', F to I), 
0 to F, and F to G' 
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Giown 

Flint 


' D toA' 

1 Bed <md Oiange 

F to D 

Yellow and Green 

0 toF 

Red to Gieen 

Fto G' 

Gieen to Blue 

- 00553 

643 

- 00605 

703 

+ 00860 

1 000 

+ 00487 

566 

A/^i 

V 


A 


II 


A 

- 01034 

605 

- 01220 

714 

1 

+ 01709 

1 000 

+ 01041 

609 


As experience has shown that about the best woiking achiomatism 
IS secured when the two rays 0 and F are brought to one locus, there- 
fore a contact combination of the above two glasses is so arranged that 


00860 
Pi 


01709 

P2 


= 0 , 


(16) 


wheie 1 for the crown glass lens, and — = (— + ^ for the 

Pi \^i V Pa ^’2 V 

Hint glass lens 

The dispel sive interval C to F is generally taken as unity for 
each glass , then clearly any othei dispersive interval may be expressed 
111 teiins of the former Accordingly, the hguies in the second column 
foi each dispersive interval express the lattei in terms of the dispersive 
interval C to F In this way it is clearly shown that for the interval 
I) to A' the crown glass exercises a relatively higher dispersion than 
the flint glass, for the region F to D the liiut has the relatively higher 
ilispersion, while for F to G' the flint has very decidedly the higher 
dispel siou 

It IS cleat that if Formula (16) is fulfilled, and the two rays 
(J and F are reliacted to the same focus, then the lineai secondary 
spectrum at the principal focus yielded by the objective will be, as a 
vaiiation of F, 


00553 01034\ . , i t. ^ a/ 

- F-^ ( - + ) for the interval D to A , 

\ Pi P2 ^ 

00605 01220\ „ ^ -n 

„ pi ( - + „ ) for the interval F to D, 

\ Pi P2 / 

tor the interval F to G', 

\ Pi Pi ^ 


and it IS deal that there will be prevailing dispersion ot the crown 
Ions along the axis from D to A', the A' ray focusing beyond 
the 1) ray, from F to D the dispeision of the flint lens will predominate, 
and the 1) ray will focus inside of C and F, while for the legion 


Proportional 
sectional dispersions 
for crown and flint 
glasses 


Condition for bring 
mg C and F rays to 
one focus 


The interval C to P, 
or A/i(C to F), usnaUy 
taken as unity 


Formula for the 
chromatic error D 
to A' 

Formula for the 
chromatic error F 
toD 

Formula for the 
chromatic error F 
to Cr' 
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Table of chromatic 
errors of a 30 foot 
double objective 


The mimmiim focus 


Chromatic correc 
tion for astro photo 
graphic purposes 


Table of chromatic 
errors of a 30-foot 
astro photographic 
objective 


r to & the flint glass dispeision will again prevail, and the iV ray 
will focus considerably beyond the C and F lays 

As an example we will take the case of a double objective of 
30 feet focal length composed of the ciown and flint glasses whose 

main characteristics have been given above, only the values of - and 
1 fh 

— are so calculated as to cause a lay half-way between 13 and C of 
P2 

the spectrum to focus to the same axial point as the ray F, which 
ariangement is likely to give the best colour coirection for an 
objective of that size (upwards of 2 feet apertuie) 


Variation of F for the Different Colours (in Inches) for a 
TE fESCoPE Obtective 30 Feet EFL 


Eay 

A' 

B 

0 

D. 

Minimum 

E jP 

1 1 

G' 1 h 

1 

H: 

Vaiiation | 

+ 33 

+ 05 

- 04 

- 20 

- 24 

- 19 1 0 

1 

+ 80 1 + 1 40 

H 1 88 


It will be noticed that the total is 2 02 inches, and that the laigest 
minus variation occurs about half-way between Dg and E, wheie it is 
— 24 This is about the brightest pait of the spectium from a 
visual point of view, and since the maximum light conceutiation 
obviously occurs at the minimum focus where a high value of A/m 01 
range of spectrum may coincide with a very small variation from the 
mmimum focal pomt, it is highly impoitant that this light concen- 
tration should comcide with the position in the spectium of the 
greatest visual intensity, unless the objective is specially designed 
for photographic purposes, when the gieatest effectiveness and best 
definition is obtamed by arranging for the minimum focal length and 
maximum hght concentration to occui foi a ray a little on the less 
refrangible side of the & ray (the hydrogen blue lay), at which position 
in the spectrum the usual photographic plate is most sensitive 

4: u vaiiations in F for such a telescopic objective 

or photographic purposes of the same focal length of 3 0 feet 


^ Different Colours (in Inches) for a 

rHOTOflP A PUT Tn T-dt r\ 


Eay 

i A' 

B 1 0 

D, 

E 

F 

G' 

1 ^ 

j Vanation 

i + 2 16 

+ 2 20 1+ 1 38 

I 1 

!+ 88 

+ 40 

+ 16 

0 

+ 05 


Hi 
+ 18 
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IltTtj it Will be seen that the bnghtest visual lays are scatteied 
along lilt! <i\is foi two inches oi so beyond the photographic focus, and 
tin* inuigt* i>l a htai tonued by the (V ray is theietore suirounded by 
a huge lialo ol wasttMl light, which imprints itself more and more on 
the i>h()tugiapliu' ])late as the exposuie is extended, and that is why 
th(‘ photogiaphs of the biightei stais come out so abnormally large 
will'll tlioHi! ot small magnitude have just impiinted themselves 

Triple Telescope Objectives 

The, only way known of getting rid of the secondaiy spectrum is by 
resorting, il jiosHiblo, to a combination ol one dispersive lens enclosed 
hotwoen two collective lenses, the two lattei being made of two 
ilitt(‘r(Mit sorts of glass, so cliosen that the mean of then partial lelative 

Gtc, toi vaiioxis legions of the spectrum shall 

/h th 

(’onespoiid us closely as possible with the coiiesponding lelative partial 
disiieisions etc, (‘tc, for the same spectrum regions for the glass 
UHed for tlu* (hspoiHivo lens 

In tins way the glasses employed in the Cooke Photo- Visual 
ObjcKJtivo wore ohosoii, with the result that the linear secondaiy colour 
aboi rations for such an objective of 30-foot focus are leduced to less 
limn one-tiiuth part of an inch f(»r the whole range of spectrum A' to 
11 1 , winch ifi only ono-twcntieth part of the 2 02 inches, the total tvenlaetli 
uxial chroinatu* oiror given above for the ordinary double objective of 
the same focal length 

Why the Secondary Spectrum of Large Double Objectives 
does not render Clear Vision impossible 

Uotuiniug to the case of the visually corrected objective, it can be 
shown that if the usually acociitod thcoiy of the foimation of the 
iiuagi* by rayn of any one ooloui is coirect, then anything like distinct 
vision thiough a 30-loot oh)GCtive of 18-inch to 24-incli aperture 
wimld he iinpoHSihle 

B’ig, 1 lOo, Elate XXII , shows a section of the usual conception 
of the cone of rays converging to form the well-known spurious disc or 
star linage at the focus, and then diverging again, so that the beam of rays 
takes till! form of two straight-sided cones with both their points cut 
away to the diameter of the spunous disc If this really represented 
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The tapermg-off of 
the cone of rays near 
the focus 


The tapering off 
most marked with 
large relative aper 
tiires 


the case, then only a very small fraction (about 16 per cent) of the 
light refracted through a 30 -foot objective would be utilised foi 
defining purposes, all the rest being wasted Happily, howevei, the 
lea] section near the focus of the converging and diveigiiig beam oi 
rays is as m Fig 1106 , the angle between the two sides of each cone 
decreases as the spurious disc is approached, or tails olf into the 
cylindrical shape This can be proved by experiment, and it is a 
strange fact that while mathematicians have spent a good deal of work 
upon the conformation of the spurious disc and its suiiounding 
diffraction rings as they are formed in the focal plane, yet none have 
entered upon an investigation of the conformation of the cone of lays 
along the axis as it approaches the spurious disc Such an investiga- 
tion, based upon the wave theory of hght, should be most instinctive 
and of the highest importance 

It can also be proved by experiment that the tailing off into the 
cylindrical shape takes place in a more marked degree in the case of 
cones of rays of large angular aperture than in the case of cones of 
small angular aperture, which fact tells in favour of objectives 
of relatively large apertuie, and discounts their other disadvantages 
in a substantial degree However, we are here trenching on the 
borderland between geometrical and physical optics, with the latter of 
which this work does not profess to deal Foi further infoiniation on 
this subject the readei is referred to a papei entitled “ The Secondary 
Colour Abeiiations of the Refracting Telescope in relation to Vision,'* 
111 the Monthly Not%ces of the Royal Astronortmcal Society ^ vol liv No 2, 
also to Description of a Perfectly Achromatic Kefiactoi," in the same 
publication, vol liv No 5 , both by the author 
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A BRIEF SKETCH OF THE NORMAL AND OTHER CURVATURE ABERRATIONS 
OF THE THIRD ORDER TAN* ETC 

Prrhai’S the most important corrections that the optical designei has importaaice of a 
to take into consideiation in the course of working out photogiaphic 
lenses aie those relating to the curvature of image or the deviations of 
the image fioui an ideal flatness 

We lound that the deviations from a plane image as calculated by 
tlio loimuLo of Sections V and VI apphed to the thiee lenses given 
as exiimplos in Section VII differed appreciably from the actually 
measured results 

These disciepancies aie indeed scarcely too large to be accounted 
loi by inexactness in the measurement of the curvatuies, especially in 
the cases of the deep curves employed in the process lens and the 
four-lens Cooke lens 

It can he shown, for instance, that an increment of plus value in 
the convex curvature of a lens of low refractive index, together with 
a rather smallei minus increment in the convex curvature of a lens of 
high refractive index, may have the effect of quite reversing the 
chaiacter of a small residual oblique astigmatism without affecting the 
principal focal length of the combination, while the increments m 
question may easdy escape all but the most exact methods of 
measurement 

But in the cases worked out the character of the image curvatures 
at still greater distances from the optic axis proves that the discrepancies 
aio chiefly due to the presence of curvature aberrations of a higher 
order than those we have yet dealt with 

CENTRAL OBLIQUE REFRACTION 

The Three Corrections to the i/a 

First of all, for the purpose of calculating the y’s, we have assumed 
the refractions to take place in a plane tangent to the vertex of each 

811 
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* surface or element, and we may first consider the nature of the 
be departed from corrections which would have to he applied in order to allow foi the 
ys being reduced to perpendicularity to the normal oblique ray passing 
through the centre of curvature, smce all the formulae for spherical 

ahenation assume the y’s to be measured at light angles to the 
aforesaid ray ^ 

Primary Planes 

Eeverting to Section V, page 121, deahng with the question of 
oblique mys passing centially through a lens, we had at the first 
suiface, Pig 44a, the equation 

m which a-i denoted the required oblique distance from d, the oblique 
veitoc, to 2 , the crossing point of the two extreme rays in the primaiy 

These y’s were the distances e e and c reckoned %ii the element 
plane, as shown in Figs 111 and 112 Now it is clear from these 
figures that the ys, so reckoned, become more and more mcoirect as the 
aperture and the angle of obliquity <i> increase The y’s are subject to 
three coriections (1) the correction foi obliquity , (2) the veisme 
couection, and (3) the collection for the positions of the y’s or the 
lateral sepaiation generally existing between them 

(1) The corrections for obliquity consist in converting the distances 

eaud c in the element plane into the distances e y and e, ft, 

measured perpendicularly to the normal oblique lay Q ? 

surf ,2 7^® "®tieat of the spherical 

surface from the element plane Let the extreme ray Q e be pro- 
duced to cut the spherical surface at k, from i draw k I perpen- 
dicular to the normal ray Q , , then through e draw a h parallel 
to Q ,, and cutting k I s.th, then the distance k h is the versine 
correction applicable to e y m order to convert it into k I, which 

coniuy be'w ” 

(3) Still another species of correction has yet to be applied— a 

ZT I Z ^ *mi pos^- 

ig 111 explains this We must bear in mind that the 

Formula ( 1 ) gives the value of or 1 , that is, the reciprocal value 

of the focal distance d q measured 'along the normal oblique ray 
W> c Pj with absolute correctness, piovided that 


Tlie corrections for 
obliquity defined 


The versme correc 
tions defined 


The corrections for 
positions defined 
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1 st The spherical aherration function ® is coriectly foimulated 

2n(l The values of the two y"’s, k I and n t, aie correctly- 
given , and 

3rd The two if’s, are at equal distances from the focus that 
IS, that I (i = t q, in which case the two /’s would be in one straight 
hue But it IS plain that this can only happen when eithei the 
radius » is infiiute and the lefracting surface is plane, or when A or 
(i q is luhnite, when, of course, the separation t I becomes a 
relatively vanishing quantity 

It IS deal in Fig 111 that the lateral translation of A, Z or y" 
to-wards the right hand, while assuming its length to lemain constant, 
must cause the ciossing point q to move to the left hand, neaier the 
lens , that is, the correction due to the separation of the /"s is in this 

ease of a plus natuie, since it adds to the value of - 

rt IS also deal that this separation of the two /’s gives use to a 
coni'ction to j which operates in the piimaiy plane only We shall primary planes 

also hnd that it works out as a function of tan* </> and tan' (f>, and 
thoiefore comes undei the head of the formulae of the third 
a]jpioxnnation We will now tieat these corrections more explicitly 

The Correction for Obliquity 

Pii.'maoy Plane 

It will be bettei to deal with the question in general terms, first 
talcing the obliquity correction 

Lot rt = the semi-aperture A e or A Ci of the pencil where it Notation 

crosses the element plane Let h = the distance A c fiom the lens 

vertex to the point in the element plane where the normal oblique 
ray Q ? cuts it * Then if the angle PAQ = <\>, and Q? A =■ ^, 

as before, and P A = «, as usual, then & oi A e = ? tan 0 

= 1 tan ^ Let e y = y/ and = y/ 

Then, as in our earlier inquiiy, m Fig 111, 

y% = (a. + Vf and = (a - hf and = (a® - &«) 

Then in the iight-angled triangles e e g and c e,, it is 
clear that 

(e .gf or y^'^ = y^ -y^em^ ceg and (ej or ^ . 

* 111 this Moption tlio tcims a, b, and c, will supoiseile the oonesponding terms A, S, and 
O ol SooUoiis y to VIII 4 . , as they are moio oonvemeiit for manipulation 



Primary plane 
Value of the fimc 
tions of and 
and 


A SYSTEM OF APPLIED OPTICS sm 

- sin^ B) and 1 - sin® 6) , 

c q y^ sm^ d 

sin(9_ _y( 

tan^* c, £ y^~ ~ 2 ’ 

v{ 

sm ^ = tan and sm® ^ = tan® 0(1 - siu® 0) , 

and It 19 approximately accurate to assume that 

sin® 0 = tan® 0(1 -tan®0) = tan® 0 - tan^ 0 + etc , 

so that we may legitimately use the term tan^ 6 instead ot siu®* 6, Hineo 
the coirectmg teim belongs to the still higher orders, which wc aic 
neglecting in the present investigation Therefore we may say 

2 /i'® or (e S')®= 2 /i®-Vi®tdn ®0 and y/® or (fij y^)® = y 2 ® - y/taii® 0 , 

{e y)® =yi®(l - tan® j and (e^ = y/j 1 _ tan® 

Let 

1 - tan^ (bf 

\^i + u 

Then since, as in Section V and Fig 44, the eoeftcieiit ol the spherical 
abeiration was + (as is also the case lu Fig 111), then 

consequent upon our conection (1 — e®) we have 

y/® or (« y)® = (a® + 2ab + 6®)( 1 - e®), 

y/® or (e^ y^)® = (a® - 2o6 + J®)( 1 - g®), 

yi'®y/®or(€ g){e^ 9i) = (« + J)(l -^)(a- J)(l --V 

so that y/® + y/* - y/y/ = 

+ (a® + 2o& + 0®)) 

+ (a® - 2ab + 6®) 1(1 - e®) 

-(a® -6®)J 

iVi'^ + yP - Vi'y/)"! = {(a^ + 35®) - a®e2 - 35®e2j wj (2) 

Of this, a® + 36® have already been incorporated in the formula! arrived 
at in Section V, and we now have the extia corrections or functions 
of the spherical aberration involving a®e® and 36®c® 

Now, smce «® is a function of tan® we have here a curvature 
correction of a highei ordei involving the square of the aperture into 
t e square of the tangent of the angle of obliquity, which means that 


314 

that IS, 
but since 
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the curvature of unage vanes somewhat in accoidance with the 
aperture , or, to put it another way, we may have a lens of considerable 
apeiture giving a certain amount of spherical aberration along the 
axis, and a different amount for oblique pencils, at any rate m 
piiniary sections of such pencils 

As to the function 36V, since both 6^ and ^ are functions of 
taii^ cj), we therefore have here a function of tan^ (f> 


Secondary Plane 

Here we pieviously found that the value of was approximately 
a^ + 6^ simply, and it is clear that in this case (see Fig 113) the 
vertical side a of the right-angled triangle m question is not subject 
to an obliquity correction, but only the other quantity 6 or A c, 
which must be converted into 6i or A g, which is perpendiculai to 
Q r We have then 


01 (A gy = 62 - 6^ tan^ 0 = 62(1 - e^\ 

so that 

a)i2/'^= + (3) 

The functions a^+l^ have alieadj been disposed of in Section V, 
so that our extra conection in the secondarj plane is a function of 
tan* <j), and is one -third of the corresponding correction in the 
primary plane which we arnved at m Jormula (2) 

But it IS important to note that the extra term involving the 
aperture does not appear m the secondary plane as it did m the 
piimaiy plane 


Secondary plaiie 
Value of 


The term 


The Versine Corrections 


Prirrm y Plane 

Revel ting to Figs 111 and 112, it wiU be seen that we want an 
expression for h as a correction to e ^ or y/, and also foi a n the 
conespondmg coirection to or y/ Let X: 7 = y" and n t = 

It is clear that approximately 


h 


lc = 


Vi 

2r Q c 


or 


£ Vx 
2r u’ 




and 





Primary plane 
Value of the fane 
twns of y/', y/', and 

(0l 


Secondary plane 
Value of 
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similaily 


and 


- ivi'h") - «^)(l + “J, 


{(^1 + {V2 )“ ~ Ifi Vi ~ + 36^)(1 — e^)(l + ^ ')<ui 


= |(a2 + 362) _ a2f2 _ + (^4 + j 


the two last terms being the new terms conseejuent on the versme 
corrections 


Secondary Plane 

Here we see from Fig 113 that if the chord s s repiesouts the 
circular aperture of the lens surface seen edgeways of seiiu-apoituve 
= a, plus a correction shortly to be dealt with , then the right-angled 
triangle, whose hypothenuse is the y required, consists of the side 
h n, and a vertical side above h, perpendiculai to the diagiam, 
so that = (h (uhe veitical fiom hf, and clearly 

.(A + 

and the vertical side over h 

= vertical side over A ( = a) + = af 1 + 

2r u \ 2ru/^ 

(vertical side over = d^( 1 + 

, \ ruJ' 

so that 

= ((a® + 62) - J%2 + (^4 + ^i!j2) M ^5^ 

the two last teims being consequent upon the versme coirections 

The term which is independent of the angle of obliquity <f>, is 

thus seen to be common to primaiy and secondary planes, and is, m 
act, a function of the spherical aberration consequent upon the axial 
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or oblique pencil expanding in diameter as it traverses the distance 
between the element plane and the spherical surface 

We also see that the functions of or a? tan® ^ and of tan* <p or 
aie three times as great in primary planes as in secondary planes 

ECCENTRIC OBLIQUE REFRACTION 

We may now deal with the more complex y’e involved in the case 
of eccentric pencils on the same lines, talcing as our basis equation 

^ ^ . leading to ;^ = ^ + + 2 / 2 ^ + M 2 ) 

Va h'Vi-yx % 

(see page 143, Section VI ) 

Let Q e and Q (Fig 114) be the extreme rays in primaiy 
planes of an eccentric pencil limited by a stop s, as in oui eailier Fig 50 
Let H be the point where the piincipal lay thiough the centre of the 
stop stiikes the element plane, and let A be the vertex where the 
curved surface cuts the optic axis P t and touches the element 
plane Let c 6 = 1 /^ and c ^1 = 2/2 before Then c, the new 

constituent in both t/’s due to the eccentricity of the pencil, is the 

distance A N which = (P Q)jp — ^ = « tan 0 , when, as usual, ^ 

IS the angle PAQ and D = S A So that 6 and c aie both 
functions of tan ^ Let us then denote A IT 01 tan by the 

symbol c, A e 01 r tan ^ being I, and the semi-aperture of the 

pencil IT e or N where it cuts the element plane being a, as 
before 

Obliquity Corrections to the y’s 

Priviajy PlaiM 

Heie let e g = and y, = 

In the right-angled triangle c c g we have as befoie 
(e 5')^ or = (e c)^ - (^ # j 

that IS, 

Vi'" = - 'll ^ > 

Vi'" = 

and sinnlaily 

«1 - 0i 01 = Vi^i^ - «*) 


The basis equation 



Primary plane 
Value of obliquity 
functions m terms of 
Vi, aJid «>1 


Secondary plane 
Value of obliquity 
functions in terms of 

ys 
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= (Z) + c + a)^ = (5 + 6 + af{l - 

yi = (^ + c - y^^ = + c - n) 2 (l - (^) 

hy% = (? + y-iVi = [(^ + 1 - 

and 

+ y^y^)^! = + 36^ + 6&6)}(i - e^)(x)^ 

= [(a^ + 3P) + 6hc + Sc^jco^ plus 

the new teims in the shape of functions oi e\ which aie 

( - - 36V - 3cV - 66V)coj, (6) 

which are cleaily functions of tan^ (/>, ^ tan^ 0, ‘> tan* (p, and 
6 tan^ p respectively 


Secondary Plane 

Turning to Fig 115, it is cleai that c N oi 6 + 6 only is subject 
to the obliquity conection, so that (6 + 6)^ moclihed foi the obluputy 
= (6 + c)‘-^(l — e^) and 

= {(6 + c)‘-2(l - e^) + 

= {(6^ + 26r + 62)(1 ~ e^) + 

=■ (6^ + 266 + 6^ + 

+ the new teims in the shape of functions of which aie 

( - 6V - - 26^ P)(i>i, (7) 

all minus functions of tan^ p, and, as usual, one- thud of the corre- 
sponding collections m piimaiy planes, but the function of aV oi 
tau^ p is again absent 

Versme Corrections to the ?/'s 

PTwiaiy Plane 

Reverting to Fig 114, lot k I = and n f = //^j" 

Heie the veisiues of the cuived suifaee with lespect to the elonieuL 
plane measuied paiallel to P A aie obviously piopoitional to (r + r^)" 

and (6 — a)^, and the mcrenient to oi v ^/ = (c + ^)‘'* ^ 
appioximately, 

1 -I- (c + |j 


and similarly 
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yi'^ + y^'^ + Vi'Vi' 

= {b + c + a)®(l - e^)|l + (c* + 2ac + a^) —| 

+ {h + c- a)*(l - e-*)!! + (c^ - 2ac + 

+ {(6 + c ) 2 - an(l - «'){ 1 + ^ 

and the new terms eonseq[uent upon the versme collections are 
(b^ + c“ + + 2a5 + 2ac + 26c)(c® + 2flc + a^) — 

+ (// + 62 + a2 - 2a6 - 2a6 + 2bc)(c^ - 2ac + a^) 

+ (62 + 26c + c2 - a^)(c^ + a,^) ^ 

■which, after multiplying out and cancelling, gives us 

- Primary plane 

{(36262 + 6662 + 3 <^) + I2ak^ + 14a26c + (3*262 + a*)] - < 0 ,, (8) ^^ejj^otaons of 

in which the terms + cc^ appeitam to the central ohlique pencil 
also So we have 

(3&2c2 + Qhc^ + 3c^) all functions of tan*^ <^, 

\both functions of o? tan^ <j>, 

+ I4:a%cl 

and the functions of and 3a^b^ before worked out for central oblique 
pencils 

Secondai y Plane 

Turning to ¥ig 115, it will be seen that in the iight-angled 
triangle, whose two sides including the light angle are p ^ and a , 
the latter being perpendiculai to the plane of the diagram and ovei 
the point f , evidently 'p r/ IST q subject to a double veisme 
correction approximately equal to 

... 

\27 2r/ v> 

a IS also subiect to a double versme correction approximately equal to 
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SiiLT 


(fi 

\ 2 / 

SO that we have 


and 


also 

“ —(1+ 2„) 

and 


.-..•(l+'-’-a 

\ m J 


SO that the hypothenuse sq[uared, after correction, or 


Secondary plane 
Value of 


2/"^ = (i> /y + = {(6 + 0^(1 - (l + — 

and 

= |(6- + 2bc + c2)(l - e^) + ^ 

so that the new terms consequent upon the versxne conections are 

(J' + 2Jc + c2 + a2)(-i‘’')(0i 
= (a^b^ + 2a^o + cW + 2&c® + + ah^) — w, , 

+ 2o?hc + + a^) — (9J) 


in which appertain to the central oblique pencil 

Heie it IS instructive to notice that while the terms a^h^ + b^c^ 
+ 2bc^ + c^ aie oiie-third of the coirespondmg teims in the primaiy 
plane, the term 2«V is only one-sixth part and 2a%c only one-seventh 
part of the coirespondmg term in the primary plane, while the term cu^ 
is common to both planes 
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The Corrections for the Separation between the two y*s 

Gent'iol Ohhque JRefi action 

So lai we have been considering, in a qualitative sense, the nature 
of the suiall collections which have to be applied to the two ys xn 
oidei to conveit them into the ?/"'s 

We will now deal with those collections which are due to the 
separation between the two to which we have previously alluded 
We may again legitimately expiess the necessaiy corrections in 
terms of the uncoriected t/’s, since to express them m terms of the 
coirected would lead to functions of the order tan® (j> which are 

beyond the scope of this niquiiy 

First we have oui fundamental equation, with reference to Fig 111, 


Vv 


-M., 


A A ■ 

wherein so far has been held to mean the distance d wheieas it 
should be the distance Z ^ (Fig 111), the veisine a! Z bemg deducted 
Siinilaily has been held, so fai, to mean the distance d wheieas 
it should be the distance t q^, the veisme d t being deducted But 
.IS legal ds the numerator a— /i, it is clear that since a-/i is simply 
the distance p, therefoie if we deducted the versine c I fiom 
we should also have to deduct it from a , that is, the terms (a — /j) and 
(/g-a) are not affected by our corrections, but obviously /i and/^ in 
the deuomiiiatois must be corrected for the versines, so that the above 
e( Illation becomes 


^ ii 


/■j-® 




fi 


--- > = V2- 
Vi' f .Hi 
2) 2j 






Vi 




Vi 


y/ 1 


JfVl ^ ^ 2 ^ 4 . ^ - 


i + A 
•A 27/,= 

1 A 11 Ti 4.^ 11 

1- „ , / + f, A 27 A^/’ 




2A,^ 

I/Vi 


’ o'; ^ 2 " J'l Ol, /•. 


27 y, 
!■ 


vi 

^27A^2yA’ 

* yl 
A*” 




( 10 ) 


We may now express /, and A “ teims of d /or u and the 
spherical aberration, so that we may put 


1 1 0) „ 


and 


1 1 0) 2 

r = T + -y<r 


The basis equation 
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SEOl 


SO we then get 

*;(*'>'* <'*’> + ■" a} 

=yi+yi+ (2/1 + ^ W + 2'2'') 27 ’ 

^ + (y,^ + v,^) ^ + y/) ^ ^ {y^ + y/) 

* (3^1 + y2) + (yi® + J'2®)^^ + ^(v/ + y2'‘)^ 

Since the y’s are generally much smallei quantities than 7 and io, 
we may treat the second and third terms of the denominator as 

valiants of + " becomes 

+ (yi^ + ^2^) ^ 2 + ^ w + y^^) ,4 , + 1 + yi)] 


multiplied by 


:^tii J' ^ y-^ M 

(y. 4 - 2?^ u 2/ i ’ 


'‘2/1 + 2/2 (^1 + 2/2)^ (2^1 + 2/2)^ 2/ J ’ 

and after multiplying out we get 

i=|l+?(3!±ii® -1_ +“ ?ii±i2® i+“ 

a: \it y-i + Vi 22^^ /n ^1 + ^2 A* 2 /i + S'2 

+ y^^ 1 _ (yi^ + y/)^ _i " (li** +y i'){y\+yi) _!_ 

+ 2? it® (yi + ya)® 42%® /i (yi + ya? 2 j%® 

(Vi^ + y2^)^ JL 

/* (Vi + ya)® 2 j^ 

_<^y_l±g 1 (yi" + y2^)(yi° + Va^) J_ _ ( gjV etc - f-Y 

/I + 2rit n (yi + yz)* 4»%® V/i/ \/t/ 

Heie we may neglect the last two teims, and also the two terms (the 
seventh and tenth) involving since they involve functions of the 

order y^® and y,®, which we are not dealing with The second and fifth 
terms cancel one anothei, while the third and ninth add together, so 
that we get finally 
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1 _ I , yi+ Vi , <■) tjx + Vi 1 (^1^ + yj? i_ ] 

^ '> Vi + y 2 y- Vi + h 2 »'> /* {y-i+y^^ 2 j?i [ 

(y i^+v/)^ 1 I ^ ^ 

4»-dV3 J 


Primary plane 
Value of corrected 

Oj 

for separation be 
tween the /s 


The last term m this formula need not be heeded, as it does not 
involve the spherical abeiiation at all , foi if, in our original eq^uation. 


' A 


A"® 


we suppose that there is no aberiation whatsoever, and therefoie that 
and yet suppose that the two y’s are at unequal distances 
fioin q\ and then coirect ii foi the versines as before, we then get 


Vi 


U U -X 


2i 


L) 


which finally woiks out to 


which means that the distance x is to be measured fiom a point very 
slightly to the left of the veitex by a nainute amount vaiymg 
inversely as 

This curious lesult doubtless follows upon oui assuming the 
veisines to vaiy exactly as y\ which is not stiictly true Anyway 
tins teim has nothing to do with oui present purposes and may he 
ignoied, so that we have, aftei dividing out the functions of and 


1 1 ( 0 , , , s 

h lO JUf 

^ -J.yi + Vi - yi % + 

- + yi - ^y^Vi + syiAs" - 


Hero tlie fust line is the lesult of the second appioximation, which we 
have had to deal with before in Sections V and VI After adding 
together the second and thud lines we get finally 

I = 7, + + y^^ - yxV.) + - 2 i/iV + • (12) 

We have in the piocess leading to this lesult dealt with Fig 111, 


Primary plane 

Reduced value of - 

l 

corrected for separa 
tion oetween the /s 
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SI n 


Sensitiveness of 7 to 
the separation be 
tween the ^*s in the 
case of narrow pen 
cils 


Primary plane 
Corrections to - for 

the separation be- 
tween the y s 


in which the two ?/'s aie at opposite sides of the noimal oblique lay, 
and we have tieated both y’s as positive quantities 

Under this assumption, then, in the next Figure (112) would 
have to be consideied negative, so that the abo've + 

would become three negative quantities Now it is clear that if a, the 
aperture of the pencil, \anishes, then and become numeiically 
equal, and the above correction of the third ordei will not thereloie 
vanish, and a little consideration and a reference to Pig 115a will 
show that this eoirection to the oblique focal length x, due to a lateial 
separation between the two ^/s, should not vanish when the apeituie 
of the pencil vanishes, for the smaller is the apertuie the smaller is 
the angle between the two lays bounding the pencil in the piiinary 
plane , and assuming their two focal points q and ji on the oblique 
normal lay o Q' to remain fixed, it is cleai that the position of then 
intersection point g becomes highly sensitive to even a most minute 
lateral separation between the 7/s Por instance, if the two lays 
thiough 1 and n focus at fixed points and while n t 
transferred laterally to if without changing its length, then the 
point of intersection of the two lays will be tiansfeired from f to 
But the formula of course vanishes when eithei one of the 7 /s == 0, since 
then one ray becomes the normal obhque lay Q / 

If the reader will cany out a similai investigation m the case of 
Fig 112, treating both y’s as positive quantities, he will arrive at 

the coriection — + which when worked out 

and expressed in terms of a and 1 foi central obhque refraction, oi 
of a, 6, and c for eccentric obhque refraction, will lead to exactly the 
same foimulse as Nos (13) and (14) below 

We may proceed to convert (1 2) of the third order as follows — 
First, m the case of Fig 111 for central oblique refraction we have 

2^1 = a + & and 7/2 = so that - = ~ - {a^+ 36^) (which has been 

X fjt, 

dealt with before) plus the following new terms — 


-I- 2a^l) - 2a¥ - 

‘ (2a^ - + 2h^) 

^ ^a^-2a% + 2ah^-h\ 
and the function of the third order is finally 


J_ 

27 


+ -;/,(4a2i3_4J4) 

fx27ir 

for central oblique ref i action 


( 13 ) 
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Eccentric Oblique Refraction 

Tuiiiing now to the case of eccentric oblique lefraction, Fig 114, 
wlioieiu the two //’s aie again on the same side of the central oblique 
lay Q y, we have 

= (& + c) + a and y^ = (b^c)- a 

This being the case, we shall find that the value of the consequent 
1 unction 


expiessed in teims of a, b, and c, works out to 


A 


8a-bc + 4a’c-‘ - 24J^c^ - IGi^c - 166<^ - 



(14) 


Tho fiist two terms apply to the central oblique refraction which 
wo have ]ust worked out, while the last six terms, all involving c, 
lollow iiom tho eccentricity of the pencil It is interesting to note 
how the teims ot Foi inuho (13) and (14) equate to 0, when in (1 3) a = J, 
01 111 (1 4) « = 7; + c, foi, of course, when this is the case, yi becomes 
55610 , 01 , 111 other words, the lower lay coincides with the normal oblique 
ray, so that the case is fully met by the usual spherical aberration 

ioimula It might at fiist be thought that Formula (13) and 

(14) should equate to 0 when a vamshes, but this is not so, for we 
have seen that the narrower is the pencil the greater is the sensitive- 
ness of the position of the focus to a minute lateral separation between 

the two i/s * 

These coirections of the thud oidei consequent upon the relative 
latcial displacement ot the two i/s, obviously come mto force in the 
pirimaty plane only, and there is nothing corresponding to them in the 


Primary plane 

Corrections to - for 

6 

the separations be- 
tween the y’s 


The separation cor- 
rection only valid in 
the primary plane 


secondary plane , , , i 

It IS clear that such coiroctions as (13) and (14) could not apply 
to a parallel glass plate oi a plane surface, since 9 would become 
mfmitc and the value of the formuhe vanish 

It is also clear that when we come to add to the functions of the 
third oidei for the fust surface the corresponding functions for the 

second surface, then “J , which is the “ inside glass ” value of the spherical 
ahenatioii, will become wi, oi the outside glass value for the same 
abei ration 
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We have now consideied all the coirections ot the third ordei 
which have to be applied in order to convert the y’s ot the second 
approximation into the iJq of the thud approximation, the collecting 
formulae being iunctions of ©i and C 02 , 01 the spherical aberration 
formulae of the second approximation foi the two suifaces which 
resulted in the formula3 foi curvature errors pieviously worked out 
in Sections V and VI, which, as applied to the single surface that 
we have been considering, was 




(see Formula XVIII (E ), Section IV), and the collections that we have 
been deahng with in this Section are of course all products of the 
corrections to or into the part of the above formula included in 
the large brackets 


THE INTRINSIC SPHERICAL ABERRATION OF THE THIRD ORDER 

But we have yet to consider the intiinsic spherical aberration of 
the thud oidei in its application to oblique lays , that is, we have to 
find what are the modifications to the cuivatuie corrections consequent 
upon oui takmg into account Foiinula XX (K ) of Section IV (page 63), 
which is a function of y^, and therefore, in its present application, of 
tan*^ ^ We will first deal with the case of 

Central Oblique Refraction 

^ F^vmmy Plane 

Heie we must revert again to the fundamental equation dealt with 
on page 121, Section V, applying also to Fig 111 — 

*^1 Vi 

in which we must now stipulate that 

~ ^ + XxVi a-nd ^ 

the last terms expressing the intrinsic spherical aberration of the older 
y^ as given in Formula XX (E) We are not now to consider any 
coirections to the y’s involved in since such procedure would only 
result in corrections of the order y^ etc, but have to find what is the 
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result of the introduction of this new terra on the curvature corrections 
in the piimary plane We have then 

A “ M 

/, ii /i 

l_(yx 1 yA 1 ■ 

vi 


so that the equation 
now becomes 


7- {''(i P'"- * 

livi + 2 / 2 ) + '^(yi + y ^) + ^ 


2/1 + 2/2 


’ Primary plane 

a-’) 

^ u functiona of x 

Tto £un.t.ons ot « toe been eliemly out. and wo may 

eoutoo OUT atteutoon to the tunctiona ot x W^o ™ ^'8 

y^ = {a+ b) 
y^ = {a-b), 

4 = a4 + 4a8J + Ga^i- + 

it4 _ 4a,86 + 6a*&® — iab^ + 

_ o ii = - (a* + 2a^h - - 6^) 

Jy'Jil.-U-lat e2eJ*-f) 


+ 2/i 


^ 0/2 — /)r 4 


- 2«^6^ 


+ 6^ 


+ 10a^&^ +56^ 


therefoie 


t = t + <^{a^ + 36=) + x(a* + + 56^) 


(16) 


Thelunctions ma^ and xa'* are, of course, the spheiical aljeirations 
of the two orders to which all pencils of senii-aperture « are suhje , 
whether axial oi oblique 


Primary plane 
Value of j from (16) 
after reduction 


Second aoy Plane 


Here = simply a® + and 

y*:-=a^ + 2a'^6'^ + b^, 

and we have therefore 

= ^^ + a)(a2 + ¥) + x(«^ + + &*) 

x' it 


( 17 ) 


Secondary plane 
a 

Value of -S after re 

% 

duction 
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Here again and aie the spherical aberrations of the two 
orders common to all pencils, axial or oblique , while it will be seen 
that the correction + 5^) is only one-Jifth pait of the coi respond- 

ing correction in primary planes 


Eccentric Oblique Refraction 


P'iimaiy Plane 

Here we have, in Fig 114, 

Vx =0)^0’^ ay 
^2^ = (^ T c - ay 


ti 

Value of ~ mcludmg 
functions of x 


The conditions are here the same as dealt with on page 143, Section 
YI , Fig 50, and we have 


^ Va 


- {»« G + ^ - >>6 


j = f + <“(^1^ •< + xijy% + Vivi + 2/rV + yi% + y-i) (i s) 


The functions ot co have already been dealt with 

On working out the functions of in terms of a, 6, and c, we get 


Primary plaue 
Functions of x, 
and ^2 aJffcer reduc 
tion 


xis^^ + 10a^6^ + + SO^-c^ + SOa^Jc + + 5c^ 

= + {l0a\P + 2hc + c^) + 5{¥ + Uh + + Uc^ + c^)}], (19) 

order tan^ order tan^ 


m which the underlined terms a^-|- 10a^6^+ 5&^ lelate, as we have 
seen, to central oblique pencils also 


Secondary Plane 

Here = simply (6 4- c)^ -f- (P, and 

= (5 + cY + 2a2(& -i- ey + (i\ 

and 

~ = -{■ (j}i(P + 2lc + c^) H -1- etc I , 
ll J 

Secondary plane 

Function of x after + x|a^ + + 2bc + c^) + {¥ + 46^*0 + 6&V + 46c® + c^) |, (20) 

reduction v. ) 
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m which the texius + + to cential obliq^ue pencils 

The tiinetioiis of w have already been dealt with 

Thus we find that the corrections involving the intimsic spherical 
aberration of the order 1 / aie five times as great in piimary planes 
as in secondary planes, and that all the terms aie represented m both 
planes 

It IS advisable to now gather together our results in the foim of a 
table as follows — 

Functions of 

F'lima) }j Plane 

Jiul ArpioxiTiiJitioii Terms to bo added foi 3id Approximatioii 

(ViituilOiauiuo Add foi Ceiitial ObliqiK Add for Ecc( nine Pencils 

IViuilH Bccoiitiic Pencils Pdicils Obliquity 

(t^ \-Zh^ +6&6 4 3t’ ~ - Qhcc^ ^collections 

+ (rt** h -i- (32/V+6&6^d + 1 Veisme 

''' H 12«2c^)-~J collections 

I - 4i»^) — I- ( - 24Z>"c- - 16&6® - 1 Sepaiation 

- 4<r* + Sa^bu + J conections 

Secondary Plane 



-f 22^6 "h c*^ 

1 

- c V® - 2hee^ 1 

f OblKjmty 

1 

1 

collections 

f j 


H («* 1 

(& V + 2bc^ + O'* + 2aPbc ^ ^ 1 1 

1 

Versine 

’collections 


Functions of Xi 

P'^'imaiy Plane 

(^«ilnd ObU<iuo Pencils || Add foi Eccentric Pencils 

+ II (30W+20&6* H20Z>*6 + 56^ + 20a2&c+10a^c'^) 

Secondai y Plane 

a* + {2(t^b^ + b^) 11 (t -h 4&0 * + 4& + <?* + + 2ft V) 

The Functions of coi 

Leaving the functions ol \ out of piesent consideration it will be 

seen that the functions of a)i under the head of second approximation 
liavc already been fully worked out for both surfaces of a lens in 
Sections Y and VI , wherein we found that the term &bc oi 2hc 
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Double side flare 


aesulted in the foimulae for comatic stop collections or E 0 s, and 3c^ 
and ^ in the foimnlse for spherical aberration E Cs 

Theiefore the terms {14:a^hc and 2a%c) foi primary and secondaiy 

? u 

planes m the third appioximation are comatic functions involving the 
semi-aperture squared, and the high latio of 7 1 between piimaiy and 
secondary planes instead of the 3 1 for the second approximation is 
significant of much that lequires working out 

The two terms (12ah^ and imply spherical aberration stop 

corrections dependent upon the aperture of the pencil, whose influence 
IS si\ times as powerful in primary planes as in secondary planes 

All the other terms with one exception imply the usual ratio of 
3 1 in primary and secondary planes 

The exception alluded to is the term — aV in the obliquity 
collections which does not appeal at all in the secondaiy plane This 
IS also a highly significant term, and explains a phenomenon commonly 
observable at the foci of oblique pencils passing through certain 
photographic lenses, and that is a soit of double coma For instance, 
when a little way inside of the focus the section of the oblique cone of 
rays shows over-coiiection foi spherical abeiiation in the primaiy plane, 
and the piimary plane only, while in the secondaiy plane the spherical 
aberiation may be about correct Thus there appears to be a side llaie 
both towards the optic axis and away from it 

The terms 12a^c^ and 2ah^ may also tend either to aggravate or 
to mitigate the above efiect 

As regards the collections, functions ol , which follow from the 

lij 

lateral separation between the two y’s, although they apply only 
in the primary plane, yet their quantitative value may usually be 
regarded as by no means unimportant compared to the obliquity and 
versine corrections 


The Functions of xi 

Turning to the functions of or the mtrinsic spherical aberration 
of the third order, it is interesting to see that the corrections in the 
primaiy plane are exactly five times as much as m the secondary 
plane 

The significance of this discrepancy between the ratios 3 1 and 
5 , 1 foi the functions of and x\ respectively, together with the 
presence of the separation coirections in the primary plane only 
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(supposing we leave all coirections involving a, oi the apeiture ot the 
pencil, out of consideicition), will shoitly become appaieiit in studying 
the actually measured oi calculated curvature of image collections foi 
certain photogiaphic lenses, hgiired on Plate XXIV 

The peculiar comatic formation which will satisfy the latio of 5 1 
between the E C s of the third ordei was shown on Plate XVI , 
Yig 79/, as being foimed of a series of duplex comatic circles distiibuted 
over a length equal to five times the radius of the largest one , while 
the si/e ot the toimatioii will vaiy as tan^<^ instead of as tan<;f> 

We have so fai dealt with all the oblique cuivatuie abeiiations of 
the second and thud oideis which are functions of the spheiical 
abeiiations at the suiface oi suifaces , but the senes ot teims would not 
be complete without also taking into account the end collections, and 
collections foi conveiting ii into earned to the thud approximation 
These collections aie those marked fiist end collection for conveiting 
ii into v\ and second end conectiou lespectively, in the group of 
FoiniuLe (10) on l)agc 119, Section V It will be found that a thud 
appioximation will load to collections of the oidei tan'^cjf) , which will 
apply equally to both piimaiy and aecondaiy planes 

But the complete working out and reduction of all these aberiations 
ot the third order, and their expression in teims of a, y9, and x, as tai 
as may be, implying the addition of the terms foi both surfaces of the 
lens 01 element, would involve very much more space than w^e have at 
oui disposal , and then complete discussion would leqiiire a volume to 
itself, although we should expect a much greater simplification in the 

final lesults for one lens oi element 

Not only would the abeiiations of the thud oidei which in- 
ti msically appeitaiii to each lens oi element requiie discussion, but 
also those which we may conveniently call the borrowed abeiiations of 
the third ordei which arise in the case of seveial lenses lu succession 
Foi instance, a highly ciuved image thrown by a first lens will, 
from the point of view of a second lens placed at some distance behind 
it, lead to variations m tan (f)^ and , dependent upon the first angle 
of obliquity <#> , which may often be too considerable to be ignoied 
Also the image of the stop centie thrown by the fiist lens may be 
subject to a considerable sphciical aberiation leading to variations in 
Jg, again dependent upon the fiist angle of obliquity </> 

These aberiations of image cuivatuie of the third appioxiinatioii 
present an ample field for the exeicise of a highei order of mathe- 
matical skill than has generally been called for lu the present woik 


The complete reduc 
tion of the formulae 
of the third order 
highly laborious 


Corrections of one 
lens affected hy pre 
ceding lenses 
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Dr von Rohr’s 
graphs of curvature 
errors for narrow 
pencils 


Errors involving the 
aperture not con 
. sidered 


Dr Steinheil’s 
lenses 


Some Practical Examples of Hybrid Curvature Errors 

Befoie concluding this Section it will be insti active to repioduce 
in Plate XXIV , by the kind permission of Dr Moiitz von Eohi, a fev^ 
diagrams from his most valuable and painstaking work, Theoiic und 
Geschichte des Photog'i aplmches Ohjectivs, which furnish illustrations ol 
certain of these cuivature aberrations of the third oidei which ve have 
been dealing with These graphic ciiives show the deviations fioni true 
flatness, in primary planes by the dotted line, and m secondaiy planes 
by a solid line, of the images of distant objects thrown by vaiious 
types of photographic lenses They were worked out by caieful 
calculation, on the supposition that the stop of the lens was in its 
usual working position, but reduced almost to a point , that is, the 
curves traverse the foci of infinitely narrow oblique and eccentric 
pencils Thus all corrections of the third older involving a (the 
aperture), such as we have lately been dealing with, are eliminated 
Therefore, if the stop of any of the lenses were opened out to 
considerable woiking aperture, as in practical use, it would by no 
means follow that the curves of aberrations from the flat image would 
lemain like these diagiams , indeed, in many cases the curves 
would become very substantially modified, in some cases favourably 
and in other cases unfavouiably, a fact which somewhat discounts the 
value of these diagiams from the piactical photographer's point of 
view 

Each of the lenses here dealt with is supposed to be placed 
on the left hand, and to be 3 5 inches equivalent focal length on the 
scale of the plate , the oidinates represent angulai distances from the 
optic axis , the abscissje represent the aberiations fiom the plane 
image, but for the sake of clearness these are fom Hmes exaggei ated 

Every 5 degrees are marked off along the vertical, and eveiy 
millimetre of horizontal aberration along the horizontal base line, whicli 
represents the optic axis 

Fig 116 IS the curve for Stemheirs Oitbostigmat Lens, Fig 118 
for his Antiplanat, and Fig 120 for his Eapid Antiplanat 

These three cuives are substantially of the same character The 
broad featuies are the under- corrected field and over -corrected 
astigmatism within 20 degrees of the axis The image formed by 
lays in primary planes (dotted) is more nearly flat than the image 
foimed by rays in the secondaiy plane (solid) This failuie to come 
up to a plane image simultaneously is due to the imperfect approach 
to the fulfilment of the Petzval condition 




Fi^ 120 


Fi^ 12 1. 


Fi^ 12 2 


Fi| 123. 
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Fi§ I 2 I 


Fi^ 12 2 


Fi^ I 23 
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Heie we have strongly maiked plus curvature errors tending to 
lound images (concave to the lens) of the second order ^lymg as 
tan® <b, against which are working minus cuivature errors ot the thi 
oidei ™g as taii^ 4> Hence the latter rapidly overtake and more 
than neuLlrse the former as we get away beyond 25 deg^es bu 
the + curvature error for rays rn primary planes is at a iiiaximuir 
at 20 to 22 degrees, but apparently beyond 30 degrees for rays in 
secondary planes But the curve of errors rs of the same ^eneial 
character in the two planes, although the maxima and points ot crossing 

capitafexaniple of the same general features as the 

that the maxima much more nearly coincide, and the astigmatism 

Eig 123 tor an old type Eoss Doublet Lens is a case 
the nrecedino for rays in primary planes, but it is doubtful whetl ei 
the curve for rays m secondary planes shows any decided te^eircy 
to a maximum followed by a curve back agam , indeed, aberrations of 
the o“d“ </> appear to be only slight, while yet strong in he 
niimarv plane These curves may be taken as fairly typica o 
Lrvature^ errors exhibited by the old-fashioned Eapid Symmetrical 
Lj Eecto excepting thal the curve ” 

ptaee doet uot alwaye retreat tom the lent at the outekirt. ot 

““ ?V 121 for a Oooke Leue, Serree V, mdroates a very much el„»r 
appioxmation to an anastigmatic flat field, not only is the Petzval 
coLtion more nearly fulfilled, but a good deal of anastigmatic flatness 
la also <^amed by the separation between the lenses , , j . 

Here we have a residuum of -t- curvature errors of the ordei tan 4 , 
in both primary and secondary planes counteracted by 
errors of the order tan*.#., the latter at the ® ^ 

aaeoitrug themeelvee .0 much ,s to throw the 

local pkue The nrarimum for aeooirdary rays rs at about 22 degrees, 
and that lor priurmry rays at about 18 degrees from to oi*o ^ 

Ficr 117 gives the cm\e8 of eirors tor an old foim ^ ’ Senes iiia 

Senes °llla (the lens figured in Fig 60, Plate XH ), and l^ig H 
gives the curves of errors for the well-known Goeiz Double Anastigmat 
(the older cemented doublet) These two cases are ol the same general 
character, excepting that in Fig 117 the primary image is by first 

intention curved hack convex to the lens, and 

119 But the most remarkable characteristic lies in 


the lens in Fig 
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Independence of the 
curvature errors of 
the third order in 
the two planes 


The disturbing effect 
of aperture upon the 
curvature errors of 
the third order 


Future progress de 
pends upon elmiina 
tion of curvature 
errors of third and 
fourth orders 


the fact that the cuivatme errors of the older are decidedly 

negative for lays in secondary planes, but positive lor rays in 
primary planes Hence the manner in which the two curves cross 
one anothei at 27 and 30 degrees respectively, aftei which theie follows 
a rapid mutual separation 

Now it IS deal that weie the ratio between the aberiations of the 
third Older invaiiahly 3 1 oi any othei fixed latio between the piiniaiy 
and secondary planes, then such graphs as these could nevei arise 
But since (leaving all terms containing a out of consideiation, as we 
aie dealing heie with pencils of intinitely small apeiture) the thud 

order functions of - aie in the latio 3 1 in the piimaiy and secondary 

planes, while the thud order functions of are in the ratio 5 1 in 
the primary and secondary rays, then we can cleaily see that in the 

case ot the functions of ~ being of the opposite sign to the lunctions 

of 'X, we may easily have the total aberrations of the third oidei plus 
in one plane while they are minus in the other 

The sepaiation coirections to the y’s, existing, as we have seen, 
only in the primaiy plane, cause a still fuither degiee of independence 
between the cuivatme eirors m the two planes 

And the scope foi vagaries of this soit is still more enlarged when 
we come to deal with the images thrown by pencils ot i datively large 
apertiiie, for we have seen that iii the primary plane there aie functions 
of a that aie seven and six times the corresponding functions in the 
secondary plane 

Therefore it is that, if we take the leases we have dealt with and 
open out then apeituies and locate then oblique foci (by obtaining tbe 
best possible distinctness of image), we may find the cuivature eriois 
come out substantially different to those shown on Plate XXIV 

It IS dear, then, that it is not always piacticable to determine the 
working character of a lens by calculating its cuivature eriors foi 
infinitely nairow pencils only It will easily be seen that the futuie 
progiess of photogiaphic lenses towaids peifection depends chiefly upon 
the successful elimination of the curvature eirois of the order tan^ <^, 
and the doing of it with the simplest possible lens consti action 
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